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Preface

“I think there’s a revolution in mathematics around the cernl think
that ... people will look back on the fin-de-siecle of theritieth century
and say ‘Then is when it happened’ (just like we look back atGeeks
for inventing the concept of proof and at the nineteenthurgrfor making
analysis rigorous). | really believe that. And it amazes im&t ho one
seems to notice.

“Never before have the Platonic mathematical world and thggical
world been this similar, this close. Is it strange that | esjpleakage be-
tween these two worlds? That | think the proof strings willl fineir way
to the computer memories?. ..

“What | expect is that some kind of computer system will bate
a proof checker, that all mathematicians will start usingcteeck their
work, their proofs, their mathematics. | have no idea whatpghsuch a
system will take. But | expect some system to come into beangstpast
some threshold so that it is practical enough for real workg ghen quite
suddenly some kind of ‘phase transition’ will occur and groere will be
using that system”

—Freek Wiedijk [49]
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Alecos: Christos has a problem with the ‘foundational qliest

Christos: Wrong! | have two problems with youersionof it! One, it
didn't fail and, two, it wasn't a tragedy! Granted, there aseme tragic
parts! But the ending is happy, as in the ‘Oresteia’!

Apostolos: Happy for whom? Cantor, going insane? Godelatg him-
self to death out of paranoia? Hilbert or Russell and theiygisotic sons?
Or Frege with—

Christos: ‘The meaning is in the ending!’ you said so youtsgd, follow
the quest for ten more years and you get a brand-new triumpfivzale
with the creation of the computer, which is the quest’s rezoh Your
problem is, simply, that you see it as a story of people!

Apostolos: Well, stories do tend to be about people!

Christos: So, choose the right people! And show what thdlyrdal! All
we learn of the great von Neumann is he said ‘It's over’ wherhéard
Godel!

Alecos: But it was over in a sense, wasn't it? Pop went Hilbéro ig-
norabimus’!

Christos: But then came the quest’s jeune premier, its felrsi. Alan
Turing! He said ‘Ok, we can't prove everything! So, let’'s sd®at we can
prove!’ and to define proof, he invented, in 1936, a theoattitachine
which contains all the ideas of the computer!. .. which,rate war, he
and von Neumann, the quest’s proudest sons, brought taféill |

—Doxiadis and Papadimitriou, Logicomix [10]
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“Despite the unusual nature of the proof, the editors of then@ls of
Mathematics agreed to publish it, provided it was accepted panel of
twelve referees. In 2003, after four years of work, the hdadeoreferee’s
panel Gabor Fejes Toth (son of Laszl6 Fejes Toth) regmbthat the panel
were ‘99% certain’ of the correctness of the proof”

— Wikipedia entry on the Kepler conjecture

“Sometimes fixing a 1 percent defect takes 500 percgmt &
— Joel Spolsky, Joel on Software [42]

“Every one fully persuaded is a fool.”

— Barthasar Gracian, the Art of Worldly Wisdom [17]
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The Kepler Conjecture

In 1611, Johannes Kepler wrote a booklet in which he asstrédhe familiar
cannonball arrangement of congruent balls in space achtbechighest pos-
sible density. This assertion has become known as the Kepigecture. This
book presents a proof.

As early as 1831, Gauss established a special case of thexztumej, by prov-
ing that the cannonball arrangement is optimal amonigtiites[14]. Later in
the nineteenth century, Thue solved the correspondindgmoln two dimen-
sions, showing that the hexagonal arrangement of disksiplime achieves
optimal density [45] and [46]. Hilbert, in his famous listmfathematical prob-
lems, made the Kepler conjecture part of his eighteenthienoldn 1953, Fejes
Toth formulated a general strategy to confirm the Keplejextore, but lacked
the computational resources to carry it out [12]. The canjecwas finally re-
solved in 1998, even though the full proof was not publisheiil 2006 [22].
Section 1.1 gives additional historical background.

The Kepler conjecture has become a test of the capabilitpiputers to
deliver a reliable mathematical proof. The original praofdlved many long
computer calculations that led a team of referees to exivawdthis book has
redesigned the proof in a way that makes the correctnese abinputer proof
as transparent as possible.

Formal Proofs

After all is said and done, a proof is only as reliable as tleegsses that are
used to verify its correctness. The ultimate standard aobfisoa formal proof,
which is nothing other than an unbroken chain of logical iefees from an
explicit set of axioms. While this may be the mathematicalaidof proof,
actual mathematical practice generally deviates sigmifigdrom the ideal.

In recent years, as part of this project, | have been inanghspreoccupied
by the processes that mathematicians rely on to ensure trectizess of com-
plex proofs. A century ago, Russell's paradox and othenanties threatened
set theory with fires of destruction. Researchers from Ftegeéddel solved
the problem of rigor in mathematics and found a theoretiohlt®n but did
not extinguish the fire at the foundations of mathematicabse they omitted
the practical implementation. Some, such as Bourbaki, kaga gone so far
as to claim that “formalized mathematics cannot in pradbeevritten down
in full” and call such a project “absolutely unrealizabl&, pp. 10-11].

While it is true that formal proofs may be too long to printhgouters —
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which do not have the same limitations as paper — have bedwmatural host
of formal mathematics. In recent decades, logicians andpaden scientists
have reworked the foundations of mathematics, putting thremn dficient
form designed for real use on real computers.

For the first time in history, it is possible to generate andfyevery single
logical inference of major mathematical theorems. Thisrttag been done for
many theorems, including the four-color theorem, the pnimmber theorem,
the Jordan curve theorem, the Brouwer fixed point theoremh,tlaa funda-
mental theorem of calculus. Freek Wiedijk reports that 8% bst of one
hundred famous theorems have now been checked formally Tb@] list of
remaining theorems contains two particular challengesindependence of
the Continuum hypothesis and Fermat's Last theorem.

Some mathematicians remain skeptical of the process becausputers
have been used to generate and verify the logical infere@oesputers are no-
toriously imperfect, with flaws ranging from software buggefective chips.
Even if a computer verifies the inferences, who verifies thidigg or then ver-
ifies the verifier of the verifier? Indeed, it would be unsdiémnof us to place
an unmerited trust in computers.

The choice comes down to two competing verification procesBee first
is the traditional process of referees, which depends llaarethe luck of the
draw — some referees are meticulous, while others are sarélte second
process is formal computer verification, which is less depaton the whims
of a particular referee. In my view, the choice between threventional process
by human referee and computer verification is as evideneashbice between
a sundial and an atomic clock in science.

The standard of proof | have adopted is the highest sciestditdard avail-
able by current technology. The introduction of steel inh@eture is not a
mere reinforcement of wood and stone; it changes the wordtro€tural pos-
sibilities. There is no longer any reason to limit proofséa thousand pages
when our technology supports a million pages.

The style of formal proofs is ffierent from that of conventional ones. It is
easier to formalize several short snappy proofs than a feveate ones. Hu-
mans enjoy surprising new perspectives, but computergib&oen repetition
and standardization. Despite thesfatiences, | have sought proofs that might
bring pleasure to the human reader while providing precistuctions for the
implementation in silicon.
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Conventions

To make formalization proceed more smoothly, long proofehzeen broken
into a sequence of smaller claims. Each claim starts a neagpaph and is set
in italics. The second sentence of the paragraph beginsthétivordindeed
when the proof of the claim is direct and with the wartherwisewhen the
proof is indirect by contradiction.

Lemmas and theorems that are marked with an asterisk appeaf the
natural logical sequence. Care should be taken to avoiddbgaps when they
are cited.

The pronourweis used inclusively for the author and reader as we work our
way through the proofs in this book. The pronduefers to the author alone.

The asterisk is used as a wildcard symbol in patterns. It replaces a term in
contexts where the name of the term is not relevant. It canddsote a bound
variable. For example, the functidif+, y) of a single variable is obtained from
f by evaluating the second argument at a fixed vglue

The union of the familyX of sets is written ag) X or as| Jy.x X without
any diference in meaning. The first form is preferred because otaa@my.
We also use both expressiofis X and(,cx X for the intersection of a family
of sets.

The documentation of the computer calculations for the &epbnjecture
has evolved over time. The 1998 preprint version of the poddhe Kepler
conjecture contains long appendices that list hundredaloitations that en-
ter into the proof. These appendices were cut from the phadisersion of the
proof because it is more useful to store the computer pahiegptoof at a com-
puter code repository that is permanent, versioned, amdyfevailable. The
computer code and documentation are housedaigle Code project host-
ing. Separate documentation, which is available at the prajéet describes
the computer calculations that appear in this book. Whes libbk uses an
external calculation, it is marked in italic font asamputer calculatioh[21].

A Blueprint

The book is a blueprint for formal proofs because it givesdhsign of the
formal proof to be constructed. The parts of this book thaecohe text por-
tions of the proof of the Kepler conjecture are being forsna#rified in the
proof assistant HOL Light. | dream of a fully formally verifiesolution to the

1 [notation] This explains notation.



Xiv Preface

proof that includes the computer portions of the proof ad.viz#tails about
and credits for this large teanffert appear in Appendix A.

Decisions about what to include in this book have been shapebe list
of theorems already available in the library of the proofssastHOL Light
For example, this book accepts basic point-set topologyra@dsure theory
because they have been formalized by Harrison [26].

The book is divided into three parts, the first of which ddsesithe major
ideas, methods, and organization of the proof.

The part on foundations provides background material aboustructions
in discrete geometry. The first of these chapters covemrtametric identities
and basic vector geometry. The second treats volume frorteareatary point
of view. The third chapter covers planar graph theory fronugely combina-
torial perspective. The fourth chapter continues with atagraphs, now from
a geometric perspective.

The final part of the book gives the solution to the packindpfm. The first
of these chapters gives a top-level overview of the majqrsstd the proof,
describing how the problem can be reduced from a problem infthitely
many variables to one in finitely many variables. The renrmgjréhapters in
this part flesh out the proof.

The final section of the book views dense sphere packings &danger
perspective. It resolves another longstanding conjedtudéscrete geometry:
Bezdek’s strong dodecahedral conjecture.

Simplifications

Many simplifications of the original proof have been foun@othe past sev-
eral years. These simplifications are published here fdiitsteime. Gonthier
has reworked the proof of the four-color theorem to avoidubeof the Jordan
curve theorem, using instead the much simpler notion ofiM&bontour from
the theory of hypermaps. | have followed Gonthier’s lead.

The optimality of the face-centered cubic packing is anrisseabout infi-
nite space-filling packings. For computational purpodes, iiseful to reduce
the sphere packing problem to finite packingscéyrection termis associ-
ated with each dierent reduction from infinite packings to finite packings.
Ferguson and | worked together to produce the original podahe Kepler
conjecture. The two of us considered a large number Bémdint correction
terms, seeking one that would simplify the computations asinas possible.
In a discussion of the solution of the packing problem, | withtat “correction
terms are extremely flexible and easy to construct, and seomu8l| Fergu-
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son and | realized that every time we encounteréficdities in solving the
minimization problem, we could adju$t[the correction term] to skirt the dif-
ficulty.... If | were to revise the proof to produce a simplaegthe first thing
| would do would be to change the correction term once agais.the key

to a simpler proof” [19]. Marchal has recently found a simgderection term,

giving a new way to reduce from infinite packings to finite pagk [31]. This

book implements his reduction step.

There are many other improvements of the proof that are sdtleiin the
book because they are implemented in computer code, imgualreduction
of the number of lines of computer code from over 187,000 wuai0,000.
Needless to say, the quickest way to be sure that a block gbatencode will
not execute a bug is to delete the code altogether.

Thomas C. Hales
Pittsburgh, PA
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OVERVIEW
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Close Packing

1.1 History

This section gives a brief history of the study of dense spipaickings. Fur-
ther details appear at [43] and [20]. The early history ofesptpackings is
concerned with the face-centered cubic (FCC) packing, ditarpyramid ar-
rangement of congruent balls used to stack cannonballsranemorials and
oranges at fruit stands (Figure 1.1).

Figure 1.1 [DHQRILO] The face-centered cubic (FCC) packing.

1.1.1 Sanskrit sources

The study of the mathematical properties of the FCC packarghe tracetl
to a Sanskrit work (théryabhatiya ofAryabhaf) composed around 499 CE.
The following passage gives the formula for the number dfhala pyramid

1 | am obliged to Plofker [35].
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pile with triangular base as a function of the number of ballts g an edge of
the pyramid [40].

For a series [lit. “heap”] with a common dference and first term of 1,
the product of three [terms successively] increased by rh fitoe total, or
else the cube of [the total] plus 1 diminished by [its] rootyided by 6, is
the total of the pile [lit. “solid heap™].

In modern notation, the passage gives two formulas for tmebaw of balls
in a pyramid withn balls along an edge (Figure 1.2):

nn+1)(n+2) (+1P°-(n+1)
6 - 6 )

=

/

Figure 1.2 [KSOEMIZ] Derivation of Sanskrit formula (1.1). A cannonball
packing can be converted to unit cubes in a staircase aliglued) the rear
column. Six staircase shapes fill ani(1)® cube without its diagonal af+ 1
unit cubes, or a rectangle of dimensionty n+ 1 by n + 2.

(1.1)
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1.1.2 Harriot and Kepler

The modern mathematical study of spheres and their cloddnusccan be
traced to Harriot. His work — unpublished, unedited, andéér undated —
shows a preoccupation with sphere packings. He seems tdihstviaken an
interest in packings at the prompting of Sir Walter Raleiggtthe time, Harriot
was Raleigh’s mathematical assistant, and Raleigh gavetenproblem of
determining formulas for the number of cannonballs in ragulstacked piles.
Harriot interpreted the number of balls in a pyramid as amyeint Pascal’s
triangle® (Figure 1.3). Through his study of triangular and pyramidahbers,
Harriot later discovered finite fierence interpolation [3]. Shirley, Harriot's
biographer, writes that it was his study of cannonball ageaments in the late
sixteenth century that “led him inevitably to the corpuseur atomic theory
of matter originally deriving from Lucretius and Epicurys9, p. 242].

Kepler became involved in sphere packings through his spmedence with
Harriot around 1606-1607 on the topic of optics. Harriog #tomist, at-
tempted to understand reflection and refraction of lightamac terms. Kepler
favored a more classical explanation of reflection and ctifsa in terms of
what Kargon describes as “the union of two opposing qualitieransparence
and opacity” [27, p.26]. Harriot was stunned that Kepler lddae satisfied by
such reasons.

Despite Kepler’s initial reluctance to adopt an atomic tlyebe was even-
tually swayed and published an essay in 1611 that exploeesadhsequences
of a theory of matter composed of small spherical partidiepler's essay
describes the FCC packing and asserts that “the packingwithe tightest
possible, so that in no other arrangement could more pdiketstifed into
the same container” [28]. This assertion has come to be kramanthe Kepler
conjecture. This book gives a proof of this conjecture.

1.1.3 Newton and Gregory

The next episode in the history of this problem, a debate &etvisaac Newton
and David Gregory, centered on the question of how many emmgballs can
be arranged to touch a given ball. The analogous questiovoidimensions is
readily answered; six pennies, but no more, can be arrangedc¢h a central
penny. In three dimensions, Newton said that the maximumtwelve balls,
but Gregory claimed that thirteen might be possible.

The Newton—-Gregory problem was not solved until centurésr|(Fig-
ure 1.4). The first proper proof was obtained by van der Waeadd Schutte in

2 Harriot was well-versed in Pascal’s triangle long beforedaa
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10

10
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Figure 1.3 [BDCABTA] The binomial coficient (*") gives the general for-
mula for the number of balls in ddimensional pyramid of sida + 1. As
Harriot observed, the recursion of Pascal’'s triar(@lé) = (d*rffil)) + ((d’ﬁ)*")
can be interpreted as a partition of a pyramid of sidel into a pyramid of
sidenresting on a pyramidal base of side- 1 in dimensiond — 1.

1953 [38]. An elementary proof appears in Leech [30]. Althloa connection
between the Newton—Gregory problem and Kepler's problenotsobvious,
Fejes Toth successfully linked the problems in 1953 [12].

1.2 Face-Centered Cubic

The FCC packing is the familiar pyramid arrangement of balisa square
base as well as a pyramid arrangement on a triangular baséwblpackings
differ only in their orientation in space. Figure 1.5 shows hogvttiangular
base packing fits between the peaks of two adjacent squaed pgsamids.
Density, defined as a ratio of volumes, is insensitive to glearof scale. For
convenience, it is gticient to consider balls of unit radius. This means that the
distance between centers of balls in a packing is alwaysat & We identify



1.2 Face-Centered Cubic 7

Figure 1.4 [PTFTWZM] Newton’s claim — twelve is the maximum number of
congruent balls that can be tangent to a given congruent bval$ confirmed
in the 1953. Musin and Tarasov only recently proved that tinengement
shown here is the unique arrangement of thirteen congrudistthat shrinks
the thirteen by the least possible amount to permit tangf8®ly Each node
of the graph represents one of the thirteen balls and eadh regigesents a
pair of touching balls. The node at the center of the graptesponds to the
uppermost ball in the second frame. The other twelve bafiparturbations
of the FCC tangent arrangement.

>

Figure 1.5 [NTNKMGO] The pyramid on a square base is the same lattice
packing as the pyramid on a triangular base. The onffeinces are the
orientation of the lattice in space and the exposed facettseofattice. Their
orientation and exposed facets are matched as shown.

a packing with its seY of centers. For our purposes, a packing is just a set of
points inR2 in which the elements are separated by distances of at least 2
The density of a packing is the ratio of the volume occupiethisyballs to
the volume of a large container. The purpose of a finite captas to prevent

the volumes from becoming infinite. To eliminate the distoriof the packing
caused by the shape of the its boundary, we take the limieadémsities within
an increasing sequence of spherically shaped contairsetise aiameter tends
to infinity.

The FCC packing is obtained from a cubic lattice, by inserérball at each
of the eight extreme points of each cube and then insertingothar ball at
the center of each of the six facets of each cube (Figure T&) hamdace-
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centered cubicomes from this construction. The edge of each cubéisand
the diagonal of each facet is 4. The density of the packingwalsae is equal
to the density within a single cube. The cube has voluvi8 and contains a
total of four balls: half a ball along each of six facets ané eighth a ball at
each of eight corners. Thus, the density within one cube is

4(4r/3) _ .z

Ve VI8

Figure 1.6 [TCFVGTS] The intersection of the FCC packing with a cube of
side V8. The namdace-centered cubicomes from this depiction. The cube
has volumeV8® and contains a total of four balls (eight eighths from the
corners and six halves from the facets), giving densityt /8% V8® = x/V18.

The densityr/V18 of the packing is the ratio of the volume/8 of a ball
to the volume of a fundamental domain of the FCC lattice. Toleime of
the fundamental domain is thereforg2 A fundamental domain of the FCC
lattice is a parallelepiped that can be dissected into tyales tetrahedra and
one regular octahedron (Figure 1.7). The FCC packing is #mealternating
tiling by tetrahedra and octahedrain 2:1 ratio. A tetrabadicaled by a factor
of two consists of one tetrahedron at each extreme point artotahedron
in the center (Figure 1.8). By similarity, the total volunseSi= 2° times the
volume of each smaller tetrahedron. This dissection etshtbe volume of a
regular octahedron as exactly four times the volume of alaegetrahedron of
the same edge length. As a result, the volume of a regulahtedron of side
2 is 1/6 the volume of the fundamental domain, of2 3.

The density of the FCC packing is the weighted density of #esdies of
the tetrahedron and octahedron. WHtg anddqc: for these densities. Explic-
itly, ot is the ratio of the volume of the part within the tetrahedrbthe unit
balls (at the four extreme points) to the full volume of thegbkedron. As tetra-
hedra fill 1/3 of volume of the fundamental domain and an octahedronlffidls t



1.2 Face-Centered Cubic 9

Figure 1.7 [SEYIMIE] The fundamental domain of the FCC lattice can be
partitioned into two regular tetrahedra and a regular @xedn. The funda-
mental domain tiles space. Tetrahedra and octahedra tigesip the ratio
2:1.

y

Figure 1.8 [AZGXQWC] A regular tetrahedron whose edge is two units can
be partitioned into four unit-edge tetrahedra and one eahfe octahedron
at its center. Similarly, a regular octahedron whose edg&asunits can be
partitioned into six unit-edge octahedra and eight ungeetétrahedra.

other 2/3,

bl 1 2
= =0tet + 500ct-

Vi 3 3

As above, we identify a packing with the sétof centers of the balls. The
Voronoi cellof a pointv in a packingV is defined as the set of all pointsit
(or more generally ilR") that are at least as closevas to any other point &f
(Figure 1.9). Each Voronoi cell of the FCC packing is a rhorrdmdecahedron
(Figure 1.10), which is constructed from an inscribed cupplacing a square
based pyramid (with height half as great as an edge of itgedueese) on each
of the six facets.

Rhombic dodecahedra, being the Voronoi cells of the FCC ipggkile
space. In each rhombic dodecahedron, we may color the liestdube black
and the six square-based pyramids white. In the tiling, thekocubes fill
the black spaces of an infinite three-dimensional checleth@nd the white
pyramids fill the white spaces.

A Voronoi cell contains an inscribed black cube of sig@ and a total of
one white cube, for a total volume ofV2, which is again the volume of the



10 Close Packing

Figure 1.10 [PQJIJIGE] The Voronoi cell of the FCC packing is a rhombic
dodecahedron. It can be constructed by placing a squaestpgsamid along
each facet of an inscribed cube.

fundamental domain. The density of the FCC packing is thie odithe volume
of a ball to the volume of its Voronoi cell, which givegV18 yet again.

1.3 Hexagonal-Close Packing

There is a popular and persistent misconception that the [p&ing is the
only packing with densityr/v18. The hexagonal-closed packing (HCP) has
the same density.

In the FCC packing, each ball is tangent to twelve othersénstime fixed
arrangement. We call it thECC pattern Likewise, in the HCP, each ball is
tangent to twelve others in the same arrangement (Figur®).1Ve call it
the HCP pattern The FCC pattern and HCP patterns ar@edent from each
other. Inthe FCC pattern, fourfirent planes through the center give a regular
hexagonal cross section, while the HCP pattern has onlyucte@ane.
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HCP

Figure 1.11 [SGIWBEN] The patterns of twelve neighboring points in the
FCC and HCP packings. In both cases, the convex hull of thivéwmints

is a polyhedron with six squares and eight triangles, butdpdayer of the
HCP pattern is rotated 60 degrees with respect to the FCE€rpafthe FCC
pattern is a cuboctahedron. In the HCP pattern, there isqualyi determined
plane of reflectional symmetry, containing six of the twegbaints.

There are, in fact, uncountably many packings of density18 in which
the tangent arrangement around each ball is either the F@&mpar the HCP
pattern.

A hexagonal laye(Figure 1.12) is a translate of the two-dimensional hexag-
onal lattice (also known as the triangular lattice). Thaitis a translate of the
planar lattice generated by two vectors of length 2 and adgl8. The FCC
packing is an example of a packing built from hexagonal lsyer

If L is a hexagonal layer, then a second hexagonal layean be placed
parallel to the first so that each lattice pointldfhas distance 2 from three
different points oL, which is the smallest possible distance from first layer.
A choice of a unit normal vectoe to the plane ofL determines an upward
direction. There are two fierent positions in whiclh” can be closely placed
abovel (Figure 1.12). Each successive layer I, L”, and so forth) fers
two further choices for the placement of that layer. Runrifirgugh diterent
sequences of choices gives uncountably many packingscinafghese pack-
ings the tangent arrangement around each ball is the FCC Brai@ngement.

As a packing is constructed, each layer may be lab&|&] or C depending
on three possible orthogonal projections to a fixed pland wirmal vector
e. Each layer carries aflierent label from the layers immediately above and
below it. In the FCC packing, the successive layersfai® C, A, B, C, and so
forth. In the HCP packing, the successive layersfaig, A, B, and so forth. If
the vertices of a triangle are label&dB, andC, then the succession of labels
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Figure 1.12[CCQCYwU] If the centers in one hexagonal layer of a close
packing are placed at the sites mark&kdthen the hexagonal layer above
it will occupy all the sites marke®, or all of the sites marke@. In general,
each hexagon layer of a close packing is determined by itd B, or C,
which must always dier from the label of the layer below. The HCP pack-
ing is... ABABARB... The FCC packing is.. ABCABCABC... There are
infinitely many other close packings, consisting of hexagdayers, corre-
sponding to sequences Af B, C.
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is a walk along the vertices of the triangle, and inequivaleaiks through the
triangle describe dlierent packings.

The diferent walks through a triangle give all possible packingafirfitely
many congruent balls in which each tangent arrangementtisrethe FCC
pattern or the HCP pattern [9]. To see that there are no ottegilpilities, we
first assume that every ball &f is surrounded by the FCC pattern. Adjacent
FCC patterns interlock in a unique way that fordégself to crystallize into
the FCC packing. This completes the proof in this case.

Now we assume that a packivgcontains some ball (centeredwgtin the
HCP pattern. Its uniquely determined plane of reflectiogaimetry contains
u and the centers of six others arranged in a regular hexafyotis the center
of one of the six other balls in the plane of symmetry, its Ertg@rrangement
of twelve balls must include and an additional four of the twelve balls around
u. These five centers aroundare not a subset of the FCC pattern, but extend
uniquely to a HCP pattern. Aroundandv, the HCP patterns have the same
plane of symmetry. In this way, as soon as some center hasGffedttern,
the pattern propagates along the plane of symmetry to cadatgagonal layer
L.

Once a packiny contains a single hexagonal layer, the condition that each
ball be tangent to twelve others forces a hexagonal layebovel and an-
other hexagonal layer below Thus, a single hexagonal layer forces an infinite
sequence of close-packed hexagonal layers. The positigewcbilayer over the



1.4 Gauss 13

previous layer is described by the labAlsB, andC of the triangle. This com-
pletes the proof that theftierent walks through a triangle give all possibilities.

1.4 Gauss

Gauss proved that the FCC packing has the greatest denaity ddttice pack-
ing in three-dimensional Euclidean space. There is a smoafphat does not
require any calculations.

Proof Start with an arbitrary lattic& in which every point has distance at
least 2 from every other. Center a unit ball at each pointeridttice. In a lattice
of greatest density, some pair of balls touch. The lattiagerty then forces
the balls into parallel infinite linear strings like beadsaostring. Two of these
infinite parallel strings touch if the lattice is optimal. & kattice property then
constrains the strings in parallel sheets. On each shedbtthing parallel
strings form a rhombic tiling. Each parallel sheet sits aggnas possible on
the sheet below in an optimal lattice. In such an arrangeradmll (centered
atvp) of one sheet touches three balls (centered aty, v3) on the next layer
down (Figure 1.13).

Figure 1.13 [AFRIFRK] At one stage of the proof that the FCC lattice is the
optimal packing among lattices, we show that an optimaickttonsists of
parallel sheets of a rhombic tiling, and that a ball from dmees rests on three
balls centered aty, v, v3 in the layer below.

As the balls on each sheet form a rhombic tile, two of the dista between
V1, V2, Vs, corresponding to two edges of the rhombus, are equal to 8. Th
means that, together with two of/1, v,, vz form an equilateral triangle.

From the perspective of the plane containing this equiédtieiangle, the
lattice property forces this entire plane, as well as pafrallanes, to be tiled
with equilateral triangles. From the earlier argumentheafchese planes sits
as snugly as possible on the sheet below. A ball of one sheetés the three



14 Close Packing

balls in an equilateral triangle on the layer below. Theag foalls form a
regular tetrahedron, which uniquely identifies the latdsghe FCC. O

1.5 Thue

As mentioned in the preface, Thue solved the packing profidermongruent
disks in the plane. The optimal packing is the hexagonalipgdligure 1.14).
The density of this packing is/ V12, that is, the ratio of the area of a unit disk
to the area of a hexagon of inradius one. Thue’s theorem admielementary
proof that we sketch. Casselman has an interactive demdsadatution [8].

"A'AvA"'A'"A"'A"'A"'A"'Aa
(AR AT IAT AT ALY )
CATAIRIAIATAIATATY
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Figure 1.14 [0CULYIA] The optimal packing in two dimensions.

Proof LetV be the set of centers of a collection of unit disk®fh Take the
Voronoi cell around each diskit is enough to show that each Voronoi cell has
density at most/V12 because the limiting density of the packing in the entire
plane cannot exceed a bound on the density within a Vororioi ce

Truncate the Voronoi cell by intersecting it with a disk ofliasr = 2/+/3.
The density increases as the volume of the cell is made spsdlé the trun-
cated Voronoi cell has density at mostv12, then so does the untruncated
Voronoi cell.

There is not a pointv in the plane that has distance less thdrom three
disk centerssy, Vo, v3. Otherwise, one of the three anglesat w formed by
pairs {;,v;) of points is at most2/3, and coy > —0.5. Thelaw of cosines
applied to the trianglev, vi, v; with angley and sidesa, b, andc gives the
contradiction

4<c®=a’+b?-2abcosy <a’+b’>+ab<3r2=4

s Voror;oi cells of packings in any dimensi®" are defined by the same rule as we gave above
for R>.
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Thus, the boundary of the truncated Voronoi cell consistsirgtilar arcs and
chords of the circle of radius as shown in Figure 1.15.

Figure 1.15 [SENQMWT] This partition of the plane gives a proof of Thue’s
theorem. The disks have radiug\®8. Each shaded sector and each triangle
in an arbitrary packing has density at mogt/12.

The parts of the Voronoi cell that lie within a circular sechave density
1/r2 = 3/4 < n/V12. A simple calculation shows that the part of a Voronoi
cell that lies within a triangle has density

0
- 1.2
r2 cosdsing (1.2)
for some 0< 0 < #/6. An easy optimization gives the maximuméat /6
with valuer/V12. This completes the proof of Thue’s theorem. m|

In some ways it it unfortunate that the problem in two dimensiis so el-
ementary. It gives only meager hints about how to solve tbélpm in three
dimensions such as the value of Voronoi cells and the usedalof trunca-
tion. The optimization problem on triangles in Equation fjeéheralizes to
n-dimensions. But beyond these simple observations, fittle the proof of
Thue’s theorem prepares us for higher dimensions.

There are other proofs of Thue's theorem, including one bgd=&6th
that uses théelaunay triangulationof a packingV in the plane (or inn-
dimensions). A Delaunay triangulation ¥f is a triangulation of Euclidean
space into simplices with extreme points\insuch that no point of/ lies in
the interior of any circumscribing circle of any of the singgls (Figure 1.16).
If V is saturateq* then a Delaunay triangulation &f exists. Each Delaunay

4 A packingV is saturated if it is not a proper subset of any other packihgfo maximize
density, it is useful to increase the density by saturatigpacking with additional points.
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triangle in a saturated packinghas circumradius at most 2 because otherwise
an additional point can be placed at the center of the circtibiing circle,
contrary to saturation.

Figure 1.16 [ANNTKZP] Delaunay triangles of a two-dimensional sphere
packing.

Proof By admitting the existence of a Delaunay triangulation, pheof of
the packing problem for saturated packingm two dimensions becomes ele-
mentary. Each Delaunay triangle contains a portion of aaliglach of its three
vertices. The three interior angles of a triangle sum,tgiving half a disk per
triangle. If we show that each triangle has area at l§8sthen it follows that
the density of the packing is at most/@)/V3 = n/V12. The problem thus
reduces to an area minimization problem. To decrease tlzeddra triangle
{vo, V1, V2}, we first replace it with a smaller similar triangle with stest edge
(sayvyvo) of length 2. The third vertexg is constrained to have distance at
least 2 fromv, andv,, and to have circumradius at most 2. The constraints on
Vo form three circular arcs as shown in Figure 1.17.

Figure 1.17 [CCKQLLH] The horizontal segment is a fixed edge of length 2
of a Delaunay triangle. The shaded region constrains thidquosf the third
vertex of the Delaunay triangle. The white dots indicatetkinee positions of
the third vertex that minimize the area of the Delaunay giian
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The minimizing triangle is determined by the point closest to the line
throughv; andv,. There are three such triangles, each with area exa@ly
This completes the proof. m|

1.6 Dense Packings in a Nutshell

This section describes the proof of the Kepler conjecturgeneral, without
getting embroiled in detail. The entire book is a bluepriithvall the electri-
cal schematics, plumbing, and ventilation systems. Thii@eis the tourist
brochure.

The Kepler conjecture asserts that no packing of congrualig im three-
dimensional Euclidean space has density greater than theityle/ V18 ~
0.74048 of the FCC packing. For a contradiction, we suppodeathaxplicit
counterexample exists to the Kepler conjecture in the fdrapacking of balls
of unit radius with density greater thariv18. Additional balls may be added
to this packing until saturation is reached. The saturadfoacounterexample
may push its density even higher.

We present the proof in four stages. Undefined terms arefiethin the
discussion that follows.

1. A geometric partition of space, adapted to a saturatedtecexample/,
reduces the problem to finite packilg that gives a counterexample to a
particular inequality. In notation established below,plaeticular inequality
is L(W.0) < 12 for every finite packingV c B(0,2.52), whereB(p, )
denotes the open ball of radiusentered ap. The counterexample satisfies
L(W.0) > 12.

2. The finite packindV is transformed into another finite packing that violates
the same inequality and that has a few additional propetigtsmake it a
contraveningpacking.

3. The combinatorial structure 9V is encoded as a hypermap. A list is made
of the purely combinatorial properties @f. A hypermap with these prop-
erties is said to bame

4. A computer generates an explicit list, enumerating tagpeimaps up to
isomorphism. Linear programs, which are adapted to each teypermap
in the enumeration, certify that none of the combinatoradgibilities can
be realized geometrically as a finite packingc R3.

From the nonexistence of a counterexampegit follows that there is no
saturated counterexampleto the Kepler conjecture.
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1.6.1 geometric partition

The first stage of the proof defines a geometric partition atsmnd uses it to
reduce the Kepler conjecture to an optimization problemfinite number of
variables.

We recall that a saturated packing is identified with thergigcset/ of cen-
ters of the congruent balls. Also, as above, the Voronoi®@@! v) associated
with v € V is the polyhedron formed by all points & that are at least as
close tov as to any othew € V.

The Voronoi cell av can be further partitioned into Rogers simplices, each
of which is determined by a facet of the Voronoi cell, an edijhe facet, and
an extreme point of the edge. The Rogers simplex is defined théconvex
hull of four points:v € V, the closest point; tov on the given facet, the closest
pointv, to vi on the edge, and the extreme paigof the edge (Figure 1.18).

A Ny
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Figure 1.18 [ORQISIR] Rogers simplices of a two-dimensional sphere pack-

ing. Heavy edges are facets of Voronoi cells. The Rogerslgiegpthat are
not right triangles are shaded.

B

We dissect and combine the Rogers simplices somewhat fudhmake
them intoMarchal cells(Figure 1.19). The exact rules for the construction of
Marchal cells do not concern us here. The rules depend orhvdifiihe points
vi,...,Vvs have distance less thavi2 fromv.

The functionZ(V, v) is defined as

LV = D L(w=v]/2), (1.3)
weV\{v}
wherelL is the piecewise linear function that has a linear graph ftgm) =
(1,1) to (0, 1.26) and is equal to zero for > 1.26. (The constants.26 and
2.52 = 2(1.26) appear throughout the proof as parameters used in tianga
The sum in the definition of is actually finite for every packiny because
only finitely many terms lie in the support baf
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Figure 1.19 [ODGBUWK] Marchal cells of a two-dimensional sphere packing.

Next, a functionG : V — R is defined geometrically in terms of the vol-
umes, solid angles, and dihedral angles of Marchal cellsd@/aot give the
definition here because it is rather complex. The funcBdmas the following
two fundamental properties.

1. If £(V,v) < 12, then
4V2 < vol(Q(V, V) + G(v).

2. There exist€ > 0 such that the points &f in a ballB(0, r) of radiusr > 1
satisfy
G(v) < Cr2.
veVNB(0,r)

The constant 42 is the volume of the Voronoi cell of the FCC packing.

From these fundamental properties and from the assumptaii tis a sat-
urated counterexample, it follows th4(V,v) > 12 for somev € V. Indeed,
if £(V,v) < 12 for allv € V, then the fundamental properties imply that on
average the Voronoi cells &f have volume at least that of the FCC packing,
up to a negligible error terr@r?. From this, it follows that the density of the
packingV is at most that of the FCC packing.

Returning to the counterexample we select € V such thatZ(V,v) > 12.
By the translational invariance of the problem, we may asstimatv = O.
Then

LWO) = > L(Iwl/2) > 12 (1.4)

weW
whereW is the finite sefw e V : 0< |w| < 2.52}.
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This completes the first stage of the proof. The counterelaivigo the
Kepler conjecture leads to a finite packM{that satisfies (1.4).

1.6.2 contravening packing

We assume tha is a counterexample to the Kepler conjecture and Wat
V is a finite subset that satisfies (1.4). The second stage gfrted shows
that the finite packinyV can be enhanced in various ways. The result of the
enhancement is a new finite packing that iscetravening packingAt this
stage, we also mak# into a graph by defining a set of edgesvith nodes in
W.

For example, the value of depends only on the normjsv|, andL is a
decreasing function, so that any rearrangement of thegofiV that does not
increase the norms strengthens the inequality (1.4).

The finite packingV determines a grapW{ E) with node seW. The set of
edges is defined bjw, w} € E if

2<|v-w| <252

This graph is called thstandard farof W.

We can get a crude idea about whidimust look like by studying the set of
normalized pointsv/|w| in the unit sphere. These points are extreme points
of spherical polygons that partition the unit sphere. As wevk that the sum
of the areas of the polygons equals the areaf4he sphere, we can extract bits
of information aboutV from estimates of the areas of the polygons. Analysis
along these lines leads to the conclusion that some finitkipg®V has the
following properties.

1. Wc B(0,252).

. L(W) > 12,

. The cardinality ofV is thirteen, fourteen, or fifteen.

. W maximizes the functiod’.

. Join pointsv/|v| andw/|w| with a geodesic arc on the unit sphere if
{v,w} € E. Then the arcs do not meet except at the endpoints and give a
planar graph. Moreover, the angle between each pair of catige arcs at
a vertex is less that. In particular, the spherical polygons cut out by the
arcs are geodesically convex.

a b~ wnN

A finite packingW with these properties is calledcantraveningpacking.
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1.6.3 tame hypermap

The starting point of the third stage of the proof is a corgrang packing/V
and the corresponding planar graph E). The result of this stage istame
hypermap(described below).

By definition, aplanar graphis a graph that admitsganarembedding. By
contrast, a graph, endowed with a fixed embedding into theeplia aplane
graph A planar graph has too little structure for our purposeshse it does
not single out a particular embedding and the plane graploeasuch struc-
ture because it gives a topological object where combiie@one should
sufice. A hypermap gives just the right amount of structure. la ipurely
combinatorial notion, yet encodes the relations among sictiges, and faces
determined by the embedding. An entire chapter of this beabbut hyper-
maps.

The graph Y\, E) of a contravening packing/ determines a planar hyper-
map hypW, E). We study the following question: what purely combinadbri
properties of the hypermap hyf(E) can be derived from the assumption that
W is a contravening packing? For example, the cardinality ob@travening
packingW is thirteen, fourteen, or fifteen. Hence, the hypermap hiateémn,
fourteen, or fifteen nodes. Later chapters of the book revateund the com-
binatorial properties of the hypermap.

The final chapter of the proof compiles all of these combinatproperties
into a long list. Although the exact details of the list are significant, the list
of combinatorial properties severely constrains the spbssible hypermaps.

Any hypermap satisfying all of these properties is said téepee This list
of properties appears in Definition 8.7.

1.6.4 linear programming

The fourth and final stage completes the proof the nonexdstehthe contra-
vening packingV. At the beginning of this stage, hyE) is a tame hyper-
map. The list of defining properties of a tame hypermap afficgently restric-
tive that an explicit finite list can be generated of everyegdmipermap, up to
isomorphism. This list is generated by computer. The detdithe algorithm
are described in the chapter on hypermaps.

Equipped with an explicit list of possible combinatorialstures, we move
to the proof’s end game. At this stage, because of the comgerterated list of
tame hypermaps, the cardinality and combinatorial strea@\W are explicit.

Certain properties ofV (and its associated hypermap) can be encoded as a
system of linear inequalities. For each tame hypermap, patensolves one
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or more linear programs that test for feasible solutionséogystem of linear
inequalities. In each case, the computer produces a cattifibat shows that
no feasible solution exists. It follows that no tame hypeguroan be realized in
the form hypW\, E). Each tame hypermap, which represents a combinatorially
feasible arrangement, is geometrical infeasible. It feidhatW, and hence
alsoV, do not exist.

As no counterexample exists, the proof of the Kepler conjectnsues.
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Trigonometry

Summary. This part of this book, which is the first of the four founda-
tional chapters, presents a systematic development afrtametry, vol-
ume, hypermap, and fan. There is a separate chapter on eatifesé
topics. The purpose of the this material is to build a bridgéween the
foundations of mathematics, as presented in formal the@mering sys-
tems such as HOL Light, and the solution to the packing prable

In this chapter, trigonometry is developed analyticallgsi trigono-
metric functions are defined by their power series repregents, and
calculus of a single real variable is used to develop the basbperties
of these functions. Basic vector geometry is presented.

2.1 Background Knowledge

2.1.1 formal proof

We repeat that our purpose is to give a blueprint of the fopradf of Kepler’'s

conjecture that no packing of congruent balls in three-disienal Euclidean
space has density greater than the familiar cannonbalipg.ckhe blueprint
of a formal proof is not the same as a formal proof, which is etiitey pattern
of bits in a computer. The book describes to the relatlew to construct the
computer code that produces and then reliably reprodueégéttern of bits.

1 “The words will be minced into atomized search-engine kayso . . copied millions of times

by algorithms . .. scanned, rehashed, and misrepresenteyls. . .. And yet it is you, the
person, the rarity among my readers, | hope to reach” —Jaaoret [29].
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A more traditional book might take as its starting point tiagined math-
ematical background of a typical reader. The blueprint afranfal proof starts
instead with the current mathematical background of a fopr@of assistant.
| surveyed the knowledge base of my formal proof assistadtcampared it
with what is needed in the construction of our formal probfuins out that
the proof assistant already has an adequate backgrounal ianalysis, basic
topology, and plane trigonometry, including the trigondneeaddition laws,
and formulas for derivatives. Since the proof assistaeialy has a significant
library of theorems in real analysis and point-set topolegyuse background
facts in these areas wherever they help.

However, when this project began, the proof assistant thttkebackground
in some of the less frequently used trigonometric iderstitied has had nothing
at all about spherical trigonometry. While it had adequateamand of general
concepts of vector geometry mdimensional Euclidean space, its library on
three-dimensional analytic geometry was spotty. For exendihedral angles
and cylindrical and spherical coordinates were missinmftioe system.

I imagine the typical reader to have a much stronger backgroutrigonom-
etry and analytic geometry than the proof assistant, wiaftler all, is still in
its youth. The mathematician might want to jump directly tefiDition 2.35,
which specifies subsetffa of affine space. This definition gives a compact no-
tation that encompasses many of the standard polyhednmgpbnes, planes,
rays, half-planes, half-spaces, convex huliina hulls) that appear through-
out the book. From there, the reader can consult the defirofitwo important
polynomialsA andv, make a note of the unorthodox notation art c) for
the angle opposite of a triangle with sides of lengthe b, ¢, stop a moment
to admire Euler’s formula for the solid angle of a sphericargle; and then
jump directly to the final section, which introduces polacley

Polar cycle is a familiar concept, wrapped in an unfamiliagior the sake
of the proof assistant: take a finite set of points in the plamder them by
increasing angle, and then take the cyclic permutation erptiints induced
by this order. The azimuth cycle is the corresponding peatror in three di-
mensions, ordering points by increasing azimuth angleyftade) in spherical
coordinates. Although intuitively clear, our proof asasitdemands extra as-
sistance at this point.

2.1.2 real analysis

This chapter assumes general facts about real analysis kvl of a typical
undergraduate textbook. In particular, it assumes a gbmerking knowledge
of set theory and basic properties of the setatural numbersN = {0, 1, .. .},
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and the fieldR of real numbers. By convention, & N. In real analysis, the
chapter assumes basic properties of convergence, absoluergence, lim-
its, and dfferentiation. The termeal analysisis to be interpreted broadly to
include even the most elementary facts of real arithmetatuding results that
do not involve limits.

2.1.3 Tarski arithmetic

Certain sentences in real arithmetic can be expressed witting more than
the usual logical operations (the connectiaesl or, implies logical nega-
tion); the ring operations (addition, subtraction, and multggtion) for the real
numbers; comparison=£f and ¢)) of real numbers; the constants 0 and 1;
real-valued variables; and quantifiers (universal andtexitl) over the real
numbers. Such sentences are said to belong toetski arithmetic For exam-
ple, the sentence

Ix. x'-4x-3=0 A x>0 (2.1)

falls within the Tarski arithmetic (after expanding the erpntx’ asx- x- - X-
x-X-xand the constants4 1+1+1+1and 3= 1+1+1). Starting with Tarski,
researchers have developed algorithms to decide the tfithyosentence in
the Tarski arithmetic [44], [6]. Although these algorithrae generally too
slow to be of practical use, it is useful to identify such sewes. To follow
the details of proofs, reader should have the skill to soligularly simple
problems in the Tarski arithmetic such as determining thatsentence (2.1)
is true.

2.2 Trig ldentities

2.2.1 sine and cosine

The cosine and sine functions are defhby their infinite series:

cosk) =1—x2/2+x4/4l---,  sin(x) =x-x3/31+x°/5!.--. (2.2)

2 This is how the trigonometric functions were originally aefil in the proof assistant HOL
Light. More recently, complex analysis has been developddiOL Light suficient for the
analytic proof of the prime number theorem [25]. The cosiné sine are now defined in the
system as the real and complex parts of the exponentialifumet. To simplify the
exposition, this section presents the original definitions
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arctan
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Figure 2.1 [ODPCVGH] Trigonometric and inverse trigonometric functions.

By real analysis, convergence is absolute for every realaum Each se-
ries can be evaluated at O:

cos(0)=1, sin(0)= 0. (2.3)

These series may befiirentiated term by term to establish the identities:

d . d .
&cos(x) = —sin(x), &sm(x) = cos). (2.4)

Powers (cos{))" and (sink))" are conventionally written c86x) and sifi(x).

If two functions are theiniquesolution of an ordinary dierential equation
with given initial conditions, then the two functions areuaf] This observa-
tion gives a method to prove many functional identities|uding trigonomet-
ric identities. The next two lemmas take this approach, bijfgang a trigono-
metric identity with a functiorf that satisfies the ordinaryféérential equation
f’ = 0 with initial conditionf (0) = 0.

Lemma 2.5 [WPMXVYZ]
Sir?(x) + cog(x) = 1.
Proof By real analysis and (2.4), the derivative i) = co£(X) + sin’(x)

is identically zero, so the function itself is constant.far(2.3), it follows that
f(x) = f(0) = 1. m]

Lemma 2.6 [WNYVIPE]
sin(x + y) = sin(x) cosfy) + cos) sin(y)

cosf +y) = cos) cosfy) — sin(x) sin(y).

Proof The proofis an exercise in real analysis. fFix et
f(X) = (cosk + y) — cos) cosfy) + sin(x) sin(y))?
+ (sin(x +y) — sin(x) cosfy) — cos) sin(y))>.

The derivative off is identically zero. The function is therefore constansd\l
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f(0) = 0. Thus,f is identically zero. If a sum of real squares is zero, the
individual terms are zero. The identities follow. m|

Lemma 2.7 [KGLLRQT] The cosine is an even function. The sine is an odd
function. That is,

cosEx) = cosf), sin(=x) = —sin(x).

Proof The result can be checked directly from the definition of tigonho-
metric functions as power series. A second proof can be divatifferentia-
tion, as follows. By real analysis, the derivative of

(cosE-x) — cos))? + (sin(=x) + sin(x))?

is identically zero. Complete the proof as in the proof of lneai?.6. m]

2.2.2 periodicity

It is known that the cosine has a unique root between 0 and@c®hstanir
is defined to be twice that root. Thus, by definition

cosf/2) =0,
cosk) >0, whenO< X< /2. (2.8)

The cosine is in fact nonnegative on the intervahi®]:

cosk) >0, O0<x<m/2 (2.9)

Lemma 2.10 [CPIREMF] The sine function is nonnegative ffh /2] and
sin(r/2) = 1.

Proof The proof is an exercise in real analysis. The derivativdhefdine is
nonnegative between 0 and2. The value of the sine at O is 0. It follows that
sin is nonnegative on [@/2]. It is enough to check that Sifr/2) equals 1.
Then sif(r/2) = 1 - cof(n/2) = 1. o

Lemma 2.11 [SCEZKRH]

sin(r/2 — X) = cos),
cosfr/2 — X) = sin(x).

Proof Apply the addition law for the sine function (Lemma 2.6),

sin@r/2 — X) = sin(r/2) cOSEX) + cosfr/2) sin-X)
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and use sin{/2) = 1 and cost/2) = 0. Then use that cos is an even function.
The second identity is similar. O

Similarly, cosfr/2 + X) = —sin(x), sin¢r/2 + X) = cos). Further,
sin(r + X) = cosfr/2+ X) = —sin(x),
cosfr + X) = —sin(r/2 + X) = — cos),
sin(2r+x) = —sinfr+x) = sin(x), (2.12)
cos(Zr+X) = —cos@r+xX) = cos).

Lemma 2.13 [WIBGJRR] The sine function is nonnegative [ihr].

Proof By Lemma 2.10, sin is nonnegative on {§2]. Furthermore, fox
[/2,n],
sin(x) = —sin(~x) = sin(r — x) > 0.

2.2.3 tangent

Definition 2.14(tangent) [BIRXGXP] [tan «» tan] Lettan{) = sin(x)/ cos),
when cosk) # 0.

Lemma 2.15 [KWYPRWZ] If cosf) # O, cosfy) # 0, andcos + y) # O then

tan(x) + tanfy)

tanix +y) = 1-tan)tanfy)’

Proof Divide the first line of Lemma 2.6 by the second line of the same
lemma. Then use the definition of the tangent. O

Lemma 2.16 [KSQDZSF]
tan@/4) = 1.
Proof
tangr/4) = sin(r/2 — n/4)/ cosfr/4) = cosf/4)/ cosfr/4) = 1.
]

Lemma 2.17 [UTNKIAC] The functiortanis strictly increasing and one-to-
one on the domaif-r/2, 7/2).

Proof By a derivative test, the tangent is strictly increasing-em/@, 7/2). By
real arithmetic, a strictly increasing function is oneetioe. O
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2.2.4 arctangent
This section reviews the properties of the arctangent fanct

Definition 2.18 (arctangent) [RIQVMHH] [arctan «» atn] By the inverse
function theorem of real analysis and properties of tarmetigea unique func-
tion arctan R — R with image /2, 7/2) such that

tan(arctar) = x. (2.19)
(See Figure 2.1.)

Additional properties of the arctangent function are eils@<in real analy-
sis. If —/2 < x < /2, then also arctan(taxi) = x. In particular,

arctan(1)= arctan(tang/4)) = n/4. (2.20)
The function arctan is flierentiable with derivative

1
—. 2.21
1+x2 (2.21)
The derivative is positive, and the function arctan is iricicreasing. Proofs
in this book often need to use arctgfX) as x approaches 0. For this, the

following variant of arctan is preferable because it cleaesdenominator.

d
dx arctang) =

Definition 2.22 (arctan) [GYKGARD] [arctan «» atn2]

arctan : R? — (-n, n].

arctany/x), x>0
n/2—arctank/y), y>0
arctan(x,y) = {7 + arctany/x), x<0,y=0
—r/2—arctank/y), y<0
T, x=y=0
Pl
| X

Figure 2.2 [YOXQFUB] The function arctangives the polar anglé of (x, y).

There is some overlap between cases. Nevertheless, trititide similar to
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those already established show that this function is wefiikéd. For exam-
ple, to check the equality of the first two cases> 0 andy > 0), we com-
pute the tangent of both sides, which idfient, since both sides lie between
(-n/2,7/2) and tan is one-to-one:

tan(arctanf/x)) = y/x = 1/ tan(arctan{/y)) = tan¢r/2 — arctan/y)).

We can give a more intuitive description of the function angtthe polar angle
of (x,y) with the branch cut along the negative axis. Thaiis; r cosg and
y = rsing for somer > 0, whereg = arctan(x,y). This definition avoids all
the case distinctions of Definition 2.22.

The ANSI C programming language implements this functioarasan2
Note that some programming languages implement this fometith the two
arguments in reversey,(x).

2.2.5 inverse trig

We prefer the arctangent over other inverse trigonomatrictions because its
domain is the entire field of real numbers, its range is bodnded its deriva-

tive is a rational function. Wherever angles appear in thiskythe arctangent
is apt to appear as well. Other inverse trigonometric fumstiare generally
reduced to the arctangent. This section defines the arcootidn and shows
how it can be expressed in terms of argtan

Definition 2.23(arccos) [QZTBIMH] [arccos«~ acs] By the inverse func-
tion theorem of real analysis, there exists a unique functicccoy on the
interval [-1, 1] that takes values in [@] and that is the inverse function of
cos:

y € [-1,1] = cos(arccog) =y
x € [0, ] = arccos(cos) = X.

Lemma 2.24 [FMGMALU] Ify € [-1,1], then

sin(arccosf)) = /1 -y

Proof The range of arccog is [0, x]. On this interval, sin is honnegative.
By real analysis, it is enough to check that the squares afitbaonnegative
numbers are equal. It then an arithmetic consequence ofittle aentity
(Lemma 2.5) and Definition 2.23. O

The following lemma shows how to rewrite arccos in terms ofap.
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Lemma 2.25 [OUIJTWY] Ify € [-1,1], then

arccosy) + arctan( y/1-y2,y) = 7/2.

Proof The brief justification is simply that arccggg) gives one acute angle
of a right triangle with hypotenuseand sides< andy, and arctag(x, y) gives
the other acute angle. The two acute angles of a right tréamaye sunx/2.

A bit more detail is needed for an argument that can be tummechi formal
proof. The endpointg = +1 can be checked directly from definitionsyl
(-1,1),8 = arccosy), and

a = arctar(y/wll - y2) = arcta@( J1- V2, y),

then arithmetic givesr/2 < /2 -8 < n/2, and—-n/2 < @ < n/2. By the
injectivity of the function tan, it is therefore enough toeck that tant/2—-8) =
tan(). But

cosfd) y y

tan@/2 - B) = sin@) _ sin(arccosf) Vi-y?

= tan().

2.3 Vector Geometry

This section reviews vector geometry i\, including products (scalar and
dot), inequalities (triangle and Cauchy—Schwarz), antslfcbnvex andfiine).

2.3.1 Euclidean space

Definition 2.26 (RN, vector) [KRZJIAD] [RN «w» :real”N] For any finite
setN, defineRN as the set of functions : N — R. Write v; for the value of
the functionv ati € N. A function inRN is called avector The zero vecto®
is the function that is identically zero.

Vectors are written in a bold face; v, w, p, q, and so forth. As a general
notational practice, there is a general tendency toujse andw to denote
vectors that are constrained to lie in some previously ddtexd subseY c
RN and to use andq to denote vectors that run without restriction over all of
RN,

No distinction is made between vectors and point&'fp and none is made
betweerRN and Euclidean space. Wrik" as an alias oRN whenn € N and
N={0,....,n—-1}.
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Definition 2.27 (vector addition, scalar multiplication)[WHIAXYC] [vector
addition «» (+)] [scalar multiplication <« (%)] Two standard arith-
metic operations, addition and scalar multiplication,de@ined on the s&N.
These operations are the pointwise addition and scalaipticdttion of func-
tions:

(U+V)i = U + V.
(tu)i =tu, teR. (2.28)
Define the diference of two vectors to he— v = u + (-1)v.

The operations oRN satisfy the axioms of aector spaceln particular,
addition is commutative and associative.

Definition 2.29 (dot product) [VFPCZBI] [dot product «» (dot)] The
dot product( - ) is the bilinear binary operation d&N defined by

u-v= Z UVv.
ieN
The dot product satisfies the following properties:
u-(v+w)=u-v+u-w
U+Vv)-W=u-W+V-W
(tu) -w =t(u-w) =u-(tw) (2.30)
O<u-u.

Definition 2.31(norm) [XHVXJVB] [norm «» vector_norm] Thenormof
avectoru € RN is

lul = Yu-u.

By real arithmetic)u| = 0 if and only ifu = 0. Moreover,|tu] = |t| u].
Lemma 2.32(Cauchy—Schwarz inequality) [JJKJALK]
[u-vl < Juf v].

Furthermore, the caseu-v = |u| |v| of equality holds exactly whejv|u =
+|u|v (with matching signs).
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Proof This is an exercise in real arithmetic. bet= |v|u + |u|v. The ex-
pansion ofw - w gives

0<w-w=2[ul?IvI?+2Jul [vi(u-v) = 2jul [VI(lul IV] + (u-V)).

If 2|u| |v] = 0, thenu or v is zero, and the result easily ensues. Otherwise
divide both sides of the inequality by the positive numbjrR|v| to get the
result. O

Lemma 2.33(triangle inequality) [OIPLPTM]
lu+vl < ful +[v].

Equality holds exactly whefv|u = u]v.

Proof This is an exercise in real arithmetic. Both sides are noatgj it is
enough to compare the squares of both sides. By the CauchyaBcinequal-

ity,
lu+vi?=u-u+2u-v+v-v<u-u+2Jul vl +v-v=_lul + vl

The case of equality follows from the case of equality in tla@i€hy—Schwarz
inequality. m|

2.3.2 dfine geometry

Most of the following definitions apply tm-dimensional Euclidean space;
however, this book uses them only in two and three dimensitims first def-
inition gives the &ine span of a finite set. For example, tHigree span of two
distinct points is a line; thefine span of three independent points is a plane.
By placing additional positivity constraints on the lineambinations, the def-
initions extend to a large assortment of other geometrieaibjsuch as rays,
half-planes, convex hulls, and cones. Each of these comemimersions: an
open version defined by strict inequality and a closed vardafined by weak
inequality. For example, the closed half-plane includesuning line and the
open half-plane does not. In this chapter, open and closedartopological
notions; rather, they indicate the semialgebraic conalitiof strict and weak
inequality.

Definition 2.34 (affine hull) [KVLZSAQ] [aff «v» (hull) affine]A set
A c RN is affing, if for every finite nonempty subsé&tc A and every function
t: S — Rsuchthat,st(v) = 1, we have

Z t(v)v € A

veS
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Theaffine hull aff(S), of a setS c RN is the smallestffine set containin.
That is, the &ine hull of S is the intersection of allfine sets containin§.

Definition 2.35(affine) [BYFLKYM] [aff, «» aff ge, aff le] [aff® «v
aff gt, aff1t] If V = {vi,vo,...,vi} andV’ = {Vi1,...,Vn} are finite
subsets oRN, then set
af.(M,V) ={tivi+ - taVn © t1+---+th = L £t; > 0, for j > ki,
affd(V, V') = {tivy + - taVn @ ti+ -+ 1ty = 1, £t; > 0, for j > k.

To lighten the notation for singleton sets, abbrevidie(év}, V') to af . (v, V).

Figure 2.3 [ITGCYIF] When card{) + cardy’) — 1 € (1,2}, the set
aff . (V, V') is a segment, ray, or line; simplex, blade, half-plane,lang.

Remark2.36 Whem + 1 = card{/) + card{/’), the generic setfg, (V, V') is
ann-dimensional polyhedron bounded by carg(hyperplanes. For example,
n = 1, gives a segment, a ray, or a line (Figure 2.3). When 2, the set is
a 2-simplex, a planar wedge bounded by two lines, a halfgylana plane.
Whenn = 3, the set is a 3-simplex; an unbounded connected regioraitesp
bounded by one, two, or three intersecting planes; or &fof

Definition 2.37 (convex hull) [OWECYNV] [conv «» (hull) convex] A
subseC c RN is convexif for everyv,w e C and eveny € [0, 1],

tv+(1-t)weC.

If S c RN, then let convB) be the smallest convex set (or equivalently, the
intersection of all convex sets) containiBglt is called theconvex hull

When the set is finite, the convex hull takes the followingrfor
Lemma 2.38 [GDCZMLO] If V = {v1,Va,...,Vp} C RN, then
convV = aff, (2, V).
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Lemma 2.39 [UIVNNRR] If V c RN is finite, theraff.(V, @) = aff(V, @) is
the gfine hull of V.

Proof Both proofs are left as exercises for the reader. m|

In the following definition of a cone, the poitis the apex, an is a gen-
erating set for the positive directions. In the special ¢asgV is a singleton
{w}, the cone gives a ray originating\aénd passing through. Later chapters
call a set of the formf&, (v, {u;, u,}) ablade Blades are planar sets bounded
by two rays originating at.

Definition 2.40(line, collinear, parallel) [SWKFLBJ] [line «» line] [collinear
«» collinear] [parallel «v» parallel] Any set of the form &{v, w}

is aline whenv # w. A set that is contained in som&#, w} is collinear. If

{0, v, w} is collinear, therv andw are said to bgarallel. Also, {v, w} is said to

be a parallel set.

Definition 2.41(plane, half plane, coplanar)[ JLWZFBH] [plane «» plane]
[half-plane «» closed_half plane, open_half_plane] [coplanar «»
coplanar] An affine hull A = aff{u,v,w} is a planewhen{u, v, w} is not
collinear. A set &.({u, v}, {w}) is ahalf-planewhen{u, v, w} is not collinear.
A set that is contained in som&#fu, v, w} is coplanar

Definition 2.42(half space) [0AUVFPS] [half space «» closed_half_space,
open_half_space] A set &f.({u, v, w}, {V'}) is ahalf-spacewhen{u, v, w, v’}

is not coplanar. Under the substitution dff.afor aff?, it is called aropen half-
space

2.3.3 parallelepiped

The following polynomialA, appears in many fierent functions related to the
geometry of three dimensions. The formula following themigfin shows that
it is closely related to the square of the volume of a pamrgtigled. The inter-
pretation as volume is not relevant until the next chapigrjte nonnegativity
is immediately relevant.



38 Trigonometry
Definition 2.43(A) [AVWKGNB] [A «» deltax] Let

A(X1, ..., X6) = X1 Xa(=X1 + X2 + X3 — Xg + X5 + Xp)
+ XoXs5(X1 — X2 + X3 + X4 — X5 + Xp)
+ XaXs(X1 + X2 — X3 + X4 + X5 — Xp)
— XoX3Xg — X1 X3X5 — X1 X2 X6 — X4 X5Xg.

Remark2.44 (Cayley—Menger determinant) DQGHCSH] The polynomialA
appears in the following context. Cayley and Menger foundrentila for the
square of the determinabt of the matrix with rowsv, — vo, ..., vy, — Vg for
arbitrary vectory; € R". Set

xij = Ivi = vjl? (2.45)

arranged as entries of a matrig;]. Write 1 for a row vector of lengtm with
entries that are all equal to€lR. They found that elementary matrix manipu-
lations give an identity of determinants:
DM k] 2

2 _
P*="=11 o

. (2.46)

The right-hand side is a polynomial in the squares of the éslygths.
A calculation of the determinant on the right whee: 3 yields the polyno-
mial A.

4D? = A(Xo1, X02, X03, X23, X13, X12).

The left-hand side is evidently a square and the polynormighe right is non-
negative, whenever the variablessatisfy (2.45) for some vectovs, ..., vs €
R3. Moreover,D and hence alsa is positive when the set of four vectors is
not coplanar.

Background 2.47(matrix theory) Very little matrix theory is required in this
book. The next lemma is a rare exception. Its proof requige®us very basic
facts abouB x 3 matrices and determinants. The determinant of a product of
two matrices is the product of determinants. The transpdésematrix A has
the same determinant as A. The determinant of a matrix A dsikand only if
there exists a (row) vectar such thatu A = 0.

Lemma 2.48 [CTCZHMR] Let V = {vq, V1, V2, V3} C R3. Let %i = Ivi—V; ||2.
ThenA(x;) > 0. Moreover, the set V is coplanar if and only\fx;j) = O.

Proof The proof is an exercise in matrix theory and real arithmdiihe
statement also falls within the scope of Tarski arithmgfichis lemma can
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be proved directly as follows, without recourse to the gah€ayley—Menger
theorem.

Let A be the 3x 3 matrix with rowsv; — vo. ThenD? = det(d)? = det(A!A).
Each entry of the produd'A is a dot producty; — vo) - (vj — Vo), which can
be expressed in terms of the constagitby the following identity:

2(vi — Vo) - (Vj — Vo) = (Vi — Vo) - (Vi = Vo) + (Vj — Vo) - (Vj — Vo)
= (Vi—vj) - (vi-vj)
= Xio + Xjo — Xij. (2.49)

A computation of the determinant then give3%4= A. Thus,D? > 0 implies
A>0.

Also A = 0 if and only if D = 0, which holds if and only iu A = 0 for
some vectowu. By the definition of coplanar, this holds if and only\ffis
coplanar. m]

Remark2.50 [SZIHGLO] The calculation of the general Cayley—Menger for-
mula (2.46) fom + 1 points inR" is based on the same method as the 3
case; the identity (2.49) gives a rewrite rule for each matritry of det@\'A)

as a linear combination of the variableg. Row and column operations then
put the matrix in a form in which each matrix entry is a singigiablex;;.

Remark2.51 [KZVHHBG] The volume of a 4-simplex ii? is zero. This im-
plies that Cayley—Menger determinant fgy, . ..,vs € R3 is zero. This gives
a polynomial relation between the xo(g) squared edge lengthg. The re-
lation is quadratic in the tenth edge, say Xo4, €Xpressing it in terms of the
other nine. The leading cfiicient of the quadratic polynomial is nonzero if
{v1, Vo, V3} is not collinear.

2.4 Angle

Until now, the discussion of trigonometric functions hasb@urely analytic.
This section interprets them geometrically. It covers faméntal identities in
both Euclidean and spherical trigopnometry, including @& bf cosines, the
law of sines, the spherical law of cosines, and a beautifuhéda that Euler
and Lagrange gave for the area of a spherical triangle.
If v,w are nonzero vectors, then by the Cauchy—Schwarz inequality
g =

The middle term lies in the domain of the function arccos. Valkee of this
function is the angle in the following definition.

~1<
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Definition 2.52 (angle, arclength) [WZYUXVC] [arG, «» arcV] Letu,v,w
be vectors withu # v, w. Define

arc, (U, {v,w}) = arccos(w) .

Iv—ul lw—ul

The value of this function is thengleatu formed byv andw.

Figure 2.4 [LIKEURF] The angl&) = arg,(u, {v,w}) = arc@, b, c).

By the relation between arccos and argtdremma 2.25),

ara,(0, {v,w}) = % - arctarz(\/(||v||2||w||2 —(v-w)d),v-w|. (2.53)

The notation arg for angle comes from its interpretation as the length of a
geodesic arc on a unit sphere centered fiobm pointv to w. The subscripV/
is a reminder that the function arguments are vectors. Thetifon arc, with-
out the subscript, gives the angle as a function of the thdge é&engths of a
triangle.

Definition 2.54 (arc) [PQQDENV] [arc «» arclength] Define

2 2
arc@,b,c) = arccos%bcz).

If the triangle inequalities hold:
a+b>c, b+c>a c+ax=b
andifa,b> 0, then
2ab= (Fa+b+c)(@aFb+c)x (@ +b?-c?) > (@ +b? - c?)

and the argument of arccos in the definition of arc falls witts domain.



2.4 Angle 41

Lemma 2.55(law of cosines) [HQTBPCM] Letu,v,w be vectors withv #
uw # u Leta= |w-uf,b = |v-ul,and c= |v-w|. Lety =
arcy(u, {v,w}). Then

¢? = a® + b? — 2abcosy.
Also,
arcy(u, {v,w}) = arc@, b, c).

Proof By the definition of arg, the definition of arccos, and (2.49),
2abcosy = 2(W —u) - (v —u) = a2 + b? — c2.
This identity can be solved fgrand gives the final statement of the lemma

Definition 2.56(v) [0BPIOXD] [v «» ups_x] Letv (the symbolis a Greek
upsilon, which is written with a wider stroke than a roman)ua@the polyno-
mial

V(X Y,2) = —X% — Y2 — Z + 2Xy + 2yz+ 2ZX

This polynomial is nonnegative under conditions descritethe following
lemma.

Lemma 2.57 [QRAAWFS] LetV = {vo,v1,Va} C R3. Let % = |vi —vj]?.
Then

v(Xo1, X12, X02) > 0.
Moreover, the set V is collinear if and onlyifx;;) = O.
Proof The polynomial factors
v(@%, b?, c?) = 165(s— a)(s— b)(s— c), (2.58)

wheres= (a+ b+ c)/2. If a, b, care the lengths of the sides of a triangle, then
a, b, c > 0 and the triangle inequality (Lemma 2.33) holds for all oidgs of
sides: b+ ¢ —a) > 0 and so forth. Non-negativity & v(a?, b, ¢) follows
from the triangle inequality applied to each factor in thetdaization ofv:
2(s—a) = (b+c—-a) = 0 and so forth. The case of equality in the lemma is
the case of equality in the triangle inequality. m]
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An alternative way to view nonnegativity is thatlike A, is the square of a
Cayley—Menger determinant (2.46).

0 a b 1
a 0 ¢ 1
b2 2 0 1
1 1 1

0< (2D)? = - = v(a%, b?, ).

Section 2.4.1 further identifies the determinBras the norm of a cross prod-
uct. Volume and area are the topics of the next chapter, hsitappropriate
at this point to consider a formula for the area of a trianBle means of for-
mula (2.58) fony, Heron's classical formula for the area of a triangle withesi
a, b, ccan be putin the form

V(a2 b?, c?)/4.

Lemma 2.59(law of sines) [UKBAHKV] Assume that @ > Oand a+ b > c,
b+c=>a,andc+a>b. Lety = arc@ b, c). Then

2absiny = \/m
Proof Both sides are nonnegative, so it is enough to check thatstjgares
are equal. By the definition of arc, we have
4a%0? sirt y = 4a’b?(1 - cog y) = (4a%b? — (a2 + b? — c)?) = v(a2, b?, c?).
]
Another useful relation writes arc in terms of argtan
arc@,b,c) = /2 - arcta@( Vu(@2, b2, c2), a% + b? - cz). (2.60)

This follows directly from Lemma 2.25 and the definitions of andv.

2.4.1 cross product

This book makes infrequent use of the cross product. A diefin#nd the most
basic properties sfice.

Definition 2.61(cross product) [FCUAGAJ] [cross product «» (cross)]
Letv = (xy,2 andw = (X,Y,Z). Let the cross product be defined by

VXW=(yZ -yzzX — xZ,xy - yX).
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Lemma 2.62 [KVVWPNA] Any two vectory, w € R satisfy
Ivxw] = v lw] siny,
wherey = arg,(0, {v,w}). Also,v- (Vvxw) =w- (vxw)=0.

Proof This proof is an exercise in real arithmetic and basic trayoatry.
Both the left and right sides are nonnegative, so it is endagiompare the
squares of both sides. The square of the left-hand side is

Ivxw[? = (yZ - y'2)* + (zX = xZ)* + (xy — yX)?
= (C+ Y+ D)X +y? +7%) — (xX +yY +27)?
= IVIZIw]® = (v - w)? (2.63)
= [VI?Iw[?(1 - cos'y)
= [VI?|w]?sir?y.

The second assertion of the lemma follows by arithmeticotlyefrom the
definitions of the dot and cross products. m|

Lemma 2.64 [GZPIJUR] For anyv,w € R3, the set{0, v, w} is collinear if
and only ifv xw = 0.

Proof By Equation (2.63),
vxw=0 ifandonlyif [v|[w] =|(v-w)|.

This is the case of equality in the Cauchy—Schwarz inequalhich is given
as

Iviw=+[w]v.
This is equivalent to the collinearity ¢, v, w}. O
Lemma 2.65 [BKMUSOX]
Uxv=-vxu, Uxv)-w=(WVxw)-u, UxVv)xw=(Uu-w)v-—(Vv-w)u.

Proof These are arithmetic consequences of the definition of gnaxtuct.
mi

2.4.2 dihedral angle

A dihedral angle of a tetrahedron is the angle formed betweernf its facets.
In general, the dihedral angle refers to the angle formednlyHhalf-planes
delimited by a common line. The dihedral angle is determimed pair{vo, v}
of points on the delimiting line and another péig, v3} of two points on the
respective half-planes.
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Definition 2.66 (dihedral angle) [YMHELNF] [dihy «» dihV] Whenvg #
vy, write dihy ({vo, v1}, {V2, v3}) for the angley € [0, n] formed by

W2 = (W1 - Wi)Wo — (W1 - W)Wy and Wa = (Wq - W1)Wz — (W1 - W3)Wi,
wherew; = v; — vo. We call it the dihedral angle formed lw andv; along
{Vo, v1}.

The subscripV is a reminder that the dihedral angle takes vector arguments
Later, a second version, without the subscript, computeatigle as a function
of the lengths of edges of a tetrahedron. As the notationestggthe dihedral
angle depends only on the unordered phissvi}, {V2, Va}.

P

Figure 2.5 [GIRSLPT] The dihedral angl@ = dihy({vo, v1}, {V2, v3}) is cal-
culated by projection of, andvs; to a planeP with normalv; — vo. The
azimuth angle (Definition 2.79) is closely related to theedital angle, but
depends on the orderingq( v1, V2, v3) and takes values between 0 and 2
unlike the dihedral angle, which takes values between Grand

The dihedral angle can be interpreted as the planar angleebattwo rays,
obtained by projection of the two half-planes to a planeagtinal to both of
them. Up to positive scalara, andws are the projections ofr, andws to the
plane through the origin orthogonal to the veatqr The dihedral angle is the
angle between the projectioms andws atO.

Remark2.67 [LHYCNII] The dihedral angle is unchangedif is replaced
with tw; with t # 0. The dihedral angle is unchangedi is replaced with
tow, + tywy with 0 < t; andt; arbitrary because such points project along the
same ray. It is unchangedws is replaced withtzws + t;w; with 0 < t3 and
t; arbitrary, because such points project along the samenraarticular, the
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dihedral angle formed bw, andws; along{0, w;} is the same as that formed
by wa/[wz | andws/|ws| alongws/[wa].

The dihedral angle is degenerate and is not be used when0, w, = 0,
orws = 0. Equivalently, degeneracy occurs whee, V1, Vo) or {vg, V1, V3} is a
collinear set.

Lemma 2.68 [HVIHVEC] Letvo,...,Vs € R3 be given withvg # v1. Then
dihy({vo, v1}, {v2, va})

is the angle ab formed byw; x w, andw; x ws, wherew; = v; — vq.

Proof Foranyu,v, w € R®withu-w = v-w = 0, we use Lemma 2.65 to
compute

(Uxw)-(vxw)=—(uxw)-(wxvV)
= -V ((uxw)xw)
= -V (—(w-w)u)
= (U-v)(w-w).

That is,* x w preserves dot products, up to a scalar\y). Thus, ifw # 0, the
angle formed by andv is equal to the angle formed lwyx w andv x w.
The dihedral angle is the angle formed by

W = (W1 - Wi)Wa — (W1 - Wo)Wq = (W1 X Wa) X Wy

W3 = (W1 - W1)Wz — (W1 - Wa)Wq = (W1 X W3) X W.

Letu = wjy X Wp, V = W; X W3, andw = wy. The preceding calculation shows
that the angle formed by, = u x w andwz = v x w is equal to the angle
formed byu andv. The lemma ensues. m]

Lemma 2.69 (spherical law of cosines) [RLXWSTK] [formal proof by
Nguyen Quang Truong]. Lety be the dihedral angle formed by and
vz along{vo, v1}. Let a, b, and c be the angle a3 betweenvs andv;,, v, and
v1, andv, andvs, respectively. Assume thiagh, v1, vo} and{vg, vy, v3} are not
collinear. Then

cosc — cosacosb

Ccosy = - -
Y sinasinb

Remark2.70 The spherical law of cosines is the most fundamentatityeof
spherical trigonometry. Apherical triangles a figure formed by three points
on a unit sphere, together with three minimal geodesic andh® sphere that
connect each pair of points. In the lemnaab, andc are the arclengths of
the sides of a spherical triangle with verticeg |v2|, vs/|vsl, andvy/|v1],
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whenvy = 0. See Figure 2.6. Alsoy measures the angle of the spherical
triangle opposite the side

Figure 2.6 [NUPFYMD] The spherical law of cosines gives the anglef a
spherical triangle in terms of its edge length, andc. The polar form of
the spherical law of cosines gives the sadie terms of the angles, 8, and

Y.

Proof The proofis an exercise based on previously establishgahtoimetric
identities. Letw; = v; — vo. An earlier remark states that the dihedral angle is
unchanged ifv,, ws, andw; are replaced b,/ w2, wa/ws], wa/|wa],
respectively. Hence, we may assume without loss of gemethkt |w,| =
Iwsl = Jwa] = 1.

Letw, andwjs be the vectors in Definition 2.66. The law of cosines gives
Wo - W3
w2l wsl

The unit normalizations ofi3, wo, Wy give
W12 = Wo-Wp = (Wa— (W1-W2)Wq) - (Wo—(W1-W2)W1) = 1—(Wq-W2)? = sir? b.

So |w;| = sinb. Similarly, |wz| = sina. These calculations give the denomi-
nator in the spherical law of cosines. An expansion of thepdaduct gives the
numerator:

W2 - W3 = (W2 — (W1 - W2)wi) - (W3 — (W1 - W3)Ws)
= (W2 - W3) — (W1 - W) (W1 - W3)
= CcOSc — cosacosb.

The identity ensues. O

The spherical law of cosines gives the angles of a spherieagle as a
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function of its sides. In spherical geometry, a dudligxists between angles
and sides of a triangle. As a result, formulas in spheriéggbtrometry tend
to come in pairs. The spherical law of cosines gives the aofg&spherical
triangle as a function of its edge lengths. The polar formhefformula gives
the edge length of a spherical triangle as a function of itdem Up to signs,
the polar formula has the same form as the law of cosines.

3 In three-dimensional Euclidean space, the orthogonal &ment of a plane through the
origin is a line through the origin, giving a duality betweglanes and lines through the
origin. The intersection of each plane and line with a unfitesp at the origin yields a duality
between great circles and antipodal pairs of points (thespof the great circle). The three
edges of a spherical triangheBCllie on three great circles that determine three antipodas pa
of points. From each of the three pairs, a coherent choicéeanade between the two poles
(with the preferred pole closer to the opposite verteABL). These three poles are the
vertices of the polar triangl&’B’C’. Each statement about the trian@l8C can be dualized
to a statement abodtB’C’. In particular, the edges b, c and angles, 3,y of ABCare
related to those’, b/,... of AB'C’ by

a+ad =, d+a=m,

and so forth.
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Lemma 2.71(spherical law of cosines - polar form)[NLVWBBW] [formal
proof by Nguyen Quang Truong]. Let{vg,Vi,Vo, Vs, } C R3. Leta,B,y
be the dihedral angles:

a = dihv({vo, v2}, {vs, V1))

B = dihy({vo, v3}, {v2,V1})

y = dihy({vo, v1}, {vs, V2}).

Let ¢ be the angle betweep andvs atvg. Assume thdtvg, Vo, V1}, {Vo, V2, V3},
and{vg, vz, v1} are not collinear. Then
COSy + COSw COSB

COSC = ——
sina sing

Proof What follows is a direct computational proof that avoidsagpity and
is an application of established trigonometric identitiest a be the angle
betweerv; andvs, and letb be the angle between andv; atvy. Let A = cosa,
B = cosb, C = cosc, A’ = sina, B’ = sinb, C’ = sinc. The spherical law of
cosines gives

sip = 1-(BAC) . P

AC - A2C2°
wherep = 1 - A2 — B2 — C2 + 2ABC. In particular,p > 0. A computation of
sir? @ and the remaining terms in the same way gives

p
A/ B/c/Z

sina sing =

C—AB+A—BCB—AC_ pC
AB ' BC AC ~ ABC?
The result follows by real arithmetic. O

COSy + COSw COSB =

The following lemma gives a formula for the dihedral angl@détrahedron
along an edge in terms of its edge lengths. The familiar potyialsv andA
appear once again.

Lemma 2.72 [0JEKOJF] [formal proof by Nguyen Quang Truong].
Let vg, V1, V2, V3 be vectors with{vg, v1, v2} not collinear, and{vg, v1, v3} not
collinear. Lety be the dihedral angle formed lwg andv; along{vo, v1}. Let

(X1, - - - X6) = (Xo1, X2, X03, X23, X13, X12), Where ¥ = [vi — v;[?.
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LetA4 be the partial derivative ok(xg, . . ., Xg) with respect to x The dihedral
angley = dihy({vo, va}, {v2,vs}) is given by

Ag(X4, . . ., Xo) )
Vu(X1, X2, X6)V(X1, X3, X5)

y= arccos(

Itis also given by

T
y = 5" arctaa( VAXA(Xe, - - ., Xg), Ag(Xa, - . ., xs)).

Proof We use the notatiomv;, w; established in Definition 2.66. L¢t =
arcy(Vvo, {V1, V2}). The assumptions give, # 0 andws # 0. By expanding
definitions and dot products and by the law of sines,

_ _ ) 1
Wa-Wp = (W1'W1)((W1'W1)(W2'W2)—(Wl'Wz)z) = Xfxz smzﬂ = ZX1U(X1, X2, X5).
Similarly,
_ _ 1
W3 - W3 = lev(xb X3, X5)
and by dot product formula (2.49),

W2 - W3 = (W - W) (W1 - We)(W2 - Wa) — (Wq - W2)(W1 - W3))

Xu(Xz + Xg = Xa) (XL + X2 — Xe)(X1 + X3 — X5))

2 4
= X1A4(X1, . .., Xe)/4.

The result follows in terms of arccos.
The translation to arctaruses the arccos-arctaidentity (Lemma 2.25) and
the following polynomial identity

V(X1, X2, X6)U(X1, X3, X5) — Aa(X1, . . ., X6)* = 4X1A(Xe, . . ., X).

2.4.3 Euler triangle

The expression; + a2 + az — « is Girard’s formula (known first to Harriot)

for the area of a spherical triangle with angtes a», az. We return to this
formula in the next chapter (3.24), when area and volumeaatad. Although
the statement and proof do not explicitly mention area, tilewing lemma

can be interpreted as an alternative formula discovered.isrBnd Lagrange
for the area of a spherical triangle.
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Lemma 2.73(Euler triangle) [JLPSDHF] Let vg, vy, V2, v3 be points inR3.
Let

(Y1, - - -»¥6) = (Yo1, Yoz, Y03, Y23, Y13, Y12), Wherey; = |vi — vj].
Set x=y?. and

P = Y1YaYs + Y1(W2 - W3) + Y2(W1 - W3) + ya(W1 - Wp).
wherew; = vj — vg. Let
ai = dihy({vo, vi}, {vj, Vi)
wherefi, j,k} = {1, 2, 3}. Assume thaA(X, ..., Xs) > 0. Then
a1+ a2 + a3 — 1 = — 2arctan(A(Xq, . . ., Xg) /2, 2p).

Before we jump into the details of the proof, it helps to urstiend why a
formula of this general form should exist. Each angleequals a single arc-
tangent (Lemma 2.72). The addition law for arctangent, tviscobtained by
inverting the additional law for the tangent (Lemma 2.18Wwrnites the sum
a1+az+as of arctangents as a single arctangent, or as twice a singknaent
if the double angle formula is invoked. Euler’s formula isragse formula for
the sum of arctangents in the form 2arcan ).

In practice, it is easier to carry out the details of the prbgfa slightly
different strategy. We can check that the derivatives of the tdessof the
identity are equal as rational functions. The domain is ected, and from
this it follows that the two sides fier by at most a constant. By calculating a
particular test value, we see that the two sides are prgasgial.

Proof This proofis an exercise in real analysis and establishgortometric
identities. According to an earlier remark, the dihedrajlas are unchanged if
the vectoraw; are rescaled so thtvi| = 1. By inspection, the given formula
is also unchanged under rescalings: the fagtés homogeneous of degree
three under a change +— tw; fort > 0, and so isVA by the formula for
A. Thus, without loss of generalityw;| = 1 fori = 1,2,3. Consequently,
y1 = Y2 = y3 = 1. It is convenient to use fierent notatiora = x4, b = Xs,

¢ = Xg for the other variables. The expansion of the dot productsliy the
dot product law gives

2p=8-(a+b+c).
Also, the definitions ofA andv give
A(X1,...,%) =A(1,1,1,ab,¢c)=v(ab,c)—abc

SinceA > 0 by assumption, the arctangent formula in Lemma 2.72 apfilie
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the dihedral angles;. After this substitution (and clearing a factor of three),
the desired identity takes the forffa, b, ¢) = 0, where

3
f(a,b,c)=-n/2- Z arctar(ui/\/Z) +2 arctar(Zp/\/K),
i=1

for some rational functions; of a, b, c. The aim is to prove this trig identity
holds whenevea > 0.

To see that the functiohdoes not depend & we fix (b, c) and diferentiate
f with respect ta. The partial derivativé f /da has the forng(a, b, ¢)/ VA for
some rational functiory of a, b, c. The denominator o§ has no real zero.
Algebraic simplification of this rational function showsaththe polynomial
numerator ofg(a, b, ¢) is identically zero. (Euler himself did not shun brute
force [11].)

By real analysis, the derivative dfis zero, and the functiof is constant
along any segment ii®® along whichA is positive. The remaining part of
the proof constructs two segments along whicls positive. The first con-
nectsf(a, b, c) to f(a, 2, 2), provided the variables are ordered appropriately.
The second connects,@, 2) to (2 2, 2). From this construction it follows that
f(a,b,c) = f(2,2,2). The last step is to evaluate the constiy@t 2, 2). Arith-
metic givesA = 4,2p=2,u; = Uz = Uz = 0, whena = b = c = 2. Finally,

f(a,b,c)=f(2,2,2)= —n/2+ 2arctan(1)= 0.

Let us return to the construction of the two segments. By tia@gle in-
equality,a = vz —val? < (Iv2— Vol + [vs—Vol)? = 4. If equality holds,
then{vo, v, v} is collinear andvo, ..., Vs} is coplanar. From this it follows
thatA = 0, which is contrary to assumption. Similarly,= 0 implies that
A = 0. Hence O< a < 4. Similarly, 0< b < 4 and 0< ¢ < 4. By thepigeon-
holeprinciple, two of the real numbegs b, c must lie in the same subinterval
[0, 2] or [2, 4]. To fix notation, assume thhatandc lie in the same subinterval.

The polynomiah is positivé on the linear segment frofa, b, ¢) to (a, 2, 2).
Indeed, for O< t < 1, Tarski arithmetic gives

AQ,1,1,ab(l-t)+2t,c(1-t)+2t)
=A(1,1,1,ab,c)+t(2-t)(ab-2)(c-2)+ (b-c)?
>A(1,1,1,a,b,c)
> 0.

The polynomial is positive on the linear segment frqia 2, 2) to (2, 2, 2).

4 This paragraph follows the book’s general convention oésgiting claims in italic.
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Indeed,
AL,1,1,8,2,2)=a(4—-a) > 0.

The rest of the proof has been sketched above. O

2.5 Coordinates

This section establishes the existence and basic propeiftibe standard co-
ordinate systems: polar coordinates, spherical coorenand cylindrical co-
ordinates.

2.5.1 azimuth angle

For every pair of real numbersandy, there are real number&ndd such that
X=rcosd, y=rsing. (2.74)

If x andy are both zero, then take= 0, and (2.74) holds for all choices 6f
If x andy are not both zero, then take<Or, and@ is uniquely determined (up
to multiples of Z). By convention, we take € 6 < 2.

Definition 2.75(frame, positive, adapted)[AXBTGQX] [frame «» orthonormal]
A tuple (e1, &, &3) of vectors inR3 is aframeif g - gjand|e| = 1foralli
andj. A tuple (g1, e, €3) is positiveif (e; x &) - &3 = 1. Atuple @1, &, €3) is
adaptedo (vo, V1, V) if

e1 = (Vi —Vo)/IVo-Vvil and e € aff({vo, Vi), v2).

Lemma 2.76(orthonormalization) [QAUQIEC] Assume thatthe s@ty, v1,V2} C
R2 is not collinear. Then the unique positive frame adapte@viovy, vy} is
(e1, &, €3), where

er = wy/[[wel,
& =Wo/[Wal, Wy =w,— (e wy)er,
€3 =61 X &,

and wherew; = v; — vq.
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Proof It follows by basic vector arithmetic thaty(, e;, €3) is a positive frame
adapted tdvo, v, v2}. The choices of vectors, ande, are dictated by the
definition of adapted frame. The choice &fis dictated by the definition of
positive frame. m|

Lemma 2.77(cylindrical coordinates) [EYFCXPP] [formal proof by Nguyen
Quang Truong]. Letvyandv; be distinct points irR3. Let (e, &, €3) be a
positive frame where; = (v1 — Vo)/|V1 — Vo|. Then everyp € R3 that is not

in the lineaff(vp, v1) can be uniquely expressed in the form

p = Vo + I COSY & + I Sinyg e3 + h(vy — Vo),

for some0 < r, 0 < ¢ < 27, h € R. Furthermore, assume that andp, do
not lie in the lineaff(vp, v1). Then there exist uniqui 6, r1, rz, hy, hp such that
0<¢y<2r,0<0<2m,0<rq,0<ry and

P1 = Vo + 1 COSY € + r1Siny €3 + ha(vy — Vo),
P2 = Vo + 2 COSEy + 0) € + rasin(y + 6) 3 + ha(vy — Vo).

Finally, the angled is independent of the choice ef, e; giving the positive
frame.

The degenerate poimt € aff{vp,Vv1} is excluded from the lemma. Nev-
ertheless, it too has a cylindrical coordinate represimtaif the formp =
Vo + h(vy — vp) (with r = 0). Only uniqueness fails, because evegives the
same representation.

Remark2.78 The reader should carefully note the indexing of theoredn

the orthonormal frame as it appears in the cylindrical cowig system. This
book breaks with tradition by makingthe codficient of the frame vectog;
(rather thanes) and makes a corresponding change in spherical coordinates
This nontraditional order is better suited to the definitdddihedral angle, the
arguments of which are grouped in pairs\ditvo, v1}, {V2, V3}) to emphasize

the symmetriesy < v; andv, < vz. Under this pairing of arguments, the
axis of the dihedral angle is the linffgvo, v1}, which gives the direction; —vo

of the cylinder.

Definition 2.79(azim) [UJBHGUX] [azim «» azim] Define azimyo, v1, V2, V3),
theazimuthangle (orlongitudd, to be the uniquely determined anglgiven

by the previous lemma for the poirptg = v, andp, = v3. By convention, let
the azimuth angle be 0 in the degenerate cases Wwhew, vo} or {vg, V1, V3}

is collinear.
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The azimuth and dihedral angles are closely related (Figuse The az-
imuth angle takes values between 0 and But the dihedral angle is never
greater thamr. The following lemma reveals that the azimuth angle is an ori
ented extension of the dihedral angle and is always equahtord2r — dih.

Lemma 2.80 [QQZKTXU] [formal proof by Nguyen Quang Truong].
Letvy # Vg be a nonzero vectors ik3. Assume that, andvs do not lie in the
line aff{vg, v1}. Let

v = dihy({vo, v1}, {v2, v3}).
Then
cos(azimyo, V1, V2, V3)) = COSy.

Proof For simplicity, takew; = vj — vo. Letw; = (W - W)W — (Wq - Wi)Wy.
From the assumptions of the lemme; # 0. Sete, = w,/|w;|. Choose a
unit vectore; so that &, x e3) - w; > 0 ande, - e3 = wy - e3 = 0. Writew; in
cylindrical coordinates as

Wy = ri1€ + hyw,

W3 = r>C0S6 e + Ipsinf es + how;.
The definition of azim gives azimg, wy, wo, w3) = 6. By definition, cog is
the angle betweew, andws. We compute
Wy = Iwz| e
W3 = (W -Wq)rpcosfe; + (Wy - Wi)rasind es.

The result co8 = cosy is now a result of the definition of angle (Defini-
tion 2.52). O

The previous lemma identifies the cosine of the azimuth arnigie final
lemma of this subsection determines the sign of its sine.

Lemma 2.81 [JBDNJJB] [formal proof by Nguyen Quang Truong].
Write x ~ y when there exists:t 0 such that x=ty. Then

sin(azimQ, vy, Vo, V3)) ~ (V1 X V2) - Va.
Proof The relation~ is an equivalence relation. We may assumeftbat;, v,}

and{0, vy, v3} are not collinear sets, because otherwise both sides arel zr
(e1, &, €3) be the positive frame adapted @ ¥y, v2). Write vz = r cosd e, +
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rsinfdes + hey in cylindrical coordinates, whem = azim(Q, vi, V2, v3). Then
by the explicit formulas for the positive frame,
(Vi X V2) V3 ~ (€1 X V) - V3
~(e1x &) V3
=€3-V3
=rsing
~ sing.

2.5.2 zenith angle

The following lemma identifies theenithangle¢. Because it is easily ex-
pressed in terms of the more basic functionatbere is little need to refer to
it directly.

Lemma 2.82(zenith) [QAFHINM] [formal proof by Nguyen Quang Truong].
Let (vo,v1) be an ordered pair of distinct points iR3. Letv, # vo. Set

¢ = arc,(vo, {V2, V1)) € [0, n]. Letey be the unit vectofvy — vo)/ v — Vol . Let

r = |v2 — vg|. Thenv, can be expressed in the form

Vo =Vg+ U+ T COSp ey,

whereu-e; = 0. The angles is called the zenith angle (or latitude) ef along
(Vo, V).

Proof The lemma is a direct consequence of the definition af:arc
(V2= Vo) - €1 =1 COS§.
m|

Lemma 2.83(spherical coordinates) [XPHCPNY] Assume thagvo, V1, V2} C
R2is not a collinear set. Lefey, e, €3) be the positive frame adapted(i, v1, v2).
Then for anyp,

p = Vo +rcosdsing e, +rsindsing es + r cose e, (2.84)



56 Trigonometry
where

r=|vo-pl
¢ = zenith angle op along(vo, V1)
6 = azim{o, v1, V2, p).

Proof Cylindrical coordinates give
p=Vo+r' cosde, +r’'sinfes+hey,
for someh andr’ = |p — vo — hey| > 0. The zenith angle pufsin the form
p=Vo+I' cosfe, + ' sindes+rcosee,
where
r?=Jp-vol®

= |p-vo—he?+ |hey|?

= (r')> +r2cog ¢,
Since sinp, r, andr’ are nonnegative, it follows that = r sing, as desired. o

Definition 2.85(spherical coordinates)[LVDJIVFD] [spherical coordinates
«» SPHERICAL_COORDINATES] Equation (2.84) is called the spherical coor-
dinate representation pfwith respect to\, vi, Vo).

2.6 Cycle

The azimuth angle of the spherical coordinate system dateswa cyclic per-
mutation, called the azimuth cycle, on a finite set of point&3, ordered ac-
cording to increasing azimuth angle. The basic properfi¢isai permutation
are developed.

2.6.1 polar cycle

LetV = {vy,..., v} be a finite set of nonzero points in the plane, with polar
coordinatess; = (r; cosd;, r;sing,). It is useful to order the set of points ac-
cording to increasing angle. To deal with degenerate cakes \wome points
have exactly the same angle, order the points with the lgxaqhic order on
their polar coordinates. We writg < v; for the total lexicographical order on

5 This book follows the variable naming conventiosis#) of American calculus textbooks,
which reverses the international scientific notation.
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points:6; < 6; or bothg; = 6; andr; < rj. (The degenerate case of two equal
angles does not occur in this book, but by defining a total pttere is no
need to revisit the issue.) See Figure 2.7.

S \‘\
by o
|

Figure 2.7 [ROHSJRP] The polar cycle is the cyclic permutation of a finite
set of nonzero points in the plane in a counterclockwisective.

Definition 2.86(polar cycle) [TNZQDCX] [polar cycle «» polar_cycle]
A cyclic permutatiorns : V — V sendsv € V to the next larger element with
respect to this order or back to the first element i the largest. We cali
thepolar cycleof the setv.

Fory € R, letT : R? — R? be the rotation of the plane:
(X, y) — (Xcosy + ysiny, —xsiny + ycosy). (2.87)
Let o’ be the polar cycle fof (V). Then
o' (Tv) =T(ov), forveV.

Lemma 2.88 [PDPFQUK] [formal proof by Nguyen Quang Truong].
Let6d; be real numbers such th@t< 6, < 2r fori = 1, 2. Let

0ji = 6 — 6 + 271k;,
where integersiksatisfy0 < 6;; < 2r. Then
2n, if6 + 0

012+ 021 = .
{0, if 6 = 0;.

Proof The proofis elementary. m|

The next lemma gives a precise form to the observation tvaingh finite
number of rays emanating from the origin in the plane, the stife included
angles is 2. In precise form, the polar cycle is used to place a cyclieoah
the rays. There is a degenerate case when there is at mostyone r
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Lemma 2.89 [ISRTTNZ] [formal proof by Nguyen Quang Truong].
Let V c R? be a set of cardinality n that does not contdir_eto be the polar
cycle on V. In polar coordinates,

v = (r(v) cosg(v), r(v) sinf(v)),
forv eV, with0 < 6(v) < 27. Write
(v, w) = (w) — 6(v) + 2Kpq,

for some integersJy that giveO < 6(v,w) < 27. Then for allv € V and all
0<i<j<n,

6(v, o' (V) + 6(c (v), o (V) = 6(v, o (V).

Moreover, if there exist, w € V such that(v) # 9(w),

>
=

0(c'v, ' tv) = 27

Il
o

(If 8(v) = 6(w) for all v,w € V, then all the summands are zero.)

Proof Fixv e V. For0<i < n, defineg by gy = 9(v) and
6 = 0(c (V) + 263,

where¢; satisfiesdy < 6; < o + 2. It follows from the definition of the polar
cycle thatg; < 6; for 0 < i < j < n. Thené(c'v,olv) = 6; - 6. The first
conclusion of the lemma reduces to

(6 — 6o) + (6 — 6) = (6] — 60).

The second conclusion reduces to

n-2
Z(9i+1 —6) +6(c" v, v) = (v, V) + 6(c v, v).
i=0

By the previous lemma, this is 0 orr2 O

2.6.2 azimuth cycle

As already defined, the polar cycle is a cyclic permutatiom @et of vectors
in the plane that traverses them in order of increasing avghet follows is
the corresponding construction in three dimensional spHere is a cyclic
permutation, called thazimuth cycleon a setV of vectors in space that tra-
verses them in order of increasing azimuth angle. Most ofathek for this
construction has already been done in the subsection on @aike, because
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the azimuth cycle may be constructed as the polar cycle oprjection of
V to a plane. However, a nondegeneracy condition must be iatposV to
ensure that the projection to the plane is one-to-one. Thefimg definition
captures this nondegeneracy condition.

Definition 2.90 (cyclic set) [KFKHLWK] [cyclic set «w cyclic_set]
Let (vo, V1) be an ordered pair of distinct points R?. Let V be a finite set
of points inR3. We say thaV is cyclicwith respect to\j, v1) if the following
two conditions hold.

1. If u =w + h(vy — vp), withu,w € V andh € R, thenu = w.
2. The line througlvg andv, does not mee¥.

A cyclic setV has a well-defined azimuth cycle (Figure 2.8).
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Figure 2.8 [HOUNZSY] The azimuth cycle is a cyclic permutation of a finite
setV of points inR3 that projects orthogonally to the polar cycle in the plane.

Definition 2.91 (azimuth cycle) [YESEEWW] [0 «» azim_cycle] Let vg

andv; be distinct points ifR3. LetV be a finite set of points iR3 that is cyclic
with respect to o, v1). Selectp € R? such that{vo, v1,p} is not collinear
and let{e;, &, e3} be the corresponding positive, adapted, frame.fLbé the
projection map:

Vo + X€ +Yy€3 +2€ = (XY).

Let o’ be the polar cycle orf(V). We defines : V — V by fo(u) = o’ f(u)
and callo- theazimuth cyclenV with respect to\, v1).

Because facts about the polar cycle lift to facts about tira@h cycle, the
next few lemmas follow naturally.
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Lemma 2.92 [NLOFMTR] The azimuth cycle- : V — V on a cyclic set V
with respect to(vp, v1) does not depend on the choicemfe R3 such that
{Vo, V1, p} is noncollinear.

Proof The lemma follows from independence @f from rotations in the
{ey, €3} plane in (2.87). 0

Lemma 2.93 [YVREJIS] [formal proof by Nguyen Quang Truong].
Let (Vo,Vv1) be an ordered pair of points i3, with vo # vi. Assume that
{vo, v3} is cyclic with respect t¢vo, v1). Then

_ _ 2r, if azimvo, v1, V2, V3) £ O,
azimo, V1, V2, V) + azimo, V1, V3, Vo) = . v )
0, if azimfo, v1,Va,V3) = 0.

Proof The lemma follows immediately from Lemma 2.88. O

Lemma 2.94 [ULEKUUB] Let(vo, v1) be an ordered pair of points iR3, with
Vo # V1. Let V be a finite set iR® of cardinality n that is cyclic with respect to
(Vo, V1), with azimuth cycler. Thenforallu € V,andall0 <i < j <n,

azimo, v, u, o (u)) + azimo, v1, o (u), o (u)) = azimfo, v1, u, o (u)).

Moreover, if there exist&/ € V such thatzimo, v, u,w) # 0, then

n-1
Z azim{o, v1, o'u, o' *1u) = 2x.
i=0

(If azimfvo, v1,u, w) = O for all w € V, then all the summands are zero.)

Proof This follows immediately from Lemma 2.89. O

2.6.3 spherical triangle inequality

The geodesic length between two poiats on a unit sphere centered\atis
arcy(Vvo, {u, v}). The following lemma is part of the verification that the éan
tion d(u,v) = arc,(vo, {u, Vv}) is a metric on the unit sphere. The lemma ex-
cludes the degenerate case when points on the sphere gredahti

Lemma 2.95 [KEITDWB] [formal proof by Nguyen Quang Truong].
Let {vo, V1, V2, v3} be a set of four points iit3. Assume thatg is not collinear
with any pair of other points. Then

arcy(Vo, {vi, va}) < arcy(vo, {v1, Vo) + aray(vo, {v2, va}).

Equality occurs if and only i, € aff, (vo, {V1, V3}).
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Proof Let Vv, be the projection o to the plane fi{vo, v1, vs}. By the spher-
ical law of cosines in the special case of a right triangle,

COSy = COSBCoSa < COSB,

wherey = arg,(vo, {v1,V2}), B = arc,(vo,{vi,V5}), @ = arc,(vo,{vz, v5}).
Thus, arg(vo, {v1, V5}) = 8 < ¢ = arg,(vo, {V1, V2}). Similarly,

arcy(vo, {V5, v3}) < arcy(Vo, {vz, vs}).
Thus, it is enough to show that
arcy(Vo, {v1, va}) < arc,(Vo, {v1, V5}) + ara,(Vo, {v5, va}).

The pointsvg, v1, V3, V5, are coplanar. By the additivity of angles (Lemma 2.89),
if v;, € aff; (Vo, {v1,V3}), then

arcy(Vo, {v1, v3}) = arc,(vo, {v1, V5}) + ara,(vo, {V5, Va}),
and otherwise,
arcy(vo, {v1, va}) = | are,(vo, {v1, V5}) — arcy(vo, {v5, va)) .

The inequality ensues.
Further inspection shows that equality occurs exactly whenO andv;, e
aff (vo, {v1, vs}). Equivalentlyyv;, = v, € aff, (vo, {v1, Va}). O

Lemma 2.96 [FGNMPAV] [formal proof by Nguyen Quang Truong].
Let{vo, Uo, U1, Uy, . . ., U, } be a set of points iit3. Assume that no triplg/, Ui, Ui,1}
is collinear. Assume thdvy, ug, U,} is not collinear. Then

=

-
arcy(Vo, {Uo, Ur}) < ) arcy(vo, {Ui, Ui.1}).
i
Proof The proofis an easy induction onvith base case given by Lemma 2.95.
mi

Il
o

2.7 Chapter Summary

We give a brief chapter summary. The trigonometric functioos, sin, arctan,
arccos are defined in the standard way. The function aictay) is an exten-
sion of arctanf/x) to every point &, y) in the plane. It is the polar coordinate
angle of &, y).

RN is the vector space of functions from the finite eto R. If n € R, then
by conventionR" = RN, whereN = {0,...,n - 1}. A bold faceu,v,p,q is
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used for points irRN. Vector space operations, the dot productv, and the
norm |u| are defined in the standard way.

We write &F(S) for the dfine hull of a set and con8| for the convex hull
of a set. The notation is extended to allow inequality caists:

af.(V, V) ={tiva+---tavp : ti+---+th =1, +t; > 0, for j >k},
affd(V, V') = {tgvy + - taVn © ti+ -+ 1ty = 1, £t; > 0, for j > k.

Lines, planes, rays, cones, half-planes, half-spaces;@mabx hulls can all be
represented in this compact notation.

The function arg(u, {v, w}) gives the angle at point of a triangle with ver-
ticesu, v, w. The function arc, b, ¢) is the angle oppositeof a triangle with
sidesa, b, c. The function dik is the dihedral angle of a simplex, expressed
as a function of its four vertices. The function dih is theatlral angle of a
simplex, expressed as a function of its six edges. The paljaisv and A,
which appear in formulas for volume, area, and angle, departdree and six
variables, respectively.

The cylindrical coordinates of a point & are ¢, 6, h). The spherical coor-
dinates arer( 6, ¢). The angle is called the azimuth angle and is determined
by four pointsvg, vi, V2, v3. The angles is the zenith angle. This book follows
a nonstandard convention for the labeling of the coordiagés in cylindrical
and spherical coordinates: the central line of the cyliradet the line through
the poles of the coordinate sphere lie in the direction ofitiseunit vectore;.

The cyclic permutation of a finite set of points in the planeleved by in-
creasing angle in polar coordinates is called the polarecythe cyclic per-
mutationo of a finite set of points in three-dimensional space, ordéxed
increasing azimuth angle is called the azimuth cycle.
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\Volume

Summary. In this chapter a general working knowledge of measure in
three-dimensional Euclidean space is assumed. Nowhetliebook
directly need integration. Measure aloneffees. Volume formulas for
various classical solids are stated. Most of the volumesictamed in this
chapter (such as that of the ball, a rectangle, a tetrahegdaonl a frustum)
have been known since antiquity. This chapter describesdghenes of
every three-dimensional solid that appears anywhere irbthek.

To keep the presentation as simple as possible, we avoidcgui-
tegrals. As an elementary substitute for surface integratin a sphere,
this book systematically replaces subsets of the unit spivh three-
dimensional solids, called radial sets. This chapter prsdasic prop-
erties of radial sets.

Finally, Section 3.3 uses the volume formula for cubes tmeas¢ the
number of integer lattice points in a ball of large radius.

3.1 Background in Measure

This book uses the concepts of null set, measurable set,duachg in three

dimensions; the existence of these concepts with statquepies is assumed
without proof.

Definition 3.1 (vol, measurable, null) [EABVAEK] Let vol be the Lebesgue
measure on Euclidean spaké. A null setis a Lebesgue measurable subset

1 Harrison has already implemented gauge integration, wiiouch more than what this book
requires, inside the proof assistant HOL Light [24].
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of R3 of measure zero. Aeasurableset in this book is a subset Bf that is
bounded and Lebesgue measurable.

Remark3.2 [KEKGFJK] The Lebesgue measure may be replaced with various
alternatives (for example, Riemann or gauge) of measut@srdefinition. A

list of three-dimensional solids (a rectangle, a ball, satetdron, a frustum,
and so forth), calleghrimitive regions is provided by Definition 3.22. These
primitive regions are measurable (and have the same volwitieyespect to
almost any normalized translation invariant measure.

Lemma 3.3(null set) [0WCZKIR] Null sets have the following properties.

. A measurable subset of a null set is a null set.

. A union of two null sets is a null set.

. Aplaneis a null set.

. A sphere is a null set.

. A circular cone is a null set; that is, a union of all linesdhgh a fixed
pointp and at a fixed angle to a given line through

ga b wN P

Lemma 3.4(measurable) [NUKRQDI] Measurability has the following prop-
erties.

Null sets are measurable.

Primitive regions are measurable (Definition 3.22).

The union of two measurable sets is measurable.

The intersection of two measurable sets is measurable.
The diference of two measurable sets is measurable.

AR o

Lemma 3.5(volume) [ATOAPUN] Volume has the following properties.

1. (nonneGativE) The volume is defined for every measurable set. It is a non-
negative real number.
. (nuLL set) The volume of a null set is zero.
3. (~vurL pirrerenci) If X and Y are measurable, and if the symmetrjfedénce
of X and Y is contained in a null set, then X and Y have the satameo
4. (union) If X and Y are measurable sets, and i is contained in a null
set, then

N

vol(X U Y) = vol(X) + vol(Y).
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5. (LiNear sTRETCH) For X c R3, andv € RS, set
Tu(X) = {(viUg, VoUp, V3ug) : U € X}.

If X and T,(X) are measurable, thevol(T, (X)) = [vivavs|vol(X).

6. (TransLaTioN) If X ¢ R®andv e R3, thenlet X+ v={p+Vv : pe X}. If X
is measurable, then X v is as well, and/ol(X) = vol(X + v).

7. (erivamives) If X is a primitive region, thewol(X) is given by the formulas
of Lemma 3.23 and Lemma 3.25.

3.2 Primitive Volume

This book accepts certain elementary volume calculatienassumed back-
ground. These volumes are called primitive volumes. AltHar volumes cal-
culations are obtained from these through the basic priegat measure.

To fix a convention, this book prefers to take the volume ofrogets when-
ever that can be arranged. It begins with a description oesofithe primitive
regions.

3.2.1 radial set

Surface integrals are not required in this book. Althoughblid angleis
traditionally defined as a surface integral, it is simplegiee an alternative
definition based on volume.

Definition 3.6 (ball) [VSPMVNR] The open ballB(v,r) with centerv and
radiusr is the set

qeR®: Jv-qf <r}.
The closed baIE(v, r)is

{geR®: Jv-ql <r}

Definition 3.7 (radial) [QPHVSMZ] A setC is r-radial at centew if the two
conditionsC c B(v,r) andv + u € C imply v + tu € C for all t satisfying
0 < Ju|t < r. A setC is eventually radialat centew if C n B(v, r) is r-radial
at centew for somer > 0.

Lemma 3.8(radial intersection) [KODOBRF] If C and C are r-radial atv,
then Cn C’ is also r-radial atv.
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Lemma 3.9 (eventually radial) [LBWOPAH] If C is r-radial for some r> 0
then it is eventually radial.

Lemma 3.10(radial scale) [PUACSHX] [formal proof by Nguyen Tat
Thang, Nov 2008]. Assume thatC is measurable and r-radiavatet0 <
r’ < r. Then Cn B(v,r’) is measurable andol(C n B(v, r)) = vol(C)(r’/r)3.

Proof The radial seC transforms intdC n B(v, r’) by a sequence of transla-
tions and linear stretches. O

Definition 3.11(solid angle) [MASYUQQ] WhenC is measurable and eventu-
ally radial at centev, define thesolid angleof C atv to be

sol(v, C) = 3vol(C n B(v, r))/r3,

wherer is as in the definition of eventually radial. By Lemma 3.10s thefini-
tion is independent of any suchWhen the center is clear from the context,
write sol(C) for sol(v, C).

Lemma 3.12(solid angle) [VQFENMT] If C is measurable and r-radial at,
then the volume of C satisfies

vol(C) = sol(v, C)r¥/3.

Moreover, if C is bounded away from then C is eventually radial at, and
sol(v,C) = 0.

Proof These properties follow immediately from the definitions. |

3.2.2 wedge

Definition 3.13 (wedge) [NIQRVNM] Assume thaty # v; and thatw; and
w> do not lie on the line fi{vg, v41}.

WO(vo, Vi, Wi, Wp) = {p : 0 < azimfvo, V1, W1, p) < azimfvo, V1, W1, Wp)},
W(vo, Vi, Wi, W) = {p : 0 < azim{, vy, Wy, p) < azimfuo, V1, Wi, Wp)}.

Both sets are callededges

Definition 3.14 (lune) [MVIADQK] The set 52({\/0, v1}, {V2,V3}), called a
lune is given in Definition 2.35. It is the intersection of two aplealf-spaces

aff? ({vo, va}, {V2, va}) = aff? ({vo, V1, Va}, v3) N aff?({Vo, V1, Va}, V2).
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A lune is a special case of a wedge, restricted to have an #ziemgle
less thant. To specify a lune, the ordering 6f,, v3} is irrelevant, just as it is
in the dihedral angle dikNo, v1}, {v2, v3}). To specify a wedge, the ordering of
(vo, V1, W1, W) does matter. A reversal ofvg, w,) complements the wedge (up
to the shared boundary). The next lemma shows that a lundégiha special
case of a wedge.

Lemma 3.15(lune wedge) [VICUATE] Let {vo,V1,V2,V3} be a set of four
points inR3. Assume that the set is not coplanar. Assumesthiat (o, V1, V2, Va) <
n. Then,

WO(vo, V1, V2, Vg) = aff%({vo, V1}, {V2, V3}).

3.2.3 primitive types
Definition 3.16 (tetrahedron) [XRRLDYK] A tetrahedron is a set of the form

TET{V1, V2, V3, Va} = aff (2, {V1, V2, V3, Va}).

Definition 3.17 (solid triangle) [OWTPAPZ] The solid triangle TRI(vo, V, )
is determined by, € R3, a setV = {v1, v, v3} c R3, and a radius > 0:

TRI(vo, V. 1) = B(vo, ) N aff; (o, V).

Definition 3.18(rcone) [UJAARGK] Define the followingight-circular cones
If v andw are points inR3, andh € R, then set

rconef,w,h)={p : (p-Vv)-(W-v) = |p-V]w-v]h}
rconé(v,w,h)={p : (p-Vv)-(W—=V)> |p-V] w-v]|h}.

Definition 3.19 (frustum, FR) [0SOVFFQ] The frustum FR{o, v1, IV, h, a) is
specified by an apex, € R, heights 0< I < h, a vectorv; — vq giving its
direction, andh € [0, 1]. The set FR is given as

{p e rconé(vo,v1,8) : N |vi—Vol < (p - Vo) (V1— Vo) < hlvs—Vol}.
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That is, the frustum is the part of a right-circular cone kegtwtwo parallel
planes that cut the axis of the cone at a right angle. Wtien0, the frustum
extends to the apex of the cone. WHen= 0, it is dropped from the notation:
FR(V(), Vi, h, a) = FR(V(), Vi, 0, h, a).

Definition 3.20 (conic cap) [IQINKRA] The conic cap CARf,Vy,r,a) is
specified by an apex, € R3, radiusr > 0, nonzero vectov; — Vo giving
direction, and constara The conic cap is the intersection of the bR/, r)
with a solid right-circular cone:

CAPWo,V1,1,@) = {p € B(Vo,T) : (p—Vo)-(V1—Vo) > [p — Vol Iv1 - Vol a}.

Remark3.21 (quadratic solids) [JFKYUIE] By Tarski arithmetic, a tetrahe-
dron can also be described as the intersection of four opésreces. More-

over, all of the three-dimensional solids that have justnbaefined are de-
scribed by linear and quadratic constraints.

RECT TET TRI

2Q

Figure 3.1 [HFHVHSV] All solids in this book can be constructed from the
rectangle, tetrahedron, solid spherical triangle, andgesdof a frustum,
conic cap, and ball.

Definition 3.22(primitive) [UGDOENP] A primitive region(Figure 3.1) is any
of the following:

1. Arectangle
RECT@b)={p : aa<pi<bh, fori=1,23.}.

2. Atetrahedron TE[Vg, V1, Vo, V3).
3. A solid triangle TRIYo, {v1, V2, V3}, T).
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4. A frustum or a wedge of a frustum:
FRWo, V1, h1, ha, @) 0 WO(vo, V1, V2, V3).
5. A conic cap or a wedge of a conic cap:
CAP(vg, V1,1, ) N WO(Vo, V1, V2, V3).
6. A ball or a wedge of a ball

B(Vo, 1) N WO(Vo, V1, V2, V).

The set of primitives is not minimal. In particular, the r@uegle is a union of
tetrahedra, and the wedge of a ball is a union of solid triesx@lip to a null
set).

3.2.4 volume calculations
Lemma 3.23(primitive volume) [PAZNHPZ]

1. ArectangldRECT @, b) has volume zero unless-a b; for all i. In this case,
the volume is

(bs — ag)(bz — a)(by — ay).

2. AtetrahedromET{vy, Vo, V3, V4} has volume

VA(X12, X13, X14, X34, X204, X23)/12,

where x = |vi — vj]?.
3. Letvy, Vo, v3 be unit vectors. A solid triangl€RI(vo, {v1, V2, 3}, r) has vol-
ume

(a1 +az2+az— 7T)r3/3,

whereq; = dihy({vo, Vi}, {Vj, Vi}).
4. The frustunFR(vo, v1, h, @) (with ¥ = 0) has volume

n(t? —h?)h/3, h=ta
5. The conic cafCAP(vg, v1,T, @) has volume
27(1-a)r3/3.
6. The ball Bvo, r) has volume

47r3/3, when r> 0,



70 Volume

We do not give a proof of Lemma 3.23. It is part of the backgrbim
measure theory assumed at the beginning of the chapter.gfiin@eration
of background properties of volume in Lemma 3.5 makes a fahweference
to Lemma 3.23.) The measurability of these primitive regimalso part of
the background assumptions. An incomplete sketch of theniefollows.

Proof sketch The volume of a tetrahedron is
|detfvs — v, vz — V1, va — v1)|/6.

Cayley and Menger evaluated the square of this determisaution 2.3.3).
The square ia/4, with A > 0.

The formula for the volume of a solid trianglerid/3 times its solid angle.
Girard's formula

art+ax+az—m (3.24)
for the area of a spherical triangle is classical (Figure.Faler's formula

(Lemma 2.73) gives another formula for the area, which isetomes more
convenient.

P

v

r—

\

\Y,

Figure 3.2 [WQUMHN] The area of a spherical triangle is calculated by
inclusion-exclusion: six lunes with areas,2«, 28, 28, 2y, 2y cover bothT
and the congruent antipodal triangle three times and thefése unit sphere
once. This gives the equation 6 arEp¢ (47 — 2 areal’)) = 4a + 48 + 4y, or
areal)=a+B+y—n.

The volume of a right-circular cone/3 its base area times height, has been
known from antiquity.

The conic cap volume is®/3 times its solid angle, which computed as a
surface of revolution for the curwe + y? = 1 (Figure 3.3):

1 1 1
27rf vl 1+(y’)2dx=27rf vl 1/y2dx=27rf dx=2r(1-a). O
a a a
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Figure 3.3 [WQBMWZO] To first order approximation i@, the surface area
2ry ¢ of rotation of a slice of widths of a unit sphere equals the area
2ny(6sear) = 2r6 of the surface area of the cone tangent to the sphere,
which is independent of ande. It follows that the surface area of the part of

a unit sphere between two parallel planes depends only osefteration of

the two planes.

When a region is realized by revolution along an axi$va, v1}, we can
also give the volume of the intersection of the region with edgeW° =
WPO(vo, V1, V2, V3). These intersections are measurable by the last staterhent
Lemma 3.23 (withr sufficiently large). In the following lemma, let

6 = azimvo, V1, Va, V3).

Lemma 3.25(wedge volume) [DFNVMFM] Let C be
CAP(vo,v1,1,8), B(vo,r), or FR(vo,v1,h, a).
Let m be the volume of C. ThenOAP® has volume rd/(2n).

This lemma is also part of the assumed background materigblumes,
cited at the beginning of the chapter in Lemma 3.5. Of coutmse are ele-
mentary integrals.

All of the primitive regions (except the rectangle) are duatly radial at
the natural base point and have a solid angle. In fact, the intersection of any
primitive region (again except the rectangle) with a small htvg is again a
primitive region. Thus, the earlier volume calculationgriediately yield solid
angle formulas as well.

Lemma 3.26(primitive solid angle) [FUPXNLC]

1. TET{vo, V1, V2, v3} is eventually radial at/y with solid angle

(a1 + @2 +az—m), «a; =dihy({vo, i}, {vj, Vk}).
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2. TRI(vo, {v1, V2, V3}) is eventually radial at/g with solid angle
(1 + @2 +az—m), a; =dihy({vo,Vi}, {Vj, Vi}).

3. FR(vo, v1, h, @) is eventually radial at/y with solid angle2z(1 — a).
4. CAP(vo, V1, r,a) is eventually radial avg with solid angle2z(1 — a).
5. B(vo, r) is eventually radial at/y with solid angledr.

Proof In every case, the intersection of the region wBtfvo, r’), forr’ > 0
suficiently small, is a ball, a conic cap, or a solid triangle. 3&golumes have
already been calculated. This gives the results as stated. O

Lemma 3.27(wedge solid angle) [FMSWMVO] Let C be eitheCAP (o, v1,1, &),
B(vo, r), or FR(vo, V1, h,a). Then C and G W° are eventually radial awo.
Furthermore, Cn WP has solid angle 8/(2r), where s is the solid angle of C.

Proof The intersection of N WP is one of the primitive regions with a solid
angle that has already been calculated in Lemma 3.25. O

3.3 Finiteness and Volume

Previous sections have developed all of the volume calounlathat are needed
in this book. This chapter concludes with some elementammates based on
the volumes of cubes and balls.

Lemma3.28 [WQZISRI] [formal proof by Nguyen Tat Thang]. For
all p € R®and all r > 0, the setz® n B(p, r) is finite of cardinality at most
4n(r + V3)%/3.

Proof If v e Z3 n B(p,r), then theth coordinates; of v must lie in the finite
range

Ppp—-rsvi<p+r.

Hence, there are only finitely many possibilities for

Place an open unit cube at each poinZdfn B(p, r). The cubes are mea-
surable, disjoint, and contained B(p,r + V3). Thus, the combined volume
of the cubes, which is car@dt N B(p, r)), is no greater than the volume of the
containing ball. The result ensues. O

Lemma3.29 [PWVIIOL] [formal proof by Nguyen Tat Thang]. For
all p e R®and all r > V3, the setZ® n B(p, r) is finite of cardinality at least
4n(r — V3)%/3.
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Proof Lemma 3.28 establishes finiteness. Place a closed unit d¢ubech
point of Z3 N B(p, r). The cubes are measurable and cd®&@, r — V3). Thus,
the combined volume of the cubes is at least the volume ofakiered ball.
The result ensues. O

Lemma 3.30(lattice shell) [TXIWYHI] [formal proof by Nguyen Tat
Thang]. Forall p € R® and all ro,r; > 0, there exists a C such that for all
r>rq,

card@® n (B(p,r +ro) \ B(p,r —ry))) < Cr2.

Proof Whenr > r; + V3, the previous two lemmas show that the cardinality
is at most 4/3 times

(r+ro+ V3P —(r—r— V3 <C'r?

for someC’. Similarly, if r1 < r < ry + V3, the cardinality is at most some
fixed constan€”. The result ensues. O
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Hypermap

Summary. A planar graph, which is a graph that admits a planar embed-
ding, has too little structure for our purposes because ggloot specify

a particular embedding. A plane graph carries a fixed embagldivhich
gives it a topological structure where combinatorics alaheuld sgice.

A hypermap gives just the right amount of structure. It is eefjucom-
binatorial object, but carries information that the plangraph lacks by
encoding the relations among nodes, edges, and faces. hager is
about hypermaps.

In the original proof of the Kepler conjecture, the basic ¢onatorial
structure was that of a planar map, as defined by Tutte [47]h&gh
planar maps appear throughout that proof, they are lightyitiobjects,
in the sense that no significant structural results are ndeadmout them.

Gonthier makes hypermaps the fundamental combinatoriadtstre in
his formal proof of the four-color theorem [16]. His formatqwf elimi-
nates topological arguments such as the Jordan curve thednefavor
of purely combinatorial arguments. When | learned of Gaarthiwork,
| significantly reorganized the proof by replacing planar psawith hy-
permaps, making them heavyweight objects, in the senssitmficant
structural results about them are needed.

As a result of these changes, many parts of the proof that orége
inally done topologically can now be done combinatoriallychange
that significantly reduces thefert required to formalize the proof. These
changes also make it possible to treat rigorously what watiezalone
by geometric intuition. For example, the original proof nedchplicit use
of the equivalence of two fiiirent notions of a planar map: a combina-
torial notion that was used in the computer algorithms andological
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notion of an equivalence class of embeddings of a graph irgpteere.
Hypermaps make this equivalence explicit and rigorous.

Put simply a hypermap is a finite set together with two pertimta on
that set. Itis therefore useful to start the chapter with iebireview of per-
mutations. The second section develops the basic terngyaibhyper-
maps. The next section describes various transformatibhymermaps
called walkup transformations. These transformations lsarviewed as
corresponding to operations such as contracting an edge gmaph or
deleting a node of a graph. Next, properties of planar hygrsnare de-
veloped. The final sections prove the correctness of an ilhgoito gen-
erate all planar hypermaps with given properties. The aithon can be
described heuristically in terms of drawing graphs in péaaid pen on a
sheet of paper. This algorithm has been implemented as awemnyo-
gram. The output from this program is an essential part ofttoef of the
Kepler conjecture.

4.1 Background on Permutations

This section reviews the theory of permutations, as preseéntstandard text-
books.

Definition 4.1 (permutation) [IFPQAWD] [permutation «» permutes]
[lp e» I] [f1 «» inverse] [fX «» POWER] A permutation fon a set
D is a bijectionf : D — D.

For example, the identity mdp on a seD is a permutation:
Ip(X) = xfor all xe D.

If f : D — Dis apermutation, then its inverse functién! : D — D is also a
permutation. It satisfies

ff1=f1f = Ip.
(This chapter uses product notatibg for the compositiorf o g of maps.) If

D is afinite set, and two magfsg : D — D satisfyfg = Ip onD, thenf and
g are permutations and are inverses of one another:

fg=9gf =Ip.
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Natural number power§* of a permutatiorf : D — D are defined recur-
sively by
fO=Ip, and 1 = £k

Integer powerg™ of a permutation are defined as
= f1(f-h),
wherem =i — j. This is well-defined. The usual rule of exponents holds:

F = fmen,

If f:D — Dis apermutation on a finite sB, then there is a smallest pos-
itive integerk such thatf® = Ip. The integek is theorder of the permutation
f. If f™ = Ip for somem, thenm = ki for some integer, wherek is the order
of f. The inversef~1 = fkf-1 = fk-1 can be written as a nonnegative power
of f.

A permutationf of a finite setD is cyclicif for every x,y € D, there exists
an integei such thatf'x = y.

The set of all permutations of the € 1,2,...,k — 1} is written Symk).
The set Syn¥) is finite and has cardinaliti.

4.2 Definitions
A hypermap, presented in the next definition, is the mainextlgf this chapter.

Definition 4.2 (hypermap, dart) [ZIHYYRA] [hypermap «v» (:(A)hypermap)]
[dart «» dart] [e «» edgemap] [f «» facemap] [N «» node_map]
[set of faces «» face_set] [set of edges «» edge_set] [set of
nodes «» node_set] A hypermaps a finite seD, together with three func-
tionse,n, f : D — D that compose to the identity

enf = Ip.

The elements db are calleddarts The functiong, nandf are called thedge
map thenode mapand theface maprespectively.

Remark4.3 (plane graphs as hypermapg)IVPJYAG] A hypermap is an ab-
straction of the concept of plane graph. Place a dart at eagle af a plane
graph (Figure 4.1). One functioh, cycles counterclockwise around the angles
of each face. Another function, rotates counterclockwise around the angles
at each node. A third functiom, pairs angles at opposite ends of each edge.
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The hypermap extracts the dafa, € n, f) from the plane graph and discards
the rest.

This construction of hypermaps from plane graphs is our @rymeason to
study hypermaps. Many of the lemmas and proofs in this chaptestandard
results about plane graphs, translated into the langualggpeirmaps.

)

A

Yr” f

Figure 4.1 [ZGPXAW]] A plane graph is given by the gray edges and circular
nodes as shown. Twelve darts mark the angles of the planb.gbapts may

be permuted about face$)( nodes ), and edgese) of the plane graph to
form a hypermap.

It follows from the background on permutations teat, f are all permuta-
tions onD. A hypermap satisfies

enf=nfe= fen=Ip. (4.4)

Thistriality relation shows that if ¢, n, f) give a hypermap, then so do, {, €)
and (f, e, n). Because of these symmetries in the defining relationgthes
multiple versions of theorems about hypermaps, all obthfnrem one proof
by symmetry. Alternatively, it is possible to define a hypamas a finite set
with two permutation®, n, leaving f to be derived fronenf = Ip; however,
the triality symmetry would be lost in such a definition.

Inverted, this triality becomes

nlelfl=(fent=Ip.
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This inversion is the abstract form of the duality betweeda®and faces in a
plane graph.

Definition 4.5 (path, list, sublist, dart set, visit)[RRQWGAY] [path «» is_path]
Let D be a set of darts and |& be a set of permutations @f. A pathwith
stepsin S from xo to X1 is alist® of darts [xo; X1; . . . ; Xk_1] such that for each

i, Xir1 = hjx for someh; € S. A sublistof a list is a consecutive subsequence
[Xi; Xic1; -3 %], with 0 <i < j < k-1. Aunitlistis a list of the form K].

A path isinjectiveif the conditionx = x; impliesi = j. Thedart setof L is
{Xo0, X1, . .., Xk_1}. A pathvisitsa dartx, if x is an element of the dart set bf

A set of pathwisitsa dartx, if some path in the set visits the dart.

Definition 4.6 (~s) [IENSLJP] LetD be a set and Ie% be a set of permuta-
tions onD. Define a relation on the set of darts ky-g y if and only if a path
runs fromx to y with steps inS.

This book intentionally avoids group theory to keep the tké&oal back-
ground to a minimum. The relation could be expressed groeqrétically by
sayingx ~s y means thak andy lie in the same orbit of the group generated
by S. The following simple lemma provides a substitute for grthgory.

Lemma 4.7(equal equivalences) [YBGABWW] Let (D, e n, f) be a hypermap
and let S be a set of permutations. Then for eagihhe S, the relation-s is
the same as the relationr, where

T =S U {hihy}.

Moreover, for each k& S, the relation~s is the same as the relatiosnr, where
T=Suth?.

Also, the relation~s (that is,~7) is an equivalence relation.

Proof If x ~s vy, then clearlyx ~1 y. Conversely, ifx ~t y, whereT =
S U {h1hy}, select a patiP from x to y with steps inT that contains the fewest
h;ho-steps.

P does not contafany hh,-steps Otherwise, a sublist [.; u; hihou; . . ]
of P can be expanded to a path [; u; hou; hiu; . . ] that contradicts the mini-
mal property ofP. This claim gives the first conclusion of the lemma.

1 The empty path [] seems to have an ancient origin: “This itttk made known to me when
| had learned to remove all darts.” —The Dhammapada

2 This paragraph continues with the book’s general converifdypesetting in italic a claim
that is followed by its justification.
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Fix hin a set of permutationR. By an induction that uses the first conclu-
sion, for alli, ~g equals the relatiorrp,jy, whereR(h, i) = Ru{h, H2, ... h}. If
h e Sis an element of ordég, andT = S U {h™1}, then the second conclusion
follows because the following sets give the same relation:

S, Shk-1)=T(hk-2), T.

By repeated action of the previous conclusion, we obtai) (= (~71),
whereT = SUS1uU({lp}, and whereS™? = th™? : h e S}. The unit
path [X] yields reflexivity of ~t. Also, T~! = T gives the symmetry. Finally,
concatenation of paths gives transitivity. Thusg, (i.e., ~s) is an equivalence
relation. m]

Several of the following definitions — components, conngctede, edge,
face — have been appropriated from planar graph theoryeTldefinitions are
intended to capture the intuitive notions of the nodes argksdf a graph,
faces of a plane graph, and connectivity.

Definition 4.8 (combinatorial component, connected)JVTRXQR] [combinatorial
component «» comb_component] [#C «» number_of_components] [connected
«» connected hypermap] A combinatorial componemtf a hypermap, e, n, f)

is an equivalence class of the relatiog, whereS = {g, f, n}. (See Lemma 4.7

for other sets that define the same equivalence classeé} Hehote the num-

ber of combinatorial components dd (e, n, f). The hypermap isonnectedf

#c=1.

Definition 4.9 (orbit, node, face, edge)[ JIOUCMV] [orbit <« orbit_map]
[edge «» edge] [node «» node] [face «» face] Theorbitof x € D
under a permutation on a seD is a set of the fornfhix : i € N}. A nodeof
a hypermap, e, n, f) is the orbit of a dark € D undern. A faceis an orbit
underf. An edgeis an orbit undee.

Plane graphs are conventionally illustrated in such a wayrbdes, edges,
and faces have an entirelyfitirent appearance: nodes as point, edges as curves,
and faces as polygons. In an abstract hypermap, the tr@litymetry shows
that the nodes, edges, and faces have equal footing. Neles#hto retain the
intuition of plane graphs, this book often depicts hypersmajih the darts in
a node arranged in a small cluster around a point, the dagt®tlge along a
curve, and the darts in a face around a polygon.

Let #h denote number of orbits of a permutatibanD. [#h «» number_of_edges,
number_of nodes, number_of_faces]

Lemma 4.10(orbit) [PKRQTKP] Let D be a finite set. The orbit of D of
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a permutation h D — D is the equivalence class of x under the relatiaf
when S= {h}.

Definition 4.11 (plain) [HFRNMIU] [plain «» plain_hypermap] A hy-
permap D, e, n, f) is plain (carefully noté the spelling) where is an involu-
tion onD (that is,e = Ip).

Definition 4.12(degenerate) [MKSZLRM] [degenerate «» dart_degenerate]
[nondegenerate «» dart_nondegenerate, is_edge nondegenerate, etc.]
A dartin a hypermapl, e, n, f) is degeneraté it is a fixed point of one of the
mapse, n, f; otherwise it isnondegenerate

Definition 4.13 (simple) [KMHUQNS] [simple «» simple hypermap] A
hypermap isimpleif the intersection of each face with each node contains at
most one dart.

Lemma 4.14(nodal fixed point) [ZHQCZLX] [formal proof by TNT, lemmaZHQCZLX].
Let (D, e n, f) be a simple plain hypermap such that every face has at least
three darts. Then n has no fixed point.

Proof For a contradiction, lex € D be a fixed point ofi.

The darts ex and fx lie in the same node and face and are therepal
in the simple hypermapndeed, they lie in the same node becanfkex) =
e 1x = exand they lie in the same face because

f2(exX) = f(feny) = fx.

Soex= fx.
Thus, f2(eX) = fx = ex andexlies on a face with at most two darts. This
contradicts what is given. O

4.3 Walkup

This section describes various operations to transformhypermap to an-
other. The simplest of these operations iswlagkuptransformation that deletes
one dart from a hypermap and constructs permutations thgpakt the deleted
dart. More complex transformations of hypermaps can betnaeted as a se-
guence of walkup transformations and correspond to stdnalaerations on
graphs such as the contraction or deletion of an edge.

To focus attention on a dawt in a hypermap, it can be useful to draw a

3 This is a deliberate and dangerous play on the homophgpiansthat makes this topic
unspeakable. Although plane graphs are planar, not afi plgbermaps are planar.
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hexagon around and place the six dares, fx, e1x, nx, f~x, ex n"1x at its
corners as shown in Figure 4.2. Some of these seven dartseregyual to one
another, even if the figure draws them apart. Figure 4.3 shiogviyout of a
degenerate dart.

fXx > eglx
X — nX

N/
ftx

s

ntx

\

e 1

N

Figure 4.2 [LMGQYKG] A fragment of a hypermap showing a darand its

entourage. The node map is given by the horizontal arrowsedge map by
arrows descending towards the lower left, and the face marroyvs rising

towards the upper left.

ntx
NI N
T X nx
v
ex

Figure 4.3 [ANDKKER] A fragment of a hypermap showing a darand its
entourage whex is fixed by the permutatiori. The vertical arrow on the
left has typef. The two arrows pointing to the right along the top of the
diagram have typa. The two arrows pointing to the left along the bottom of
the diagram have type

4.3.1 single

A walkup deletes a dart from a hypermap and reforms the edgke, mnd face
maps to produce a hypermap on the reduced set of darts. Véatiampe in
three varieties: edge walkups, face walkups, and node walku

Definition 4.15(walkup, degenerate)[DAIZNHD] [edge walkup «v» edge_walkup]
[node walkup «» node_walkup] [face walkup «» face_walkup] The
edgewalkup W at a dartx € D of a hypermapD, e, n, f) is the hypermap
(D, ¢e,n, ), whereD’ = D\ {x} and the maps skip over
f'y = if (fy = x) thenfx elsefy
n'y = if (ny = x) thennxelseny
€ =nf)t
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A walkup atx is said to belegeneraté the dartx is degenerate.

Figure 4.4 shows the result of an edge walkup on the hexagamédra dart
X. The triality symmetry 4.4, applied to the definition of edgalkups, yields
the definition of face walkupV; and node walkup\,.

At a degenerate dar, all three walkups are equalV = W, = W, = W;
(Figure 4.5).

\/f\f/ ’\\We nd

f
Figure 4.4 [GFJIBZV] A fragment of a hypermap in its original state, and
three modified fragments after applying a face walkp edge walkup/\,
and node walkupV;, at the dartx at the center. Each walkup eliminates the
dartx. The other darts are the same as in the original, but undecgtified
permutations, n, andf.

3

<

3

f
ey
f

e
yJe nx=Xx
L
v f]v\‘v post-walkup
Y/

Figure 4.5 [LNIZBPW] All three walkup transformations have the sarnfeet

at a dartx that is degenerate, regardless of whether the degeneradpde-

, edge-, or node-degeneracy. The threedént kinds of degenerate darts
are shown in the hypermap fragments on the outside of theefigurd the
hypermap fragment after applying a walkup is shown at thaeceuf the
diagram.

Definition 4.16(merge, split) [KJI0ZB]] [merge «» is_edge_merge] [merge
«v» isnodemerge] [merge «» is_facemerge] [split «» is_edge_split]
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[split «v» isnode_split] [split «» is_face_split] Let (D,en,f)
be a hypermap and lét = n, e, or f. Let O(h, X) denote the orbit ok € D
underh. Let (D, €, ', f’) be the hypermap obtained frord (e, n, f) by the
walkupWy atx € D. Leth’ = €, f/, respectively, according to the choice of
h. The walkupW, at x mergesvhen the walkup joins the orbit df throughx
with another orbit. That is, the orb@ of somey € D’ underh’ : D’ — D’ has
the form

QuU {x} = O(h,x) U O(h,y),

wherey ¢ O(h, X). It splitswhen the walkup splits the orbit atinto two orbits.
That is, there are distinct orbi€;, O, underh’ in the hypermapld’, €, n’, f')
such that

{(x}uOLUO, = O(h, X).

Lemma 4.17(merge-split) [ZMFKZNH] Let(D, e, n, f) be a hypermap and let
W, be a nondegenerate walkup at a dart x. Thepriérges or splits. Moreover,
it merges if and only if x and y lie in distinct h-orbits, wherey) = (f,eX),
(e,nx), or (n, fx).

Proof The walkupWys splits if and only if f x (or X) andexlie in the same
f-orbit before the split. Figure 4.6 makes this clear. Theepttase$ = e, n
hold by triality. m|

The following is a useful way to tell if a walkup merges.

Lemma 4.18(merge criterion) [FKSNTKR] [formal proof by TNT, lemma
FKSNTKR] .Suppose, in a simple plain hyperm@h e, n, f), that an edgéx, y}
consists of two nondegenerate darts. Then the walkupi¥ merges.

Proof The dartsfx andexlie in the same nodei(fx) = e 1x = ex If they
are also in the same face of a simple hypermap, thea ex=y. So
ny=nfx=nfey=y,

andy is a fixed point oh, and hence degenerate, contrary to assumption. Thus,
fx andexare in diferent faces, and the walkup merges by Lemma 4.1%1

4.3.2 double

A double walkup is the composite of two walkups of the same tylfhe two
darts for the two walkups are to be the members of an orbit oficality
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vy
ex f ex\/ f \
y—v y—— v
/ ,(E\X/]\ ,e\x/n
A\ e n A\ e n
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Figure 4.6 [ILWHXTE] When dartx ande xlie in the same orbit of (upper
left), the face walkupW; at x splits the orbit into two (lower left). But when
the dartsx ande xlie in different orbits off (upper right), the edge walkup
W; at x merges the two orbits into one (lower right).

two (undern, e, or f). By choosing the type of the walkups to befdi-
ent from the type of the orbit, the first walkup reduces thatda single-
ton, forcing the second walkup to be degenerpdeuble edge walkup v
double_edge_walkup]

Here are some examples.

1. A doubleW, along an edge deletes the edge and merges the two endpoints
into a single node (Figure 4.7).

2. AdoubleWs along an edge deletes the edge and merges the two faces along
the edge into one (Figure 4.8).

3. A doubleW, at a node of degree two deletes the node and merges the two
edges at the node into one (Figure 4.9).

Lemma 4.19(plain walkup) [HOZKXVW] [formal proof by TNT, lemmaHOZKXVW].
The three preceding double walkups carry plain hypermatus ptain hyper-
maps.
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Figure 4.7 [YKJFZEB] When a hypermap comes from a plane graph, the
doublenodewalkup at the two darts of an edge contracts the correspgndin
edge of the graph.

Figure 4.8 [RVNIBTK] When a hypermap comes from a plane graph, the
doubleface walkup at the two darts of an edge deletes the corresponding
edge from the graph.

Proof The walkupsiW, andW; preserve the orbit structure of edges, except
for dropping one dart. By dropping both darts from the sangeedne edge is
lost and all others edges remain unchanged.

Figure 4.10 illustrates the doubl&; at{x, y}. The two edgesx, X, {y, ey}
meeting the node are fused by the double walkupf{i@toeyt, which is still an
edge of cardinality two. m|

4.4 Planarity

Just as a graph can be planar or nonplanar, so too can a hypeinpéane
graph satisfies Euler's formula, which relates the numbereofices, edges,

Vklx;‘%///:<v '>v'—}<v

Figure 4.9 [CBQQAKM] When a hypermap comes from a plane graph, the
doubleedgewalkup at the two darts of a node deletes the correspondidg no
from the graph.
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Figure 4.10 [KLANQLT] A double edge walkup of a hypermap at the two
darts of a node preserves plainness, depicted as bidinatéarrows. The
three frames show a fragment of a plain hypermap, the fragaftar the first
edge walkup ax, and after the second edge walkupyat

and faces of the graph. Euler’s formula can be expressedralypcombina-
torial terms, then generalized to hypermaps. A hypermapmvfach Euler’'s
formula holds is defined to be planar.

Definition 4.20 (planar) [QVATKM]] [planar «» planar_hypermap] A
hypermap iglanar (note the spelling!) when the Euler relation holds:

#n + #e+ #f = #D + 2 #C.

Remark4.21 (Eulerian relation) [YPVCMHI] The Euler relation for plane
graphs can be translated into the language of hypermapsid&aoa connected
plane graph that satisfies the Euler relation for the alteargasum of Betti
numbers:

bo—b1+b2=2,

wherebg is the number of verticedy the number of edges, afg the num-
ber of faces (including an unbounded face) of the plane gréipé hypermap
(D, e n, f), made from the plane graph in Remark 4.3, is plain, and thaun
tion e has no fixed points. Thus[3#= 2#e, according to the partition dd into
edges. Moreover,

by = #n
b, = #e
b, = #f
2b, = #D
1=+%#c

bo—b1+b2=#n+(#e—#D)+#f = 2 #c.

Thus, the hypermap is also planar.
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The Euler relation for graphs has many consequences, onhiofivs that
in a triangulation of the sphere, the number of edges is euaf2 times
the number of faces because each face has three edges aratigadiorders
two faces. Here is another simple consequence, expressiéd language of
hypermaps.

Lemma 4.22(dartbound) [TGJISOK] [formal proof by TNT, lemmaTGJISOK].
Let H be a connected plain planar hypermap such that everg édg cardi-
nality two. Assume that there are at least three darts ingwnede. Then

#D < (6#f — 12)

Proof In a connected plain planar hypermap, the Euler relationines
6#f —12=#D + 2(#D — 3#n),
so it is enough to show that
#D > 3#n.

The inequality follows directly by assumption: the set oftdacan be parti-
tioned into nodes, with at least three darts per node. m]

Definition 4.23(planarindex) [ICAWSNK] [planar index «w» planar_ind]
Theplanar indexof a hypermap is

L = #f + #e+ #n—#D — 2 .

The index measure the departure of a hypermap from planaritypermap
with index zero is planar.

Lemma 4.24(walkup index) [IUCLZYI] [formal proof by TNT, lemmaIUCLZYI].
Let x be a nondegenerate dart of a hyperniBpe, n, f). Let(D’, &, n’, f') be
the result of the face walkup W at x. The walkup changes thdireity of
some orbits.

#17 = #f + split;

#e =#e

#n' = #n
#D'=#D-1
#c' = #c + split,

=+ 1+ split; — 2split,,
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where

. 1, if W splits
split; = .
-1, if W merges

andsplit, = 1if ex and fx belong to dfferent combinatorial components
after the walkup W, andplit, = O otherwise. Moreover, a walkup at a degen-
erate dart preserves the planar index.

Proof The proofis evident from Figures 4.4, 4.5, and 4.6. O

Lemma 4.25(index inequality) [BISHKQW] [formal proof by TNT, lemmaBISHKQW].
Let: be the index of a hypermaD, e, n, f) and let/ be the index after a
walkup W, at a dart x. Then < /.

Proof Without loss of generality, by triality symmetry, the wajkis a face
walkup. If split. = 0, then the inequality is immediate by Lemma 4.24. If
split, = 1, thenexand f~*x lie in different components after the walkup and in
different faces as well. Thus, the walkup splits by Lemma 4.1 satit; = 1.
The result follows by Lemma 4.24. O

The following lemma is a hypermap analogue of the fact theBtler char-
acteristic of a surface graph is never greater than the Ehkeracteristic of a
plane graph.

Lemma 4.26(nonpositive index) [FOAGLPA] [formal proof by TNT, lemmaFOAGLPA].
The planar index of a hypermap is never positive.

Proof An face walkup never decreases the index. A sequence of iakeps
leads to the empty hypermap, which has index zero. O

Lemma 4.27(planar walkup) [SGCOSXK] [formal proof by TNT, lemmaSGCOSXK].
Walkups take planar hypermaps to planar hypermaps.

Proof A planar hypermap has maximum index. The walkup can onlyeizse
the index, but never beyond its maximum. Thus, the index iesret its max-
imum value. O

4.5 Path

This section develops the basic properties of paths in myaps.
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4.5.1 contour

We make a distinction between injective paths, which nespeat a dart, and
loops that return to the initial dart in the trajectory. Irettiefinition of loop,
we wish to remove any dependence on an initial dart. A loopstart in at an
arbitrary dart in the trajectory. If a path is a certain kirfdist, then a loop is a
certain kind of cyclic list, as given in the definition thatléws.

Definition 4.28(cycliclist) [MYINYCZ] [cyclic list ew samsara] [cyclic
list «v» (:(A)loop)] A cycliclist[xo;...; X-1] is an equivalence class of
lists under the transitive closure of the relation:

[Xo; X1; X2; . . .3 Xi1] ~ [X1; X5 . . . ; Xk-1; Xo].-

A sublistof a cyclic list is a sublist of some representative of theieajance
class.

Definition 4.29(contour path, contour loop) [AUIDQRN] [contour «» is_contour]
[injective «v» is_inj_contour] A contour pathfrom xg to x¢_; is a path

[Xo; X1; . . .; Xk1] such thatx,,1 = n~1x; or fx; for eachi < k. (That s, each step

in the path is a clockwise step around a node or a countemiselstep around
aface.) Acontour loopis an injective cyclic lisfXo; X1; . . . ; Xk-1] such that for

everyi, there existsy € {f,n™1} such thatx_1 = h;x, where the subscripts are

read moduld.

If we consider stepx — n~x andx — fx as positive and other steps as
negative, then a contour path can be intuitively imagined path that carries
an intrinsic positive orientation. That is, a contour pattan oriented path of
sorts.

Remark4.30 (contour path illustration) [AWRGIPA] Figure 4.1 constructs a
hypermap from a plane graph by drawing darts next to eacheanhglthis
representation, the darts along a contour path lie to theflefie corresponding
plane graph edges. For that reason, a shaded region totthédefurve depicts
a contour path.

Lemma 4.31(injective path) [QZTPGJIV] [formal proof by TNT, lemmaQZTPG]V].
An injective contour path from x to y can be constructed froraibitrary con-
tour path from x to y by dropping some darts from the path.

Proof Repeatedly replace.[.;a;b;...;b;c;.. Jwith[...;a;b;c;...]. ]

Lemma 4.32(contours-components)[KDAEDEX] [formal proof by TNT,
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Figure 4.11[TUPLKAJ] When a hypermap is constructed from a plane
graph, a contour path can be depicted by a sequence of aretwedn darts
that follow alongside the edges of the graph. The contour pan be recon-
structed from a shaded path alongside the edges of the graptdirection

of the path is such that the edges of the graph remain to theafgnotion.

lemmaKDAEDEX]. LetH be ahypermap. If xandy are darts in the same com-
binatorial component of H if and only if there exists a comtpath from x to

y.
Proof Combinatorial components are defined by an equivalencéaelas,
whereS = {gn, f}. By Lemma 4.7, this is the same equivalence relation as

~7, whereT = {n™%, f}. By the definition of the equivalence relatidnx ~7 y
if and only if some contour path runs frortoy. O

Definition 4.33(complement) [GCACAFP] [complement «» complement ]
Let (D, e n, f) be a plain hypermap. L& = [x;y;...] be a contour loop that
does not return to visit any node a second time. (In partictiia dart set oP
intersected with a node is the dart set of a maximal suldjst |z ...;n%7
of n"! steps.) Replace each maximal sublishof-steps

[znlz...;n%g

with the sublist
[N &z 2z ng.

Concatenate these new sublists in reverse order. By thioretaf = f1n,
the transitions between the new sublists &isteps. The resulting contour loop
P¢ is thecomplement
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Figure 4.12 [JMTLBIN] The complement contour traces the remaining darts
at the same nodes as the original contour loop. The shadédupat the
conventions of Figure 4.11.

4.5.2 Mobius

The rest of this section develops the basic properties didcontours. A
Mobius contour should be thought of as the simplest kincomifpdanar contour
path. Mobius contours turn out to be extremely useful beeau practice the
best way to certify that a given hypermap is nonplanar is tmlpce a Mobius
contour in the hypermap (Lemma 4.38).

Definition 4.34(Mobius contour) [MBYIEQP] [Mobius contour «» is_Moebius_contour]
A Mobius contour in a hypermagX e, n, f) is an injective contour patR =
[Xo; .. .] that satisfies

Xj =NXy, Xk =NX (4.35)
forsome O< i < j < k (Figure 4.13).

Remark4.36 (Four-color theorem) [ROIPZSU] Gonthier devised the notion
of Mobius contour as a way to prove the four-color theorerthaout appeal
to topology. (The Appel-Haken proof of the four-color thexorultimately re-
lies on the Jordan curve theorem.) This chapter uses a sgmifamount of
material from [15].

Figure 4.13 [MSWJHND] The horizontal contour path is a Mdbius contour.
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Figure 4.14 [IWKICBI] For every seD of cardinality three and cyclic per-
mutation of that set, there is a hypermap with dartBetnde = f = n all
equal to the given cyclic permutation. This hypermap hasohilk  contour
[x; fx; f2x], for eachx € D.

Remark4.37 (Mobius strip) [NGALZAC] Heuristically, a Mobius contour is
a combinatorial Mobius strip that twists one side to thesofffrigure 4.15). A
planar hypermap has no such contour.

Figure 4.15[00XPORQ] A Mobius contour of a hypermap embedded in a
M0bius strip.

Lemma 4.38(planar-non-Mobius) [LIPYTUI] [formal proof by TNT,
lemmaLIPYTUI]. A planar hypermap does not have a Mdbius contour.

Proof For a contradiction, assume that there exist planar hypesmath
Mobius contours. To simplify the counterexample and redilne number of
darts, we may use walkups that transform a planar hypermémpanobius
contour into another planar hypermap with a Mdbius contdnredge walkup
at a dart that is not on the Mobius contour transforms a @arample in this
way. A walkup of the right sort at a dart that is not at positipn, j, k also
transforms a counterexample into another counterexarffde. Mobius con-
dition 4.35.) Eventually, a counterexample with the snslfgossible number
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of darts contains no darts except those on the Mobius conaod its only
darts are at positions 0= j =1,k =2.

This counterexample has three darts (Figure 4.14). Theildttondition,
the definition of contours, together wignf = I forcee = n = f, which are
all permutations of order three. This hypermap is not planar

#e+#n+#f =3 = 5=#D + 2#c. O

The final results in this section are somewhat technical lamthat are
needed later in the correctness proof of an algorithm tha¢gees planar hy-
permaps.

Lemma 4.39(step coherence)[ILTXRQD] [formal proof by TNT, lemmaILTXRQD].
Suppose that a hypermap has no Mobius contours. Let L betawdoop. Let

P be any injective contour path with at least three dartst #tarts and ends

on L, but visits no other darts of L. Then the first and last stefopP are both

of the same type (B or f).

Proof The proof shows the contrapositive. SuppBse [nx fnx ...;ny;y].
The successor gfxonL is x. Starting atx, follow L toy, and on tonx. Follow
P back tony. This is a Mobius contoux...y...nx...ny.

Suppose® = [nx X;...; f~ly;y]. Starting atx, follow P to 'y, then followL
to nx, and on tany. This is also a Mobius contodr. m|

Lemma 4.40(loop separation) [ICJHAOQ] [formal proof by TNT, lemmaCJHAOQ].
Suppose that a hypermap has no Mobius contours. Let L be @woloop.

Then there does not exist a contour pptk; . . . ; x] for k > 1 with the follow-

ing properties.

1. x lieson L if and only if i= 0.

2. X = fXxo.

3. X and X lie in different nodes.

4. Some dart of L is at the node af x

Proof Assume for a contradiction that the parexists. Some sublist is in-
jective and satisfies the same conditions. Again, withoss lof generality,
shrinking the path if needelis the smallest index for which the last two con-
ditions are met. Append-steps toP to reach a dart of. This is contrary to
Lemma 4.39. O

4 The second statement can also be deduced from the first statémthe duality
(D,en, f) & (D,eL, 1 n1) that swapsf-steps withn~1-steps in a path.
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Lemma 4.41(three darts) [EUXPBPO] [formal proof by TNT, lemmaThreeDarts].
Assume that each face of a hypermap has at least three dads. 8very con-
tour loop that meets at least two nodes has at least threesdart

Proof LetP = [x;y] be a contour loop meeting two nodes. Thena fx and
x = fy, so that the face has cardinality two. O

4.6 Subquotient

This section develops the propertiessobquotienhypermaps. Each dart in a
subquotient hypermap is an equivalence class of darts iorthmating hyper-
map. It is a subquotient rather than a quotient because thieadence relation
is only defined on aubsebf the darts of the originating hypermap.

Subquotients are used in the algorithm to generate plarfzermaps, de-
scribed later in the chapter. The originating hypermap ésadhe we wish to
construct and the subquotient is the partially construbtggbrmap of the un-
finished algorithm. The material in this section has theawapurpose of pro-
viding a descriptive language for the algorithm. This miatés not used out-
side this chapter.

4.6.1 definition
An isomorphism is a structure preserving map.

Definition 4.42 (isomorphism) [GUDUERI] [isomorphic «v» iso] Two
hypermapsD, e n, f) and O’,€,n’, f') areisomorphicwhen there is a bi-
jectionG : D — D’ such that

hhoG=Goh
for (h,h") = (e, €), (f, f'), (n, ).

The faces of a subquotient are to be traced out by a collecfi@montour
loops in the originating hypermap. To get a well-defined sudtignt, the col-
lection of contour loops must be normal in the following sns

Definition 4.43(normal family) [RQSVFLE] [normal «» is normal] Let
(D, e n, f) be a hypermap. Lef be a family of contour loops. The familyg
is normalif the following conditions hold of its loops.

1. No dart is visited by two dierent loops.
2. Every loop visits at least two nodes.
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3. Ifaloop visits a node, then every dart at that node isedsity some loop.

A normal family determines a new hypermap. A dart in the netD3eof
darts is a maximal sublis{n~1x; n"2x;...;n¥x] of n~! steps appearing in
some loop inL. The mapf’ takes the maximal pathx{n~x;...;y] to the
maximal path (in the same contour loop) startingatThe map’~* takes the
maximal path [..;y] to the maximal sequence (in some other contour loop)
starting pty; .. ]. Equivalently,n’ takes the maximal patix]. . ] to the max-
imal path ending.[..; nX. The mape’ is defined bye'n’ f’ = ..

Definition 4.44(subquotient) [AJENHSB] [quotient dart <«» atom] [subquotient
«» subquotient] [D’ «v» quotient darts] [€¢ «» emap] The hyper-

map O’, €, n’, f’) constructed from the normal familg of H = (D, e, n, f) is

called thesubquotientf H by £ and is denotet/ L. If x is a dart visited by

some loop inL, then the maximal path [.; x; .. .] is called thequotient dart

of x.

Intuitively, the subquotient hypermap is represented asaplgwith cycles
underf’ that are precisely the contour loops in the normal familg(iFé 4.16).

Figure 4.16 [WMWCTGH] When the hypermapl comes from a plane graph,
we may depict the normal family¥ as a collection of shaded loops along-
side the edges of the graph (Figure 4.11). The subquotigheifypermap
associated with the traversed edges of the plane graph.

4.6.2 properties

This subsection explores some of the properties of a suleqidtypermap.
The first two lemmas describe the faces and the nodes of thguetibnt in
terms of the combinatorics of the normal family.

Lemma 4.45(subquotient face;) [WIRLCNL] [F(L) «» cycle] LetL be
a normal family of the hypermap H. Théehis in natural bijection with the set
of faces of the subquotient/. If X’ = [x;...;n*x] is a maximal path of
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steps in the contour loop E £, then the corresponding fad€L) of H/ L is
the one containing the quotient dart x

Proof This is left as an exercise for the reader. O

Lemma 4.46(subquotient node) [UDINSHH] Let H be a hypermap and l¢gf

be a normal family of H. Then there is a natural bijection bedw the set

of nodes of HL and the set of nodes of H that are visited by some con-
tour loop in £. The bijective function sends the node if/Hof the dart

X =[x;n"1x;...;nx] to the node of x in H.

Proof The proofis an elementary verification. Udf £ = (D', €, n’, f'). The
function described in the lemma is well-definkdieed,

(M) = [n&Dx: .. ]

is also sent to the node &fin H.

This function is ontolndeed, IfL € £ visits x, andX’ is the quotient dart of
xin D’, then the node oX’ clearly maps to the node af

Finally, the function is one-to-ontndeed, if the nodes of two quotient darts
X', Y map to the same node &f, thenx’ = [x;...]andy = [y;...], where
nix = y for somej. It follows by the definition of the node map on the subquo-
tient thatx’ andy’ belong to the same node. O

The next two lemmas look at properties of the subquotientteainherited
from the original hypermap.

Lemma 4.47(plain subquotient) [JMKRXLA] [formal proof by TNT, lemmaJMKRXLA].
Let H be a plain hypermap and l¢t be a normal family. Then HC is a plain

hypermap.

Proof Write H = (D,e n, f)andH/L = (D', €, n’, f). Write [...; X] for the

node in the subquotient ending in dare D and [x;.. ] for the node in the

subquotient starting with daxt e D. Plainness givee?x = x, so that for any

dart[...x] in the subquotient

. =nfnf . =nfn[fx..]
=n'f'[...;nfx =n[fnf;..]=[...;nfnfy
=[.;e2] =[...:x.
Thus,€ has order two on the subquotient. O

Definition 4.48(no double joins) [EDUYIEA] [no double joins «w» is no_double_joints]
A hypermapH has nodouble joinsif for every two nodes (possibly equal to
each other), at most one edgetbineets both of them.
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Lemma 4.49(subquotient-no-double-joins)[KSRDPTZ] [formal proof by
TNT, lemmaQuotientNoDoubleloins]. Let H be a plain hypermap with
no double joins and le be a normal family of H. Then H has no double
joins.

Proof By Lemma 4.47, the subquotiedy £ is plain. Let{X’, &X'} and{y’, €Y’}
be edges with the property thgtandy’ lie at one node o/ £ ande/x’ and
€y lie at a second node. Writé = [...;x] andy = [...;y]. Thenegx =
[...;eX andey =[...;ey. According to Lemma 4.46, the map from nodes
of H/ L to nodes oH is one-to-one. It follows that andy belong to the same
node and thaéxandey belong to the same node. By the assumption Hhat
has no double joins, it follows thdk,ex = {y,ey}. Hence alsdx,e&x'} =
{y’, €y}, andH/ L has no double joins. m|

Lemma 4.50(nodal fixed point) [PYOVATA] LetH = (D, e n, f) be a hyper-
map in which the edge map has no fixed points. £ &t a normal family of
H, with subquotient AL = (D', &, n’, f). Then the following are equivalent
conditions.

1. n’ has afixed pointin D
2. The dart set of somed. L contains a node.

Proof If X =[x;n1x;...;n*x]isadartinD’, then ¢')"1x is [n-&+Dx; .. ].
The dartx is a fixed point if and only ifx = n~&*Dx. This holds if and only if
the dart set ok’ is an entire node. m]

4.6.3 example

Example 4.51(maximal normal family) Assume that H= (D, e n, f) is a
hypermap. Assume that every face meets at least two nodes.tfid set of
all faces defines a normal family of contour loops in whichree@ntour loop
follows f around a facéx; fx;...]. If e acts without fixed points, then each
dart of the subquotient is just a unit path consisting of ayerdart of H, and
the subquotient is isomorphic to H itself.

Example 4.52(minimal normal family) Assume that H= (D,e,n, f) is a
plain hypermap. Let = {x, fx,...} be a face that visits at least three nodes
and that meets each node in at most one dart. Ldte the family with two
contour loops{x; fx;...] and its complement= [n~1x;...]. The familyL

is normal. The subquotient hypermapg Ehas two faces: F and a back side
F’ of the same cardinality k.
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Example 4.53(dihedral) [Dihy «~» cyclic_hypermap] There is a hyper-
mapDihy with a dart set of cardinalit2k. The permutations, fi, e have or-
ders k,2, and2 respectively, and en£ |. The set of darts is given by

(% fx £2x,..., f<I uinxy nfx nf2x, ..., nf<x}

for any dart x. If a hypermap is isomorphic ihy for some k, then it is
dihedral® In particular, the hypermap constructed in the previousregt is
dihedral.

Lemma 4.54 [QQYVCFM] A hypermap H is isomorphic Dihy if and only
if the hypermap is connected, the dart set has cardingktyand the permuta-
tions f,n, e have orders K, and?2, respectively.

Proof Lety be any dart oH, andx any dart of Dihx = (D, €,n’, f’). By
the connectedness bf, and the relations betwedhandn, every dart oH is
equal to one of the followingt'y, nflyfori = 0,...,k — 1. By the cardinality
assumption, these darts are all distinct. The bijecfidr — fly, /' f''x -
nflyis an isomorphism of hypermaps. O

Lemma4.55 [CTJYKFZ] Let(D, e n, f) be a connected plain hypermap with
more than two darts. Assume that the hypermap has no douhbk jdssume
that the two darts of each edge lie ajffdrent nodes. Then every face has at
least three darts.

Proof Otherwise, if some face is a singlet@xj, then both darts of the edge
{x,ex lie at the same node, which is contrary to assumption.

Furthermore, if some face has only two darts, then the twe®dgeeting
the face {x, ex and{e™f~1x, f~1x}, which join the same two nodes, must ac-
tually be equal. That isx = fex= n"x, so thatx is a fixed point of the node
map. Similarly,fx is a fixed point of the node map. Théx fx} is a combi-
natorial component, which is contrary to the assumptiohtti@hypermap is
connected with more than two darts. O

4.7 Generation

This final section of the chapter, which presents an algoritiat generates all
simple, plain, planar hypermaps satisfying certain gdrenaditions (Defini-
tion 4.56), is more technical than other sections. This netmay be skipped
without disrupting the flow of the book because there is nalrteeeturn to

5 The three permutations generate the dihedral group of @dercting on a set ofledarts
under the left action of the group upon itself.
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the description of the algorithm, although the book relieghe output of the
algorithm’s execution in Chapter 8. The algorithm procelegsdding more
and more edges and nodes to a dihedral hypermap.

The algorithm itself is elementary to describe in intuiti#gems. Imagine that
a biconnected plane gra@has been drawn on a sheet of paper in pencil and
that the purpose of the algorithm is to retrace the edgesagfigin perf We
start the algorithm by selecting any faEg of the graph and tracing its edges
in pen. Next, we select any nogen Fy at an edge that is still in pencil. We
can find a facd~; of G that shares an edge wiffy with endpointv, and that
has an edge in pencil &t The second step of the algorithm pens the edges of
the simple arc to complete the simple closed curve aréyn@€ontinue in this
manner, adding a simple arc in pen to the penciled lines toaafdde ofG,
until all the edges o6 have been traced in pen.

It is remarkable (and rather unfortunate) that it requiréschnical section
to put these simple pencil and pen drawings into a rigoroums that function
as a blueprint for a formal proof. A hypermap gives rigoraarsif to the pencil
drawing, and various subquotients are the inked drawingaréus stages of
the algorithm.

We do not attempt to work in the greatest possible generd@lgya matter
of convenience, we impose a large number of conditions onl#ss of hyper-
maps that the algorithm generates. In particular, we assaéhe hypermaps
are restricted, as defined below. This definition is idiosgtic, tailored to our
needs, and matched to our particular proof methods.

Definition 4.56(restricted) [INCRVQC] [restricted «» is_restricted]
A restricted hypermap H (D, e, n, f) is one with the following properties.

1. The hypermapl has no double joins, and is nonempty, connected, planar,
plain and simple.

2. The edge map has no fixed points.

3. The node map has no fixed points.

4. The cardinality of every face is at least three.

Remarld.57 (step type) [BMZYWKV] The assumption th&x# ximplies that
fx # n~1x so thatf-steps of a path can be distinguished from-steps.

6 Historically, this algorithm was developed in preciselistivay. After drawing many plane
graphs by hand while working on the Kepler conjecture, ltathto generate the graphs by
computer by automating the manual process in 1994. The caddimgt implemented in
Mathematicathen later inJava and more recently by Bauer and NipkowNtL and
IsabellgHOL [33].
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4.7.1 flag

The algorithm marks certain faces as “true.” Roughly, thésams that the face
cannot be modified at any later stage of the algorithm. Th#tésedges of the
faces are in ink and no pencil lines lie within its interiorh@h all of its faces
are true, the hypermap stands in final form. The functiontireatks each face
as true or false is #iag. For the algorithm to work properly, it is necessary to
impose some constraints, as captured in Definition 4.59.

Under the bijectior between a normal family” and the set of faces of a
subquotienH/ L, any function onf£ can be identified with a function on the
set of faces oH/ L.

Definition 4.58 (canonical function) [CRUDEHU] [canonical function
«» canon_loop] [canonical function «w» canon] Let H be a hyper-
map with normal familyZ. Thecanonical functionpcan is the boolean-valued
function on the set of faces &f/ L that is true or-(L) exactly when the dart
set ofL maps bijectively to the facE(L) of H/ L, underx — [x]. Thatis, each
dart of F(L) is a unit path inH. A faceF(L) (or contour loopl) is said to be
canonically true or false, according to the value of the oérad function.

In other words, the face in the subquotient is canonicallg texactly when
the corresponding contour lodpe £ has non! steps. The dart set of such a
contour loopL is a face ofH.

Definition 4.59 (flag) [HFTAHWB] [flag «v» canon_flag] [S-flag v
flag] Let S be a set of darts in a hyperméb An S-flagon H is a boolean-
valued functiorpon the set of faces that satisfies the following two constgain

1. If dartsx, y belong to true faces, then some contour path runs fxamy
that remains in true faces.
2. Each edge of the hypermap meets a true fa& or

An @-flag is simply called a flag.

Example 4.60(dihedral hypermap flag) The dihedral hypermap of Exam-
ple 4.53 carries a flag that marks one face true and the othsefa

Example 4.61(maximal subquotient flag) Let H be a connected hypermap
and let£ be the example of Example 4.51. Then the canonical map takes v
true on every face. This is a flag. In fact, Lemma 4.32 provides tmtocir
paths that are required in the definition of flag.

There is a standard way of constructing the &t darts that are used in
S-flags.
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Definition 4.62(S) [FDRMSZG] Let H be a hypermap, a contour loop of
the hypermap, and an element of the dart set &f If L is canonically true,
then letS = @. Otherwise, letn > —1 to be the largesh such that

[x; fx; £2x;...; f™1x]

is a sublist oflL, and seS(H, L, x) = {f'x : 1<i<m).

Lemma 4.63(flag subquotient) [KHGAQRG] Let H be a hypermap in which
e acts without fixed points, L a contour loop, and x and eleroéttie dart
set of L. Let£ be a normal family of H that contains L. Therfts L, X) maps
bijectively to a set Sof darts in the subquotient AL.

Proof The darts of the subquotient are maximal subligtsifly; ...;n™y]
of contour loops.’ € £ made entirely oin™! steps. Eacly € S(H, L, x) is
preceded by ari-step and is followed by af-step inL. Hence, the maximal
sublist ofL containingy is a unit path §]. The bijection ensues. m]

4.7.2 markup

In the heuristics at the beginning of this section, a grapifrésvn in pencil
on a sheet of paper and various edges are retraced in pere folibwing
definition,H represents the pencil drawirld/ £ represents the ink drawing,
andx guide the tip of the pen to the next edge to be retraced in pen.

Definition 4.64 (marked hypermap) [TUFOKWK] [marked hypermap v
ismarked] Let (H, £, L, X) be a tuple consisting of

1. ahypermapi = (D, e, n, f) with no Mdbius contours in whichk acts with-
out fixed points;

2. a normal familyZ;

3. acontour loop € £; and

4. adartx visited byL.

Such a tuple is anarked hypermajs the following conditions hold.

1. The subquotiertl’ = H/L = (D', €,n’, f') is simple.

2. n’ has no fixed points ob’.

3. xis followed by anf-step in the loopL = [x; fx;...].

4. The contour loof’ € £ that visitd nfxis canonically true.

5. ¢canis anS’-flag onH’, whereS’ is the image o5(H, L, x) in D’.

7 L visits fx. By the definition of normality, some contour loop hvisits the darn f x at the
same node.



102 Hypermap

Example 4.65(illustration) This example illustrates the markup (Figure 4.17).
In the figure, the hypermap H is represented as a plane graph.cbntour
loops are represented by gray loops alongside edges of tighgiThe darts in
each shaded face also form a contour loop under the face ntepedges of
the plane graph that are flanked in gray give the edges of agimaph repre-
senting the subquotient. The polygons that are fully shadedrue, together
with the unbounded face. Two polygons in the subquotienfadse. A dart
of H in a false contour loop L irL is marked x. By inspection,(H, L, x) =
{fx, f2x, f3x}. By inspectiongcan is an S-flag. (In fact, the darts in true faces
form a connected region. Every edge in the subquotient nagetee face, ex-
cept the edges through dartsxf, £2x’, and #3x’, which meet 3)

Figure 4.17 [ALMINNP] This marked hypermap is described in (Exam-
ple 4.65). As usual, the angles of a plane graph are the dattsechy-
permap, and the permutatioesn, f are derived from the structure of the
graph. The constantsn(p,q) are (31,5), becausey = f™ix = f31x,

z = fP*ly = f*ly and the contour path fromto zmakesq+1 = 5+ 1
steps of typef.

Definition 4.66(m, p,q,y,2 [BVUFRRE] [M «» mInside] [z «~» attach]
[y «» heading] [p «» mAdd] Let (H, £, L, X) be a marked hypermap. Set
y = f™1x, wherem = cardS(H, L, X)). Setz = fP*1y, wherep is the smallest
natural number such that some contour loopfiwvisits fP*ly. Let X andzZ
be the images ok andz respectively inH/ L = (D’,€,n’, f’). Let g be the
smallest natural number such tizat= (f/)%+1x’.

In the pencil-pen analogy, the dartnarks the tip of the pen as it is about
to draw a simple arc. The daxtmarks the endpoint of that arc. The integers
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m, p, q track how far the pen has progressed in tracing the edgesactaliow
many nodes appear on the arc about to be drawn, andzlsae/in relation to
y in the current pen sketch.

The following lemma gives the existencegqpby showing thak’ andz lie in
the same facg(L) of H/ L. (The existence df is trivial whenL is canonically
true.) In terms of the pencil and pen drawing, the followiamma expresses
the planarity of the drawing: a continuous stroke of the et starts in one
connected component of the complement of Jordan curve aidites not
cross the Jordan curve must end in the same connected contpone

Lemma 4.67(loop confinement) [HQYMRTX] [formal proof by TNT, lemmaHQYMRTX].
Let(H, £, L, X) be a marked hypermap, where H is restricted. Assume that L is
canonically false. Let the natural numbers m and p and dagasgz be given

by Definition 4.66. Then, L visits z, angzf¥x when0 < k < m+ 1. Further-

more, the darts x and y belong tof@rent nodes; the darts y and z belong to

different nodes.

Proof For a contradiction, suppoge= fP*ly = f*x for some O< k < m+ 1.
Then also,fPy = f“Ix If p > 0, then this contradicts the minimality of
p. (Note thatL visits f*1x by the definition ofS andm.) Sop = 0, and
y = fk-Ix = f™1x Also, 0< k-1 < m+ 1, which implies that the face of
x has cardinality at mosh + 1. This forced. to be canonically true, which is
contrary to assumption. This contradiction proves the kmionz # f<x of
the lemma. In particulag ¢ S, whereS = S(H, L, X).

The darts x and y belong to ffrent nodes; the darts y and z belong to
different nodesindeed x, y, andz belong to the same face. By the simplicity
of H, if two of these darts belong to the same node, then they ara emeach
other. Howeverx # y because otherwise the subp&h= [x; fx;...; f™x]
gives a canonically true contour loop, which is contraryh® assumption that
L is canonically false. Alsoy # z because otherwise the faceyois equal to
{y, fy, f2y,..., fPy}. It follows thatx = fXyis visited byL for some 1< k < p.
This contradicts the defining minimality property jof

LetL’ be the contour loop of that visitsz. For a final contradiction, assume
thatL’” # L.

L’ is false.Otherwise,L’ is true with respect to the canonical flag and is
therefore a loop consisting entirely dfsteps. In particulal,’ visits z x, and
y. This is contrary to the assumption that the contour loogaiomgx is false.

LetH = (D’,¢€,n’, f’) = H/L and letS’ be the image o5 in D’. Let
Z =[...;u] € D’ betheimage ilD’ of z Asz ¢ S, we also have ¢ S'.
By the definition ofS’-flag, the dar&'Z lies in a true face o€z € S’. This
disjunction splits the proof into two cases.
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1. Inthe case tha'Z lies in a true face,
€7 = .0 = 7 n L ] = [ ),

so thatn~u is visited by a true contour loop. Consider the contour path i
H, obtained by concatenating

1 1

Iy fy;...:2, [nlz...;u], and plu;...;n1x].

The first segment consists dfsteps, the second af-steps, and the third
segment exists within true contour loops 6fby the connectedness of
true faces (by properties of flags). This path satisfies allptoperties of
Lemma 4.40. In particular, the second segment avhidly Lemma 4.39.
The lemma asserts that the path does not exist.

2. Inthe case tha¥Z € S, it follows that f'n"tu € S andL visits n~'u at
the node of. Consider the following path of-steps inH:

ly; fy;...; 2.

This path satisfies all the enumerated properties of Lem#Ata Zhe lemma
asserts that the path does not exist.

O

Lemma 4.68(parameters) [QRDYXY]] Let (H, £, L, X) be a marked hyper-
map, where H is restricted. Assume that L is canonicallyefdlet m, p, and q
be the natural numbers and let x, y, and z be the darts giverdfipifion 4.66.

Letr = cardf(L)). Then

O<p, 0<m<qg<r, m+l<p+q

Proof LetH/L = (D/,€,n’, f’). Lety andZ be the images of andzin
D’, respectively. LeS’ be the image oS(H, L, X) in D’. By definitionm =
cardS(H, L, X)). Bothmandp are natural numbers, so<Op and 0< m.

q < r. Indeed, by definitionz = (f')*!x" and no smaller natural number
has this property. Also¢’ andy’ belong to the fac&(L). If g > r, then (/)% =
(f))%"*1, which contradicts the minimality af.

We claim mk g. Indeed, if 0< k < m, then

(f/)k+lx/ — [fk+lx] € S/, and (f/)qulX/ =Z¢ S/,

by Lemma 4.63 and Lemma 4.67. Thusg g. Also,q # mbecause otherwise
Z = (f")™1x = y'. This implies that andy lie in the same node, which has
been proved impossible. This completes the proofithatq.

We claim n+ 1 < p + @. Indeed, the inequalities 8 p andm < g imply
that eithetmm+ 1 < p+qorp=0 A m+ 1= g. The second disjunct cannot
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hold because otherwige= (f")¥1x = f'y’. Writey’ = [y;...;u]. Thisis not
a unit path by the definitions &(H, L, X) andm, soy # u; howevery andu
lie in the same node. Also from = 0, it follows thatz = fP*ly = fy. So,ey
andeuboth lie in the node of . The existence of two edgdy, ey} and{u, eu},
between the same nodes contradicts the hypothesi$ ohno double joins.
This proves the claim and the lemma. m]

4.7.3 transform

Definition 4.69(transform) [YQANQNF] From one marked hypermad(£, L, X)
in which L is canonically false, we construct a new tuple

T(H, L L,x)=(H, M, Ly, x),

called thetransformof (H, £, L, X). As the notation indicates, the hypermtdp
and the dark are the same for both tuples. The dateandL; are specified in
the following paragraph.

Figure 4.18 [KCSQIOY] Starting in the first frame with the marked hypermap
described in (Example 4.65), we take its transform to oliteérsecond frame,
and the transform again to obtain the third frame. Each toamsreplaces
the contour loop through the daxtwith two contour loops. A shaded face
indicates each contour loop that is confined to a face. A grag Indicates a
multi-face contour loop.

In the pencil-pen heuristic, the transform is the act of dnava single sim-
ple arc in pen (Figure 4.18). Let, p, y, andz be given by Definition 4.66. Let
L3 be the contour loop if that followsL from x to y, takesf-steps fromy to
z, and then continues alorigback tox. Let L, be the contour loop it that
follows L from n~ty to nz and then complements the pathlaffromy to z,
traveling instead fromzto n~ly. Let

M= (L\{L}) ULy, Ly} (4.70)
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Remarl4.71 (canonical compatibility) [HBLIYVM] There is a canonical boolean
function on£ and one on\. The canonical boolean functions agree on the in-
tersection N M. This means there is a well defined boolean-valued function
on L U M. There is no ambiguity.

Lemma 4.72(markup transform) [AQIUNPP]

Let(H, £, L, X) be a marked hypermap in which H is a restricted hypermap
and L is canonically false. Then the transfothh, M, L1, X) is also a marked
hypermap.

In the pencil-pen heuristic, the marking of the hypermapres the state of
the pen. The transform draws a single simple arc on papeminTie lemma
asserts that in the act of drawing a simple arc, we retain@desf the state of
the pen.

Proof Let
H=(D,en,f), H =(D,€,n,f)=H/L H"=(D",€,n", )= HM.

Let S’ be the image 08(H, L, x) in D’. Lety andz be the darts constructed in
Definition 4.66 from the marked hypermalg,(£, L, X). The dartzis not at the
same node ag(by Lemma 4.67).

The proof can be organized into independent claims (typaseatsual in
italic), according to the separate properties of a markguehyap. The first
part of the proof establishes th&t is a normal family.

(NnormaL-1) No dart is visited by two dgfierent loopsindeed by construction,
the sets of darts df; andL; are disjoint from each other and disjoint from the
sets of darts of’ € £\ {L}. The result now follows from the normality of.

(NormAL-2) Every loop visits at least two noddsadeed, this is true fok;
andL, because they visit the nodesyéndz. It is also true of the other loops
because they belong to the normal family

(NnormaL-3) If @ loop visits a node, then every dart at that node is vishigd
some looplndeed, the nodes that are visited by some loopimre precisely
those visited by some loop iff, together with th@ewnodes; that is, the nodes
of fy,..., fPy. The set of darts that are visited by some loopéfs the union
of the set visited by loops i, together with the darts at the new nodes. As
L; andL, are complementary at each new node, and éself is normal, the
claim ensues. It follows thatt is normal.

Next we check the properties of a marked hypermap (page 101).

(ssvpLe) To prove the simplicity of the subquotient, it is enough tow
that none of the contour loops ® ever return to a node after leaving it. (In
particular, the dart set of arty € M intersected with a node is the dart set of
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a maximal sublistf nz...;n*7 of n! steps.) This is true df’ € £\ {L}
by assumption and true &f andL;, by construction. Simplicity ensues.

(rixep-poINT FREE) By Lemma 4.50, to prove that’ does not have a fixed-
point, it is enough to show that no loop M has a dart set containing a node.
It is sufficient to consider the loops, andL,. The set of darts of; andL,
at the old nodes (that is, those not meetifg . .., fPy}) are subsets of the set
of darts ofL at those nodes. As the dart setlofloes not contain an old node,
neither doL; andL,. At the new noded,; andL, both have at least one dart,
so neither contains the entire node. It follows tiais fixed-point free.

The third and fourth properties of a marked hypermap ardamewterifica-
tions. Consider the flag property (page 100).

We claim that &/ ¢ S’, where yis the image of y in H Otherwise, write
y = [y;nly;...;u], a sublist ofL, and seleck such tha’y’ = [f¥x] € S'.
Then

(M)y = fey = [ = [fx..].

By the construction 08(H, L, x), we know thatL visits f¥*1x. Hencey’ and
(m)~1y’ both lie in the same node and in the same fagle). By the simplicity
of H’, it follows thaty = (n")~ly’. That is,y’ is a fixed point ofr. This is
contrary to assumption. The claim ensues.

We claim that &/ lies in a true face of H Indeed, sincecanis anS’-flag on
H’, the edgdy’, €y} meets a true face @&'. Howevery ¢ S’, because each
dart of S’ is a unit path buy’ is not. Also,e'y’ ¢ S’, by the previous paragraph.
The darty’ lies in the false fac&(L). The only remaining possibility is thaty’
lies in a true face.

(rLaG-1) The true faces of H are connectedindeed,L; is connected to a
true face by the contour path;[n~1x] becausenx lies in the same face as
nfx which is a true face by assumption.Uf € M\ {Ly, Lp} is true, then
L’ € £, and it connects with the true faces6fas before. IL; is true, then the
proof requires more argument. Wrige= [y; ... ;u] as above. (The dady’ is
naturally identified with a darg] on in H” because the face is true.) The dart
u” =[n7ly;...;u] of H” lies in the faceF(Ly). Also,

M) =[ntu;.. ] =[feu..] = f’[ed = f7ey.

Thus, @)1 steps fromu” e F(L,) into a true face, and from there any true
face may be reached.

(rLaG-2) Each edge of M meets a true face or’S where & is the image
of S(H, L, X) in D”. Indeed, the functiopca, is anS’-flag onH’. LetS; =
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{fx,..., f™P*1x}. ThenS(H, L, x) c S; and

c F(Ly) if F(Ly) is true
! S(H,L1,X) otherwise

The following four cases exhaust all edgedf.

1. Edges oH” that are identical to an edge Hf, which is verified using the
S’-flag onH’;

2. edges that me&y;

. the edgéu”, &’u”}, which is discussed and treated above;

4. the edgdz’,€’Z’}, where€/[z...] = [eZ’], with Z’ in a true face.

w

The other verifications are routine. O

4.7.4 algorithm

The aim in this chapter is to prove that every restricted hyyag with a given
bound on the cardinality of the dart set is generated by acpéat algorithm.
The proof, a long induction argument, starts by showing hmwad from one
partially constructed hypermap to another more fully carged one. The hy-
permapH represents the fully constructed one and the subqudtigfitrepre-
sents a partially constructed one.

The data structures used to implementation of algorithmemputer are less
abstract than the structures we have described in this ehdjhtis subsection
describes how hypermaps have been implemented in code.

Definition 4.73 (listing) [ZEZRIXV] LetH = (D, e n, f) be a hypermap.
Write O(h, x) for the orbit of a dark under a permutation of D. In particular,
O(n, X) is the node ok. Thelisting of a dartx € D is the list

£u(x) = [O(n, X); O(n, £x);...; O(n, F<1x)],

wherek is the cardinality of the face of If ¢ is a list, let[¢] denote the cyclic
list of ¢ (Definition 4.28). The listing of is the set

{tu(x) : xe D}.

To describe the computer implementation of the algorithereguire some
basic operators on lists.

Definition 4.74 (set, carrier, map, proper isomorphismJMHAPXRC] If ¢ is a
list, let set¢) be the set whose elements are the entriéslot = [Xo; . . . ; Xk-1]
is a list andp is a function, we define the operatoapby

map@, £) = [¢(Xo); - . . s d(X-1)],
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which appliesp to each entry of the list. Lag be a set of lists. Thearrier of
gis the set

U{set@’) tleqg).

Let g1 andg, be two sets of lists. We say that they @reperly isomorphigif
there is a bijectio® from the carrier ofy; to the carrier ofyp, such that

{[map@, )] : €€ g} ={l€] : €<gl.
Lemma 4.75 [QZHDZVO] Let x be a dart of a restricted hypermap H
(D, e n, f). Then the entries afy(x) are all distinct.

Proof If O(n, f'x) = O(n, fix), then by the simplicity of the hypermap, we
havefix = fix. By construction, the exponeritand j are nonnegative and
less than the cardinality of the facexfThis forces = j. m|

Lemma 4.76 [XKABSJX] Let x and y be darts of a restricted hypermap=H
(D,en, f). If x # vy, thenfy(X) # €u(y). In fact, the first two entries of the
listings are syficient to distinguish darts.

Proof If the first two entries ofy(X) equal the first two entries &f; (y), then
O(n,x) = O(n,y) andO(n, fx) = O(n, fy). The edge$x, nfx} and{y, nfy} of
the hypermap run between the same nodes. By the no doubgedoirdition
of restricted hypermaps (Definition 4.48), the two edgesgtel:

{x,nfx} = {y,nfy}.

The two node®(n, x) andO(n, fx) are distinct by Lemma 4.75. This forces
X=V. mi

Lemma 4.77 [RFLGXTI] Let x be a dart of a restricted hypermap H
(D.e.n, f). If £4(X) = [Xo; ..., Xk-1], thenn(fX) = [X1;...; X 1; Xo]. In par-
ticular, [€4(X)] = [£a(fX)]. Asy runs over the face of &,(y) runs over the
set of representatives of the cyclic ligh (X)].

Proof This is an elementary verification. m]
If we write p for the rotation operator on lists:
pIXo; -+ s Xe-1] = [Xa5 -+ - Xk-1; Xo,
then the first statement of the lemma takes the form

(%) = p tu(X).
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Lemma 4.78 [PSZUDYT] Let H; and H; be restricted hypermaps that have
properly isomorphic listings. TheniHand H, are isomorphic hypermaps.

Proof Write Hy = (D1, €1, Ny, f1) andHy = (D2, &, Ny, f2). Sett; = £4,. Let
¢ be the bijectiory from the set of nodes df; to the set of nodes dfl, that
realizes the proper isomorphism between listings. By tHimitien of proper
isomorphism, for everx € D, there existy € D, such that

[map@. £20)1 = [£2(Y)]-

By Lemma 4.77, there is a darin the face ofy such that
map@, £1(x)) = ¢2(2).

By Lemma 4.76zis uniquely determined by this condition. Defipe D; —
D, by yx = z By Lemma 4.76 again, from being one-to-one, we find thet
is one-to-one.

Next we check the equivariancewfwith respect to face permutations:

Lo(p f1X) = map@, £1(f1x))
= pmap@, (1(x))
= p La(¥X)
= Lo( fapx).
By Lemma 4.76, it follows that fix = fayx.

Next we check the equivariance ¢fwith respect to edge permutations.
Recall that in a restricted hypermap, we have- |p. This implies

O(n,eX = O(n, fx), O(n, fex = O(n, x),
so thatfy(eX = [O(n, fx); O(n, X); . ..]. We compute

C2(ve1x) = map@, (1(erX))
= [¢(O(ny, f1X)); #(O(N1, X)); .. ]
= [O(n2, ¥ f1X); O(nz, ¥X); . . ]
= [O(ng, f2¥rX); O(N2, ¥X); .. ]
= Lo(eX).
It follows thatye; x = exyrx.
By the hypermap triality relatioenf = Ip, the equivariance af with re-
spect tof ande give the equivariance with respectras well.

The mapy is one-to-one between finite s&s andD,. Proper isomorphism
is a symmetric relation. This means that there exists a of@ mapping



4.7 Generation 111

from D, to D;. Thus,D; andD; have the same cardinality, atds a bijection.
This proves thay is an isomorphism fronkl; to H,. m|

We give a description of a hypermap generating algorithmery\broad
terms. In the algorithm, the primary data structure igraph record which
has the general form of a tuplg (..), wherer is a list of ordered pairsa(b),
wherea itself is a list of integers ani takes values true or false.

The algorithm depends on a paramegigwhich gives the size of the largest
face of the graphs generated by the algorithm. The algorgtarts with a
particular graph record, called tipth seed:

seeq =([
([0;1;2;...; p- 1], true);
(lp-1;...;2;1;0] false)
1)

Every step of the algorithm has input a graph record, andutatfiinite set of
graph records. We use the notatipn-->,, g for the relation asserting thap
is among the graph records output, when the inpgt isVe write-->, for the
reflexive transitive closure of the relatien,,. That is,--»}, is the smallest set
of ordered pairs that contains, and that is both reflexive and transitive.

A graph record ([&o, bo); .. ], ...) isfinal, if all of the termsb; are true. The
algorithm consists of iterating>, on seeg, to obtain all graph recordssuch
that

1. seed -, g, and
2. gisfinal.

We call graph records that satisfy these two propeetigsrithmically planar
(with parametep).

We now show in broad terms how to relate this algorithm to thedification
of restricted hypermaps.

Definition 4.79 (record) [AAIVWQU] Let (H, £) be a pair consisting of a
restricted hypermal and a normal family” of H. We say that a graph record

([(@0, bo); . . .; (Ak-1, bk-1)], . . )

is arecordof (H, £) provided that there is an proper isomorphigroetween
the listing ofH/ £ and the set

{ao, ..., a1}
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such that for all dart in the hypermajpd/ £ and all indices, if

[map@, tn; ()1 = [,
then the canonical flag on the facexafakes valudy;.

Theorem 4.80 [CHAKYSS] Let H be a restricted hypermap. Let p be the
cardinality of the largest face of H. Lef be the maximal normal family of
Example 4.51. Then there exists an algorithmically plarepgrrecord (with
parameter p) that recordéH, £).

The rest of this chapter sketches a proof of this theoremtfiémem shows
that the hypermap generating algorithm captures all msttiplanar hyper-
maps up to isomorphism. Specifically, a restricted hyperbhagpisomorphic
to its subquotient by the maximal normal family If two hypermapd; and
H, have properly isomorphic records with respect to their mainormal
families, then they are isomorphic, by Lemma 4.78.

There is a more refined version of this theorem that produsesrds for
each step of the algorithm. The following lemma treats tlit@lization step.

Lemma 4.81 [VHTHIOG] Let H be a restricted hypermap. Let p be the car-
dinality of the largest face of H. Let F be any face with p datist £ be the
minimal normal family of Example 4.52 associated with F.iT$eed records
(H’ -E).

Proof This follows from the explicit description of segend Examples 4.53
and 4.60, which identify1/ £ with the dihedral hypermap. m]

Lemma 4.82 [DMFMDYP] Let H be a restricted hypermap. Let p be the car-
dinality of the largest face of H. Suppose thais a normal family of H that

is not maximal, and such that/f is a simple hypermap on which the node
map acts without fixed points. Suppose that the canonicatifumis a flag on
H/.L. Suppose that;gs a graph record that recordéH, £). Then there exists
a normal familyM of H and a graph record gwith the following properties.

1. H/Mis simple.

2. The node map acts without fixed points oMt

3. The canonical function on kM is a flag.

4. The set of darts visited byl has larger cardinality than the set of darts
visited by.L.

. @ records(H, M).

G -->p Q2.

o o



4.7 Generation 113

Remarkd.83 A given graph record may record manffetient pairsid, £). In
general, the relations is multi-valued. Because of multiplicities of choices,
the lemma only asserts the existenceMdfandg,, but makes no uniqueness
claims.

Proof sketch We give a few more details about the input-output relatiop
on a graph record

a1 = ([(a0, bo); .. 1... ).

The assumption thaf is not maximal, implies that some tefiis false. The
algorithm selects some lisi such thatb; is false. The claim of the lemma
is independent of how this choice is made, and we disregardi¢tails of
the choice. The algorithm also selects an emjrpf the list a;. Becausey;
records H, £), there is a contour loop in £ that is canonically false that
corresponds t@;. Similarly, there is a node dfi/ £ that corresponds to the
entryc;. Under the injection from nodes &f/ L to nodes oH (Lemma 4.46),
we obtain a node ofl visited byL. Because the subquotierdt £ is simple,
the set of darts visited by at the node has the forfm™x, ..., n"1x, x} for
some uniquely determined dacbf H.

The rules about how to chooseare such that the resulting darhas the
propertyS(H, L, X) = @, and the loop off visiting nfx is true. This means
that H, £, L, X) is a marked hypermap (Definition 4.64) with canonicallygél
L.

By Lemma 4.72, the transfornid( Ma, L1, X) of (H, £, L, X) is marked. We
repeatedly take the tranform

T'(H, £, L,X) = (H, M;, Li, %),

until L; is canonically true. Sed = M;.

We claim that there exisig such thaiy; -->, g2, and such thag, records
(H, M). In fact, without elaborating on details, this is not sisjrg, because
it has been arranged to be true by construction: the algorishjust the im-
plementation at the level of lists of integers the iteratathdform of marked
hypermaps. Specifically, it implements the transform (Otdin 4.69) in lists.
But there is one important distinction. The iterated transfstarts with a spe-
cific marked hypermapl and results in a single normal familyl. However,
-->p works without prior assumptions about the eventual end imgppH, and
generates all possible iterated transforms, subject tonh&m 68. For this rea-
son, in generaly, will be just one of many graph recordsuch that --»p g.
Nevertheless, the claim of the lemma holds for this pardiogy. m|

Remark4.84 According to the pencil-pen heuristic, this sectiosalibes in



114 Hypermap

rigorous terms the process of retracing a pencil drawingen. @one trans-
form of a marked hypermap corresponds to retracing a siregieiparc in pen.
The iterated transform corresponds to retracing in pen dredace. The step
-->p corresponds to working without the pencil tracings, anawviltg in pen a
single face of cardinality at mogt, along a given edge in all possible ways.
The relation->;, corresponds to drawing all possible sequences of faces. The
orem 4.80 asserts that all restricted hypermaps admit aséiqlconstruction

in this fashion.

Finally, we turn to the proof of Theorem 4.80.

Proof LetH be a restricted hypermap. Lptbe the cardinality of the largest
face ofH. Let £y be the minimal normal family oH. By Lemma 4.81¢gy =
seeg records H, Lo). Assume inductively, thag records H, £;) and that
H/.L; has simple subquotient.if> 0, we assume inductively thgt ; -->p gi.

If £; contains a canonically false loop, then Lemma 4.82 contstgyc and
Li,1. The process terminates when every facepfs canonically true. The
process must terminate, because the number of darts Misit€dis increasing
in i, and is bounded from above by the cardinality of the dart 6ét.0NVhen
every loopZ; is canonically true, therf; is the maximal normal familyg; is
final, and

Jo->pT1-> - -->p G, OF go->p0i

That is,g; is an algorithmically plane graph record with parameidt records
(H, L)), whereZ; is the maximal normal family. O
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Summary. This chapter is the final foundational chapter. The main con-
cept is that of a fan, a geometric object that is related battsphere
packings and to hypermaps. A fan determines a set V of pairis,i
which later chapters interpret as the set of centers of a pachf con-
gruent balls. The same set V can be interpreted as the setdefsnaf a
hypermap or as the set of nodes of a graph. In fact, a fan is algeand
a geometric realization of a hypermap. The main result af thiapter, an
Euler formula for fans, implies that the hypermap of a fanlengr. To
make the material in this chapter as self-contained as ptessihe pla-
narity results in this chapter have been carefully orgadize avoid any
use of the Jordan curve theorem.

Fans are also closely related to polyhedra. This chaptepeisdes a
fan with every bounded polyhedron k¥ with nonempty interior. Poly-
hedra inherit various properties from fans, such as an Eédemula for
polyhedra.

5.1 Definitions
If S c R®is a set of points, abbreviate

C.(S) = aff.(0,S),
Co(s) = aff?(0, S).
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When the subscript is absent, the subscrif implied:C, (S) = C(S), and so
forth. The parentheses around the set are frequently amitte

Co%v,w} = C2(fv, w}) = aff2({0}, {v, w}).

The following definition gives the main object of study indlwhapter (Fig-
ure 5.1). The separate defining properties of a fan are giyeralne because
we need to make frequent reference to them.

Definition 5.1 (fan, blade) [DSKAGVP] [fan «w» FAN] Let (V, E) be a pair
consisting of a se¥ c R® and a se€E of unordered pairs of distinct elements
of V. The pair is said to be fanif the following properties hold.

1. (carpiNaLITY) V is finite and nonemptyicardinality «» fanl]

2. (oriGIN) 0 ¢ V. [origin «» fan2]

3. (vonpararier) If {v,w} € E, thenv andw are not parallel[nonparallel
«» fan6]

4. (~ntersectioN) For alle,e’ € EU {{v} : v € V}, [intersection «»
fan7]

C(e)nC(e") =C(ene).
Whene € E, call C%(¢) or C(e) abladeof the fan.

0

Figure 5.1 [IIAHIXI] A fan with six nodes and five edges. An unbounded
blade is associated with each edge.

Remark5.2 In the mathematical literature, other objects go by thme of

fan. The definition of fan given below is not the same as défimétin other

mathematical contexts. In particular, a fan in this bookas a fan from the

theory of toric varieties.

1 According to Fulton [13], a toric variety fan is a familyof rational strongly convex
polyhedral cones ilNg (the vector space generated by a latfigesuch that (1) each face of a

cone in the family is again in the family, and (2) the intetgetof two cones in the family is a
face of each cone. For our purposes, a fan determines a getrdly convex polyhedral
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5.1.1 basic properties

The rest of the chapter develops the properties of fans. \¢yi lvéth a com-
pletely trivial consequence of the definition.

Lemma 5.3 [CTVTAQA] If (V,E) is a fan, then for every Ec E, (V,E’) is
also a fan.

Proof This proof is elementary. m|

Lemma 5.4 (fan cyclic) [XOHLED] [E(v) «» set_of_edge] Let(V,E) be
a fan. For eachy € V, the set
E(v)={weV : {v,w} e E}

is cyclic with respect tq0, v).

Proof If w e E(v), thenv andw are not parallel. Also, itv # w’ € E(v), then
C{v,w} N C{v,w'} = C{v}.
This implies tha&(v) is cyclic. m|

Remark5.5 (easy consequences of the definitiodWCXASPV] Let (V, E) be
afan.

1. The pair ¥, E) is a graph with node¥ and edge&. The set
{{v,w} © we E(v)}

is the set of edges at nogeThere is an evident symmetny: € E(v) if and
only if v e E(w).

2. [0 «» sigma_fan][o(V)™} «» inversel_sigma_fan]SinceE(v)is cyclic,
eachv € V has an azimuth cycle(v) : E(v) — E(v). The setE(v) can re-
duce to a singleton. If sar(v) is the identity map orE(v). To make the
notation less cumbersome(v, w) denotes the value of the mayjv) atw.

. The propertyXonparaLiLer) implies that the graph has no looge; v} ¢ E.

4. The property iiTersEcTioN) implies that distinct set€%e) do not meet.

This property of fans is eventually related to the planasfthypermaps.

w

Remark5.6 (verifying the fan properties) [GMLWKPK] We are often given a
pair (V, E) and asked to verify that it is a fan. Here are a few tips about to
verify the fan properties in practice.

conesA = {C(g) : & € EU {{v}} U {{0}}}, which satisfies conditions (1) and (2). Hence, a fan in
our sense bears some relation to a toric variety fan.
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1. (carpiNaLITY) If V is defined as a subset or image of a finite set, then it
is evidently finite. Also, ifV is a bounded subset & and if V has no
limit point, thenV is finite. Lemma 6.2 gives a finiteness result when the
minimum distance is 2.

2. (orioN) If (V, E) is a fan, then any subset ¥finherits the propertp ¢ V
from V.

3. (vonparaLiir) If the property(intersecTiON) IS Known, then to prove that
andv are not parallel, it is enough to show the strict form of thiamgle
inequality:

lu=vl < ful + vl (5.7

Indeed, the strict form of the triangle inequality implieatO ¢ conVu, v}.
Also, the intersection property implies th@?{v} n C%u} = @. These con-
ditions imply thatu andv are not parallel. Inequality (5.7) is equivalent
to

arc,(0, {u,v}) < «.
4. (NTERSECTION) The intersection property is generally the modtidilt to
verify in practice. Some geometrical reasoning based oitiaddl facts
about ¥, E) is generally required to verify the intersection propgft{V, E)

is a fan, then the intersection property is inherited by stefV andE.
Also, note that

C(ene) cC(e) NC(e)

always holds by elementary geometry. Hence, it is enoughézlic the
reverse inclusion. Furthermoregif= ¢, then the intersection property is a
triviality. The verification comes down to checking two csise

C(e) nC(") = {0},
whenene = @, and
C(e) N C(¢") = C{v},

wheneNe = {v}.

5.1.2 hypermap

One of the main uses of a fan in this book is to provide a linkveen sphere
packings and hypermaps. Next, we associate a hypermap Vaith e define
a set of darts and permutations on that set of darts as fallows
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Let (V, E) be a fan. Define a set of darsto be the disjoint union of two
setsDy, Dy: [D; «» dl_fan] [D,; «v» d2_fan]
D1 ={(v,w) : {v,w} € E},
D, ={(v,v) : veV, E(v)=a2}, and
D =D;uD.,.
Darts in D, are said to basolatedand darts inD; are nonisolated [n «v»
n_fan] [f «» fl_fan] [e «» e_fan] Define permutations, e, and f on
Ds by
n(v,w) = (v, o(v, w)),
f(v, w) = (W, (W) v),
e(v, w) = (w, V).
Define permutations, e, f on D, by making them degenerate 3:

n(v) = e(v) = f(v) = v.

Set hypV, E) = (D, e, n, f). The next lemma shows thdd(e, n, f) is indeed a
hypermap.

Lemmab5.8 [AAUHTVE] Let(V, E) be afan. Let D= D;UD, andhyp(V, E) =
(D, e n, f), as constructed above. Then

1. hyp(V, E) is a plain hypermap.

2. e has no fixed points in;D

3. f has no fixed points in D

4. For every pair of distinct nodes, at most one edge meets bot
5. The two darts of an edge of;lie at different nodes.

Proof
e(n(f (v, w))) = (n(w, o(w) V) = e(w, )
= (v, w).
So hyp¥, E) is a hypermap. Plainness is an elementary calculation:
e(e(v, w)) = &(w, V) = (v, w).

There is no fixed point ifD; undere, because otherwise,= w € E(v) but by
constructionv ¢ E(v). The argument thatt has no fixed points is similar.

The next step is to show that for every two distinct nodeggtli®at most
one edge meeting both. That is,

(N'ex=enx) = (n'x = X).



120 Fan
Letx = (v,w) € Dy. Leto = o(v). Then
nix = (v, o'w)
enx = (olw, %)
ex= (w, %)
n'ex= (W, )
nex= en'x
= (W= olw)
= (Nx = (v, w) = X).
Finally, each dart of an edge lies on dfdient node. That igx # n'x for
X € Dj. In detail:
e(v,w) = (w, %), weE(V)
n'(v,w) = (v, %), V¢E(V).

The lemma ensues. O

5.2 Topology
5.2.1 background

This chapter uses some basic notions from topology suchrsady, con-
nectedness, and compactness.

Remark5.9 We use the termonnectedn two different senses: in the topo-
logical sense and in a combinatorial sense for hypermapsediace the con-
fusion, this book calls a connected component of a topo&gipace dopo-
logical componenand a connected component of a hypermaprabinatorial
component

We assume basic facts about the topology of Euclidean spaparticular,
the setR3 is a metric space under the Euclidean distance funatiornw) =
Iv —w|. Every subset dk® is a metric space under the restriction of the metric
d to the subset. A subset carries the metric space topologarticular,

S?2={v : Iv] =1},

the unit sphere i3 centered ab, is a metric space and a topological space.
If Y is an open set iiR®, write [Y] for its set of topological components.

The family of topological components &f has the following properties: the

members are pairwise disjoint, nonempty, connected opsna®d the union
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of the family is all ofY. Conversely, any family with these properties must be
the family of topological components df If two points inR® can be joined
by a continuous path itY, then the two points lie in the same topological
component o¥.

5.2.2 topological component and dart

The next series of definitions and lemmas introduce terrogpto refer to
the diferent geometric features of a fan. A major theme of this @raptthe
correspondence between the geometric features of a farhantbtmbinato-
rial properties of the hypermap. For example, we show theasét of nodes of
the hypermap is in natural bijection with the set of notdlesf the fan {, E)
(Lemma 5.13). We describe when the set of faces of the hypeisria bijec-
tion with the topological components of the following ¥V, E).

Definition 5.10(X, Y) [ZQHYZQI] [X(V,E) «» xfan] [Y(V,E) e» yfan]
WO _.(X) v w.dart_fan] [Waare(X) e~ cw.dart_fan] Let(V, E)be afan.
Let X = X(V, E) be the union of the blades

C(e)
ase ranges oveE. LetY = Y(V, E) be the complement = R3\ X.

Definition 5.11 (W3, , Waar)  [OTAOLKZ] [rconé(0,v, h) «» rcone_fan]
[Wgart(x, €) «» rw_dart_fan]Let(V,E)beafanandletd,e n, f) = hyp(V, E)
be the associated hypermap. A we(w@an(x) and a subset\/gan(x, €) are as-
sociated with each daxt= (v,w) € D. (See Figure 5.2.) Define

WO(0, v, w, (v, w)), if card(E(v)) > 1,
Vi) = {R3\ aff, ((0,v}, W), if E(v) = {w},

R3\ aff{0, v}, if E(v) = @.
Define
W(O,v,w, o(v,w)), if card(E(v)) > 1,
W) = | O - ) EW)
R?, otherwise

(Wgar(X) is the closure o\‘/\lgan(x).) For anyx = (v,...) € D, set

WO, (%, €) = W2, (X) N rconé(0, v, cose).
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Figure 5.2 [SCDMRGM] The setW = W(x, €) at the dartx = (v, w) is the cone
over a wedge of a disk on the unit sphere. The geodesic ratithe disk is
e. If [v] = [|w]| = 1, then the disk is centered atand the wedge extends
counterclockwise from the geodesic arcwafW) until it meets the next blade
of the fan througtv. The angle of this wedge atequals azinx).

Definition 5.12(azim) [QEIQZZH] [azim(X) «» azim_fan] Define azimk)
as the azimuth angle %% (x):

azimQ, v, w, o(v,w)), if card(E(v)) > 1,
2r, otherwise.

azim(x) = {

Lemma 5.13 [ETSBAGK] Let (V, E) be a fan with hypermap H. There is a
natural bijection between nodes of H and V that sends the oodtining the
dart(v,*)tove V.

Proof This is left as an exercise for the reader. O

Definition 5.14 (node) [VGNBFSH] Write nodek) € V for the node corre-
sponding to a darx € D, under the identification of nodes of a hyperntap
with V.

Lemma 5.15(node partition) [VBTIKLP] Let (V,E) be a fan. Letv € V.
Then a disjoint sum decompositionRtis given by

R3 = aff{0, v} U U W0,,(X) U U aff ({0, v}, w).

nodef)=v {v,wjeE

Proof We start the proof with the existence of the disjoint sum deposi-
tion. First of all,R® is the disjoint union of &i{0, v} and its complement.

The case when card(v)) < 1 follows immediately from the definitions.
Therefore, assume that calEqy)) > 1. Fix u such thafv, u} € E, and leto- be
the azimuth cycle oE(v). Leta(i) = azimQ, v, o'u, o *1u). By Lemma 2.94,



5.2 Topology 123

the sum of the angles(i) is 2. Everyp € R?\ aff{0, v} satisfies either

U

j +
a(i) < azim@Q,v,u,p) < > afi).
i=0 i

Il
o

or
j
Z a(i) = azimQ, v, u, p)
i=0
for a uniqgue 0< j < n, wheren is the cardinality ofE(v). These con-
ditions are exactly the membership conditions for the %t(v, olu) and
aff? ({0, v}, olu), respectively. The result ensues. m]

Corollary 5.16 (disjointness) [IBZWFFH] Let(V, E) be a fan, let x= (v,...)
be a dart in the hypermap ¢¥, E) and letw € E(v). Then Vgart(x) NC{v,w} =
@.

Proof The decomposition established in Lemma 5.15 is disjoirfollows
directly from the definitions that

C{v,w} c aff®({0, v}, w) U aff{0, v}.
O

The next lemma gives an important map from a combinatoriatgire (the
set of darts) to a topological object (the s&(Y, E)]). After presenting the
proof, we codify the map in a definition.

Lemma 5.17(dart and topological component)[JGIYDLE] Let(V, E) be a
fan. For each dart x in the hypermap @, E) and for every syficiently small
and positive, Vg,m(x, €) is nonempty and lies in a single topological component
of Y(V, E).

Proof The proof first shows thal\lgan(x, €) lies in Y for e small. Letx =
(v,w) € D;. LetS? be the unit sphere centereddaBy makinge small enough,
the setd W2_ (x, €) N S? avoid the compact seG(e) N S whenv ¢ &. Thus,
WO (. €) also avoid<C(e) whenv ¢ . By Corollary 5.16 W0, (x, €) avoids
C(e), whenv € &. Thus WS, (x, €) C Y for e small.

To complete the proof, itis enough to show that e\a@’gt(x, €) is connected.

The product of intervals
{(r,0,¢) : r€(0,00), 6€ (61,62), ¢ €(0,¢€)}

is connected. The s&Y

(% €) is the image of this product under a spherical

2 Beware of the notational subtletiese R is note € E.
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coordinate representation (Definition 2.85). It is reasdyified that the spher-
ical to Cartesian coordinate transformation is a contiisunap. As the image
of a connected set under a continuous m%(x, €) is connected. O

Definition 5.18 (lead into) [DZYIUPU] Let (V, E) be a fan. For each daxt

in the hypermap of\(, E), there exists a well-defined topological component
Uy of Y(V, E) that containSNgan(x, €) (for all sufficiently small positive). The
dartx is said tolead into Uk.

5.3 Planarity

One of the main results of this chapter holds that the hyppsnaasociated
with certain fans are planar (Lemma 5.30). Recall that a hmpe is defined
to be planar if Euler’s formula holds for the hypermap. Eviaryis a graph and
is planein the sense of being embedded in a sphere. The proof of hgperm
planarity ultimately reduces to the Euler formula for the,faewed as a plane
graph.

There are many proofs of Euler’s formula for a graph. We mak pur fa-
vorite and translate it into the language of hypermaps. Taplghas special
properties that allow us to simplify the proof of Euler’sfiaula: it is embed-
ded in the sphere with edges formed by geodesic arcs, andd¢ks are all
geodesically convex polygons.

We prove Euler's formula as follows. A geodesically conveygon has
a diagonal (Lemma 5.20). The diagonal, which breaks a paolyign two
smaller ones, permits an induction on the number of sidethéoarea of each
polygonal face of the hypermap, generalizing Girard’s folafor the area of
a triangles. An identity, which equates the sum of thesesangth the total
surface area of a sphere, is equivalent to Euler’s formutés Pproof can be
recognized as a special case of the Gauss—Bonnet formuileh wdates the
Euler characteristic to the area of a surface of constanaturre.

The reader who is ready to believe Euler’s formula for plarapgs and to
accept that the hypermaps of fans are planar may safelylskigection.

5.3.1 face attributes

To simplify the proofs in this section, we generally assuha fans satisfy the
following convexity condition.
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Definition 5.19 (fully surrounded) [EOUATJI] [fully surrounded «w
fan80]A fan (V, E) is fully surroundedif azim(x) < = for all dartsx in the
hypermap of ¥, E).

The following lemma proves the existence of a diagonal toranengular
face. A diagonal divides a face into two faces, each with fesiges than the
original. The existence of the diagonal occurs in inductinguments to re-
duce statements about a face to statements about facesewith $ides. The
following lemma is thus the key technical lemma for many @ftasults in this
section.

Lemma 5.20(sweep) [DHVFGBC] Let(V, E) be afan with hypermafD, e, n, ).
Suppose thatV, E) is fully surrounded. Fix a dart > D. Letv = nodef),
Vo = nodex), andv; = node(?x). Letw(t) = (L -t)vg+tviforO<t < 1.
Then

1. Foreach te [0, 1], v andw(t) are not parallel.
2. 1f0 < t < 1, and C{v,w(t)} meets X, then & 1 and{v,vs} € E. (See
Figure 5.3.)

0

Figure 5.3 [JCAEBKL] As a pointw(t) slides fromv, to v, the blade
COv, w(t)} avoids the blades of the faN,,E), when O< t < 1.

Proof AbbreviateCo(t) = COv,w(t)}. Let Y = Y(V,E) andX = X(V,E).
It follows from the definition of a fan thafv, vo} € E and thatv andvg are
not parallel. By continuityy andw(t) are not parallel whem is suficiently
small and positive. Let c (0, 1] be any interval that contains, (€ for some
suficiently small positives, with the property thav andw(t) are not parallel
foralltel.

We claim that if te | and C°(t) meets X, then &= 1 and{v,v;} € E.
Indeed, an inspection of possible intersections with nadesV and blades
C%c) c X shows that fort > 0 sufficiently small,C(t) does not meek;
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hence CO(t) c Y. Assuming thaC(t) meetsX for somet < |, let a be the
smallest such e |. C°(a) cannot meeK at a nodau € V because azigj <
wheneveu = nodef), which means that there exists a smatlera for which
CO(t) meets a blade at. Thus,C%(a) first meetsX along a blade& (g). If the
intersection with this blade is transversal, again one gahdi smallett that
gives an intersection with the blade. HenCg(a) andCP(¢) are coplanar. From
the disjointness properties of blades of a fan, it followastth= {v,v1} € E,
thata = 1, and thatC°(1) is a blade of the fan. The claim ensues.

The vectorsy andw(t) are not parallel for any te (0, 1]. Otherwise, let
b € (0, 1] be the least constant for whietandw(b) are parallel. Seit = (0, b).
Selecta such that O< a < b. Then{0, w(a), w(b), v} lie in a unique plané\.
Since allw(t) lie in aline,w(t) € Aallt € I. Thenvy € C%(@)n X, contradicting
the established disjointness ¥ffrom C°(a). Thus,b does not exist, proving
the claim and the first conclusion of the lemma.

Setl = {t : 0 <t < 1}. The second conclusion of the lemma follows
immediately from the claim. O

Lemma 5.21(face to component) [RWXUYZZ] Let (V, E) be a fan and let
(D, e n, f) beits hypermap. Assume ti{st E) is fully surrounded. Then for ev-
ery face F of the hypermap, there exists a topological corapbd of YV, E)
such that for every x F, the dart x leads into U.

This lemma strengthens the relationship between the catdios of hy-
permaps and the topology of fans by showing that there existsll-defined
map from faces to topological components. Whate-> Ug for this map.

Proof Fix any dartx € F and construct the s€P(t) as in the previous lemma.
For alle > 0 suficiently small, there exists > 0 such that seE°(t) meets both
WO (%, €) andWS, (fx,€) for all 0 < t < 6. By the previous lemma, the set
CO(t) lies in a single componetd whent is suficiently small and positive.
Thus,x and f x lead into the same compondut By induction, for ally € F,
the darty leads intoU. O

The following lemma appears in induction arguments to shuat & state-
ment about one farM E) can be reduced to a statement about a simpler fan
(V. E).

Lemma 5.22(fan diagonal) [DWWUTKW] Let(V, E) be a fully surrounded fan
and letv,w € V be nonparallel. Suppose thaf@®, w} c Ur for some face F.
LetE = EU {{v,w}}. Then(V, E) is a fan.

Proof We establish each of the defining properties of a fan in tuhe ffode
set is unchanged, remains finite and nonempty, and does ntic0. The
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property (onearaLLEL) Of E’ follow from the corresponding property &and
the assumed nonparallelism for, w}.
In the verification of the intersection property

C(e)nC(¢') =C(en¢’),

it is enough to consider the case= {v,w} ande’ # &, the other cases being
trivial. Then from elementary geometry

C{v, w} = C%v, w} U C{v} U C{w}

and known fact€%v,w} c Ug, C(e") ¢ X(V,E), andX(V,E) N Ug = @, it
follows that

C{v,w} N C(¢") = (C{v} U C{w}) N C(¢")
=C({vineg)nC({w}ne’)
=C({v,w}n¢e).

(The last equality uses the observation that at most oneedfith intersections
x N ¢’ in the penultimate line is nonzero.) Thu¥, E’) is a fan. ]

The following lemma further strengthens the relationshépaieen combi-
natorics and topology by showing that the nfap> U is onto.

Lemma 5.23 [JUTSTKG] Let(V, E) be a fan with hypermafD, e, n, f). As-
sume tha{V, E) is fully surrounded. For every topological component U of
Y(V, E), there exists a dart x D that leads into U.

Proof The setsC(t) of Lemma 5.20 depend on the initial datt Write
C°(t, x) to make the dependence explicit.

Letp € U. Choose a continuous pagh [0, 1] — R2\ {0} such thatp(t) € U
fort < 1 ande(1) ¢ U. Theng = ¢(1) € X. If g € C%v} for somev € V, then
there exists a dart with nodev = node) such that for all sfiiciently small
positivee, there exists some 8t < 1 such that(t) € V\lgan(x, €) c Uy. Thus,

x leads intoU.

The other possibility is thag € C°v, w} for some{v,w} € E. In this case,
there exists a unique edd@e y} of the hypermap such that = nodef) and
w = nodeg). (That is,x = (v, w) andy = (w, v).) There is also a small neigh-
borhood ofg such that every poirg’ in that neighborhood takes one of the
following forms.

1. g € COv, wj},
2. g’ € CO%s,X) c Uy forsome O< s< 1,
3. q €C%sy) c Uy forsome O< s< 1.
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Points of the first form do not me&(V, E). Thus,¢(t) € Uy or ¢(t) € Uy, in
the second and third forms respectively. O

As the introduction to this section mentioned, the primany af the chapter
is to prove that the hypermaps of certain fans are planarprbef is a long
induction. The base case of the induction consists of famghich every face
is a triangle. The following lemma gives the properties @drtgles that are
needed in the base case of an induction.

Lemma 5.24(triangle attributes) [KVQWYDL]Let(V, E) be a fan with hyper-
map(D, e, n, f). Let Y= Y(V, E). Assume thatV, E) is fully surrounded. Let F
be a face of cardinality three, letx F and % = f'xo. Then

1. Uk is equal to the intersection of the three half-spaces:
A(i) = aff} ({0, node. 1), nodef. )}, nodek)), i=0,1,2.
2. Ifadartyleadsinto |, thenye F.

Proof The intersection Uof the three half-spaces is a subset gf. lhdeed,
the intersection of two half-spaces; (1) N A2(2), is the wedga\Vs, (o). The
setsCO(t, xo) € WY, (X0) sweep out precisely the intersectionMiff, (xo) with
A%(0), when O< t < 1. The set€£ (t, o) belong toUg. The claim ensues.

Ur is a subset of the intersection’ UOtherwise, letp be a point ofUg
that does not belong t0’. Choose a continuous path: [0,1] — Ug with
¢(0) € U’ ande(1) = p. Lett > 0 be the first time such thaft) ¢ U’. Then
g = ¢(t) lies in the set consisting of the closed intersection of-bphcedA, (i)
corresponding té\2 (i). The pointg also lies in one of the bounding planes. Let

X' = U C(i), whereC(i) = C{nodef;), node;.1)}.

Thenq € X’ c X. This yields an impossibilityg € XNY = @. Thus,U’ = Ug.
Lety be any dart that leads intd. Thenvvgan(y, €) meetsUg forall e > 0
suficiently small, implying that nodg] lies in the intersection of the closed
half-spacesA, (i). As previously established, this intersection is thedadli]
union of Ug and X’. As nodey) € X and asX does not meetJg, it follows
that nodey) € X’. The setX’ is the disjoint union of the ray§{node;)} and
the three blade§°(i). These blades do not meét hence, nodef = nodeg;)
for somei. Thus,y and x belong to the same node. The swgan(y) and
Wgan(xi) are disjoint for distinct darts at the same node, and thjgian that
y=X €F. ]
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Corollary 5.25 (triangle solid angle) [MOZNWEH] Let F be a face of cardi-
nality three in the context of Lemma 5.24. Then fos rO, Ur N B(O,r) is
measurable and r-radial . The solid angle of Y is given by the formula

SolUr) = - + Z azim().

xeF

Proof An intersection of half-spaces through the origin W0, r) is mea-
surable and-radial. The solid angle is given by Girard’s formula for dep-
cal triangle (Lemma 3.23). m|

5.3.2 conformance

The previous subsection shows that in a fully surroundegtfantopological
components ofJg have a particularly simple geometrical description as an
intersection of half-spaces, when cdfji= 3. This subsection defines a class
of fans (Definition 5.26) in which the faces also have a sing#emetrical
description.

Lemma 5.42 shows any fan that fully surrounded is conformillg con-
sider the definition of conforming to be useful only until Lera 5.42 becomes
available. Thereafter, properties of conforming fans magjpplied to all fully
surrounded fans.

Definition 5.26 (conforming) [UVPFEEP] Let (V, E) be a fan with hypermap
(D, e n, f). The fan isconformingif the following properties hold.

1. (surrounpebpness) (V, E) is fully surrounded.

2. (BuectioN) The mapF — Uk is a bijection between the faces of the hyper-
map and the topological componentsyof

3. (uaLr-space) For every face-, the topological componetudr is the inter-
section of the open half-space$%4(0, node§), node( x)}, nodef ~*x)) as
xruns overr.

4. (soup ANGLE) For everyF, the intersectioB(0, r) N Ug is measurable and
eventually radial a®. Moreover, the solid angle dJ¢ is given by the for-
mula

solUr) = 21 + Z(azim(x) — 7).
xeF

5. (piaconaL) For every facer, if x,y € F are distinct with corresponding
nodes node(), nodef) € V, then nodeX) and nodef) are not parallel.
Moreover, eithex andy are adjacent under the face map, or

C%nodeg), nodeg)} c Uk.
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That is, the “diagonals” of I are all “interior”

Conforming fans have several significant properties. Thegether with
the fact that every fully surrounded fan is conforming) ddote the main
conclusion of this section.

Lemma5.27 [GINGUAP] Let(V, E) be a conforming fan. Eachgiis convex,
where F is any face dfyp(V, E).

Proof By (uaLr-seace), Ug is the intersection of half-spaces. O

Lemma 5.28 [SRPRNPL] Let(V, E) be a conforming fan. Themyp(V, E) is
simple.

Proof Letx e F. By the intersection of half-spaces propetly, is contained
inthe Wedgé/\/gan(x) atx. If a second dan sits at the same node in, thenUg

is also contained iN\/gan(y). However, by Lemma 5.15, the wedges at a given
node are disjoint. O

Lemma 5.29 [WGVWSKE] Let (V, E) be a conforming fan. Themyp(V, E) is
connected.

Proof Let[D]denote the set of combinatorial components of Myg{). There
is a well-defined, continuous (in fact, locally constant)dtion fromY onto
[D] given as follows. Foip € Y, chooseF such thatp € Ug and send to
the class ofF in [D]. By property guection), this map is well-defined. The
map extends continuously ©°(e) for ¢ € E by the following construction:
for everyp e C%g), we choose the edde, y} of the hypermap associated with
the edge: and send to the combinatorial component containif)gy}. The
domain

Yul JC%)
is connected. The continuous map from this connected setbadiscrete set

is necessarily constant. As the map is onto, theBgtgduces to a singleton.
i

The following lemma is the promised result on planarity.

Lemma 5.30 [GGRLKHP] Let(V, E) be a conforming fan. Themyp(V, E) is
planar.
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Proof The solid angle of a sphere ig 4The seX(V, E) has measure zero, so
that

47 = sol(Y) = > solUe) = > (2r+ )" (azim) - m)). (5.31)

F F xeF

In the rightmost expression, the double sum over faces arisl idiea face can
be replaced by a single sum over all darts. The sum of the dziamgles of
all darts at a node is2 Thus, the sum over all azimuth angles ist#. Thus,
the formula (5.31) becomes

A = 2n #f + 2n#n — n#D.

In a plain hypermap in which the edge map has no fixed poilds=#2 #e.
The relation (5.31) simplifies to

2+ #D = #f + #e + #n.

This is the condition of planarity for a connected hypermap. m]

5.3.3 existence

This section proves the existence of many conforming fahe.fmain result of
this subsection (Lemma 5.42) asserts that every fully sunded fan is con-
forming. The proof breaks into a series of small lemmas. Triragry method
to prove the existence of conforming fans is an induction lan fbllowing
invariant of a fan'{, E).

Definition 5.32(N(V, E)) [GBNIUVV] Let
N(V.E) = ) (ke ~3)
F

where ¥, E) is a fan, the sum runs over fadésandke is the cardinality of the
faceF.

The following lemma gives the base case of an induction.

Lemma 5.33 [DWFBRQY] Let (V,E) be a fully surrounded fan such that
N(V, E) = 0. Then(V, E) is conforming.

Proof We run through the defining properties of a conforming farggb29).

If N(V,E) = 0, then the hypermap is a triangulation. By Lemmas 5.21 and
5.23, every topological component¥fhas the formJg for some facd-. By
Lemma 5.241J uniquely determines the fa¢e Thus, there is a bijection be-
tween faces of the hypermap and topological components. éyrha 5.24,
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the topological componetdr is the intersection of open half-spaces, as ex-
pressed in the property{Lr-space). The solid angle formulais given by Corol-
lary 5.25. The assertion of the lemma about diagonals igstrfer a hyper-
map that is already a triangulation. This completes the farothe base case
N(V,E) = 0. m]

To carry out proofs by induction, we assume the existence miramal
counterexample and then argue by contradiction. The prarefso long that
it is necessary to break them into a series of lemmas. To @@an extended
proof by contradiction, we formulate the properties of a imia counterex-
ample as a definition. We eventually show that minimally rarforming fans
do not exist.

Definition 5.34 (minimally nonconforming fan) [JKYFSUP] A fan (V, E) is
said to beminimally nonconformingf the following properties hold.

1. (V, E)is fully surrounded.

2. (V, E) is not conforming.

3. N(V,E) > 0.

4. If (V, E’) is any other fully surrounded fan on the same nodé/sand if
N(V,E") < N(V, E), then |, E’) is conforming.

Remark5.35 (reduction data) [OEQAFJIW] WhenN(V, E) > 0, choose a dart
x that lies in a facd- of the hypermap that is not a triangle. By Lemma 5.20,
CP%v,w} c Ug, wherev = node§), w = nodeg), andy = f2x. Form a new
fan (V, E’) on the same node set witf = E U {{v, w}}. (See Figure 5.4 and
Lemmab5.22.)

The following notation is used to relate the two fasK) and {, E’). Add
primes to symbols denoting objects related\pR). Let X' = (v,w) andy’ =
(w,v) € D’, whereD’ is the set of darts of hyp( E’). The darts<, y’ lead into
topological componentd (x') andU(y’) of Y’ = Y(V, E’) and belong to faces
F(x), F(y)) of H" = hyp(V, E").

The following lemma is used to prove that ¥,E) is minimally noncon-
forming, then the fan\{, E") is conforming.

Lemma 5.36 [ZSZIUQE] Let(V, E) be a fully surrounded fan. Assume that
N(V,E) > 0. Let x be a dart inhyp(V, E) such that the face F of x is not
a triangle. Let E = E U {{v,w}}, X,V,... be the reduction data as above
associated with x. Then the face¢xh and Fy’) are distinct, and Fy’) is

a triangle. Moreoverhyp(V, E) is obtained by a double walkup along the
edge{x,y’} of hyp(V, E’) that merges the two faceg¥) and FY’). Finally,
N(V,E’) < N(V, E).
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0

Figure 5.4 [RNMBPID] To prove results about fans by induction, we add a
bladeC®%v, w} betweernv andw to a fan to form a new fan with smaller in-
variantN. This partitions one of the topological componebtsnto U(x),
U(y), and the new blad€®{v, w}. We have darts’ andy of the new hyper-
map, leading intdJ (x’) andU(y’), respectively. The face containing the dart
y in the new hypermap is a triangle.

Proof LetH’ = (D’,¢,n’, f’) be the hypermap oM E’). Write x = (v, u),
fx = (u,w), f2x = y = (w, ). Then it follows directly from the definition of
the face map on hy®(E’) and an inspection of the cyclic orderthat

()% = (F)%(w,v) = (F)*(v.u) = f'(uw) = (w,v) =y

It follows thatF(y’) is a triangle.

The hypermag = hyp(V, E) is obtained fronH’ = hyp(V, E’) by a double
walkup transformation on the ed¢e, y'}. The faced=(x") andF(y’) are dis-
tinct by Lemma 5.24, which asserts thatdoes not lead intdJ (y'). Thus, the
walkup transformation merges two faces by Lemma 4.17. Then

N(V.E)-N(V.E) = ((k+1)-3) - ((k-3)+(3-3))=1>0,
wherek is the cardinality of(x). m]

The task of the rest of the section is now clear. We run threaagth of the
properties of a conforming fan, one by one, and show that dmfocmance
of (V, E") implies the conformance o/ E). However, if {, E) is minimally
nonconforming, this is an impossible situation: it canrathiconform and not
conform. Hence, no minimal nonconforming fan can exist (hearb.42).

Lemma 5.37(bijection) [OBHTHCD] The property(Buection) of conforming
fans (on page 129) holds for any minimally nonconforming fam» Ug is a
bijection.
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Proof Let (V, E) be a minimally nonconforming fan. Choogdo obtain re-
duction data for \, E). The bijection property holds foM E’) by the min-
imality assumption. The proof establishes a bijection bgwshg that ¥, E)
has one more face and one more topological component tha)(

The two faces-(x") andF(y’) merge into a single fade of hyp(V, E). Then

U=UX)UU()uUC’e) (5.38)

is a connected open set W If F* # F(x’) and F(y’) is any other face in
H’, thenUg is a connected open set ¥ Moreover, the sety and setdJg
are pairwise disjoint and exhaugt so that they are precisely the topological
components of. Some dart of leads intoJ, soU = Ug. It follows that the
number of faces is equal to the number of topological comptafer , E),

so that the majp — UF is a bijection. ]

Lemma 5.39 [TXFBALB] Let (V, E) be any minimally nonconforming fan.
Then it has propertysorip anGLg) of conforming fans (page 129).

Proof Choose reduction data fov,(E). Every topological component &f =
Y(V, E) exceptU = Ug is already a topological componentfand the con-
clusion holds for components #f. The topological componeht is a disjoint
union of two components of’ and a seC¢) of measure zero. Thus is
also measurable and eventually radial. The solid angledtais additive over
the disjoint union in (5.38), so the formula holds fdr O

Lemma 5.40 [GGZWYRM] Let (V, E) be any minimally nonconforming fan.
Then the fan has propertpiaconar) of conforming fans (page 129). That is,
for any dart x on any face F and dartezF that is not adjacent to x under the
face map,

C%({node), node@)}) c Uk.
Proof By excluding trivial cases of the proof, we may assume thatdrt
X is used to construct reduction ddtg X', y’, etc. We may assume thaty’)
is a triangle. Ifz = f2x, then the diagonal is preciseGP{v, w}, for which the

conclusion has already been established. Otherwisan be identified with a
dartZ € F(x'). Then, by minimality,

C%nodef), nodeg)} = C°{node’), node¢)} c U(X) c Ug.
m

Lemma5.41 [HYUAZSE] Let(V, E) be a minimally nonconforming fan. Then
property(uaLe-space) of conforming fans (on page 129) holds {™ E).
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Proof Choose a darx to give reduction data foM E). By the non confor-
mance of ¥, E), it is enough to consider the faéecontainingx. (Indeed, the
other faces of hyp( E) can be identified with faces of hyM(E’) and these
cases are easily treated.)

The intersection Yof half-spaces given by propei(yaLr-space) lies in U =
Uk. Indeed, every point iik? lies in the plane

A = aff{0, v, w}

or in one of the two open half-spaces bounded by this plares& half-spaces,
A%(x') and A°(y’), containU(x’) andU (y’) respectively, by the minimality of
(V, E) and the conformance oY/(E’). Also,

A%(X)NU; c U(X) c U.
Similarly, A°(y’) n U; c U. We have a sequence of subsets
AnU; c AnWI, () nWE,.(y) € C%v,w} c U.

Thus,U; c U.

For any dart z of F, the set U is a subset of the half-space watiniing
plane{0, nodeg), node(f 2)}. Indeed, if the reduction data for the dais used,
the claim does not change. Without loss of generality, asstimatz = x. By
the minimality of (, E), the partition (5.38) o) gives three pieces contained
respectively in the three sets:

WE(X),  COov,wh,  WE,(X"),
wherex’, X’ € D’ correspond to the single da¢in D:
azim(x') + azim(x”) = azim(x) < x.
Thus,U itself is contained in the lune
WO({0, node)}, {node( x), node "1x)}),

which is contained in the desired half-space. This proveskaim.
The reverse inclusiob c U; follows immediately from the claim. O

Lemma 5.42(conformance) [PIIJBIK] Every fully surrounded fan is con-
forming.

Proof Suppose for a contradiction that a fully surrounded f8r) exists that
is not conforming. Among all fully surrounded nonconforgifans ¥, ) on
the same node set, select oNgHE) that minimizedN(V, E). In fact,N(V, E) > 0
because otherwis&/(E) is conforming by Lemma 5.33.

This is a minimally nonconforming fan. However, the precgdiemmas
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show that a minimally nonconforming fan actually satisfiksfthe properties
of a conforming fan. This contradiction gives the proof. O

5.4 Polyhedron

This section shows that a bounded polyhedro®inwith nonempty interior
determines a fan. The construction is elementary. Choosmaip the interior,
which for convenience we take to be the ori§inThe setvp is defined as the
set of extreme points of the polyhedron. TheEgtonsists of pairs of extreme
points that are joined by an edge of the polyhedron. The pairkp) is a fan
(Figure 5.5). This section describes this constructioreirail

5.4.1 background on convex sets

We begin with a review of basic terminology abofiirge and convex sets. The
material in this subsection appears in standard textbaokevexity [2], [48].

Definition 5.43 (affine set, &ine hull, d&ine dimension, finely independent,
hyperplane) [AJXYAWK] Recall that a seA c R" is affineif for everyv,w € A
and everyt € R,

tv+(1-thwe A
Recall that theaffine hullof P c R" (denoted &(P)) is the smallestfiine set

containingP. The affine dimensiorof P (written dim &f(P)) is card@) - 1,
whereS is a set of smallest cardinality such that

P c aff(S).

In particular, the fline dimension of the empty set4dl. A finite setS is
affinely independeritdim aff(S) = cardS) — 1. A hyperplanein R" is any set
of the form

{p:u-p=hj
where0 # u € R".

Definition 5.44(relative interior, closure, relative boundary) EDANAOL] Let
A be the d&ine hull of a seP c R". A pointp is aninterior pointof P if some
nonempty open baBB(p, r) is contained inP. A point p of P belongs to the
relative interiorof P if there is an open ball such thB{p,r)n A c P. Letri(P)
be the set of relative interior points. Thsureof P is the set

{p:Vr>0.B(p,r)nP =+ g
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The complement of i) in the closure oP is therelative boundanof P.

Definition 5.45 (face, facet, edge, extreme pointfQLITJET] Let P be a
convex set. Aaceof P is a convex sef such that for alz, w € P, the condition

dst sv+tweF, s>0 t>0 s+t=1

implies thatv,w € F. A faceF is properif F # @, P. An extreme points
an element € P such that{v} is a face (of &ine dimension zero). Ardge
is a face ofP of affine dimension one. Aacetof P is aproperface of dfine
dimension dim &(P) — 1.

Remark5.46 (convex background) [IMZOOUB] We assume as background
knowledge various basic facts about convex sets. For exaiifipt is convex
andP = (Ji_, Pi, wherer > 1, then

convAU P) = U convA U Pj).
i=1

Also, conv@A U conv(B)) = conv(A U B). Furthermore, ifA is convex, then
A = conv(A). An intersection of faces of a convex set is again a face.

Remark5.47 (dfine background) [XHAZTVI] Various particular facts about
affine sets come up. ¥ c R" is open, then dim@(U) = n. In particular,
we have dim#&(R") = n. At the other extreme dim&({p}) = 0. If S; C
S; ¢ R", then dim &(S;) < dim &ff(Sy). If Ais an dfine set ang ¢ A, then
dim aff(A) + 1 = dim aff(A U {p}). If Ais affine of dfine dimensiork and if B

is a hyperplane such th&tn B # @, thendim&(ANB) > k- 1. IfCisa
convex setAis an dfine set andJ c R" is a neighborhood g € C n A such
thatCnU = An U, thenA = aff(C).

Remark5.48 (polysemes) The terfaceoccurs in this book with two mean-
ings: the face of a hypermap and the face of a convex set. Thedntexts are
suficiently different that misunderstandings should be avoidable. Graghs,
permaps, fans, and polyhedra all haggesFans and hypermaps havedes
while polygons haveertices Polyhedra havextreme points

Lemma 5.49(Krein—Milman) [MUGGQUF] Every compact convex set®PR"
is the convex hull of its set of extreme points.

Proof See [48, Theorem 2.6.16]. m|
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5.4.2 background on polyhedra

The material in this subsection appears in standard tek&hon polyhedra.
We follow [48].

Definition 5.50(polyhedron) [QSRHLXB] A polyhedroris the intersection of
a finite number of closed half-spacesih.

Lemma 5.51 [LTHQIAA] An gfine setirR" is a polyhedron.
Proof See [48, Cor 1.4.2]. O

Lemma 5.52 [TZPUXZL] If A is a proper gine set inR", then there exists
u e R", withu # 0, and be R such thatu - p = b for all p € A. That is, every
proper gfine set is contained in a hyperplane.

Proof By Lemma5.51, thefine setA is a polyhedron and is thus contained
in a closed half-space defined by an inequalityp < ¢ for someu # 0 and

c. If u- p assumes at least two distinct values, then the image oftlime set

A under the map — u - p is the entire fine lineR, and the inequality is
violated. Henceuy - p is constant orA. O

A polyhedron is closed and convex. A bounded polyhedros faithin the
scope of the Krein—Milman theorem and is thus the convexdfulis set of
extreme points.

Let P c R" be a bounded polyhedron witlffiae hull A. Write

P=AnANn---NA, (5.53)

whereA" = {p : u;-p < &} with bounding hyperpland; = {p : u;-p = &}

for someu; € R" anda; € R. Assume that this representation is minimal in the
sense that none of the factoks may be omitted from the intersection (5.53).
LetFi=ANP.

Lemma 5.54 [CZZHBLI] Let Pc R" be a bounded polyhedron. Then

. Thefacetsof PareiFi=1,...,r.

. The relative boundary of P i - - - U F,.

. Every proper face is the intersection of the facets thataia it.

. Every face of a face of P is a face of P.

. A point is an extreme point of a face F if and only if it is atreme point
of P that is contained in F.

6. If F and F are two faces of P with meeting relative interiors, thes-F’.

abh wN PP
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Proof See [48, Thm 3.2.1] for the first three conclusions. See [#&.6.5]
for the proof of the fourth conclusion.

An extreme point singleton df is a face ofP (of dimension zero) by the
fourth conclusion. Hence, every extreme pointFofis an extreme point of
P. Conversely, a face d? in F is a fortiori a face ofF. This gives the fifth
conclusion. See [48, Cor 2.6.7] for the final conclusion. m]

Corollary 5.55 [QOEPBID] A face of a polyhedron is itself a polyhedron.

Proof By Lemma 5.54, each facet is defined by a system of linear elequ
ties. (See Lemma 5.51.) A proper face is an intersection néfrmany facets,
and is therefore given by the conjunction of the inequaitefining the vari-
ous facets. m]

Lemma 5.56 [HNHTBYW] If P is a bounded polyhedron of positivgiane
dimension with facets ..., F, andife # A c P, then

r
P= U convAU Fy).
i=1
Proof Chooseu € A. Then
r r
U convul UFj) c U convAUF) c P.
i=1 i=1

Hence, it is enough to show that amye P, with v # u, lies in one of the sets
on the left. By the boundedness®fthe ray 4. {u, {v}) meetsP in an interval

conu, w}, wherew lies on the relative boundary ¢. By Lemma 5.54, in
fact,w lies in a facef;. This gives

v € conju, w} c conv({u} U F).
m|

Lemma 5.57 [LRXWHZC] Let S c R" be a finite set. Then P conv(S)
is a polyhedron. Assume moreover that S is gimely independent set with
cardinality at least two. Then S is the set of extreme poifhis &urthermore,
F is a facet of P if and only if = conv(S \ {u}) for someu € S.

Proof The proofis left to the reader. m]

Lemma 5.58 [NEHRQPR] Let P be a bounded polyhedron wiltas an inte-
rior point. Let F and P be proper faces of P; lgt € F andp’ € F’; and let t
and t be positive scalars such thapt=t'p’. Then t=t".
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Proof The faced-, F’ are subsets of facets Bf We may assume without loss
of generality that- andF’ are themselves facets. Without loss of generality,
assume for a contradiction that> 1 andt’ = 1. Thentp = p’ € P. By
Lemmab5.54F = An P,whereA={q : q-u = a} for someu anda. Also,

CipjnP=con0,p}={q : 0<qgq-uc<al
In particulartp ¢ P fort > 1. This contradiction gives= t'. O
The following lemma is similar.

Lemma 5.59 [ODIGPXU] Let P be a bounded polyhedron with facets F and
F'.Letpe F,p" € F',po € P,andpo ¢ F UF’; and let t and t be positive
scalars such that

(I1-tpo+tp=(1-t)po+t'p'.
Thent=1t.

5.4.3 fan and polyhedron

We finally deliver our promise of showing that a fan can be aisded with a
bounded polyhedron (Figure 5.5). Here is the definition efgbtVp of nodes
and setp of edges.

Figure 5.5 [LSGYGPA] A bounded polyhedroi, its fan /p, Ep), and the
face permutation of the front half of its hypermap hyg(Ep). The set of
facets ofP is in bijection with the set of topological componentsY§¥p, Ep)
and with the set of faces of the hypermap. The set of edgesiofjeedacet
F of P is in bijection with (the set of darts in) the correspondingd of the
hypermap.

Definition 5.60(Vp, Ep) [ZMQQFUP] Let P be a bounded polyhedron. L'és
be the set of extreme points Bf Let Ep be the set of pairés, w} of extreme
points such that corpv, w} is an edge oP.
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Lemma 5.61(fan of a polyhedron) [JLIGZGS]Let P be a bounded polyhe-
dron inR3 with the interior point0. Then(Vp, Ep) is a fan.

Proof The properties of a fan can be checked one by one. By the Krein—
Milman lemma, the sé¥p of extreme points is nonempty. By Lemma 5.54, the
polyhedron has finitely many faces, so tNatis finite. Since0 is an interior
point, it does not meet any proper face. This implies thétVp and that for

all e € Ep, 0 ¢ conve).

Suppose for a contradiction thaat, w} € Ep and thatv andw are parallel.
As 0 ¢ convf), some relation has the forsv = tw for somes;t > 0. By
Lemma 5.58s =t andv = w, which is contrary to the definition of edge as a
face of dimension one.

Finally, we check the intersection propef@ye) N C(¢’) = C(e n¢’). By
Lemma 5.58,

C(e) nC(¢') = {0} U {tp : p € convl) nconvE’) andt > O}.

The sets con) and conv{’) are both faces oP. The intersection is again a
face of P and hence the convex hull of its set of extreme points; thahes
convex hull ofe N ¢’. Thus,

Ce)nC(e") ={0tuftp : peconvene’)}=Clene).
Thus, all the defining properties of a fan are satisfied. m|

We can relate the combinatorial properties of polyhedrahéatopological
properties of the fan.

Lemma 5.62 [AMHFNXP] Let P be a bounded polyhedronk? with 0 as an
interior point. Let(Vp, Ep) be the associated fan. There is a bijection between
the facets of P and the topological components(®pYEp), given by

FW:={tp : peri(F), t>0}.

Proof Itis enough to check the following claims abof.

WE is connectedindeed, by Lemma 5.54, the relative interior of a convex
polyhedron is the intersection of affiae set with open half-spaces, which is
the intersection of convex sets, and is therefore convex sehrif) is convex
and is therefore connected. The positive half-line {t : t > 0} is also
connected. The continuous image of the connected $€t xi( of these two
sets isWg. Hence Wk is connected.

The set W is openlindeed, this is a standaegargument. LeA be the &ine
hull of F. For anyp € ri(F), selectr > 0 such thatB(p,r) n A c ri(F).
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Selectr’ > 0 and 0< € < 1 such that for allq € B(p,r’), there existd
such thatt| < e and (1+ t)q € A. After shrinkingr’, if g € B(p,r’), then
(L+1t)qg e B(p,r)NnAcri(F). Thatis,B(p,r’) c Wr. Hence Wk is open.

The sets W are pairwise disjoint, and the map k> W is one-to-one.
Indeed, select any two faces F’ for which W N W # @. That is, there
existp € ri(F), p’ € ri(F’), andt,t’ > 0 such thatp = t' p’. By Lemma 5.58,

t =t andp = p’ € ri(F) n ri(F’). By the final statement of Lemma 5.54, this
implies thatF = F’.

The union of the sets s Y(Vp, Ep). Indeed, select any € Y(Vp, Ep). As
Olies in the interior of the bounded polyhedron, we may respdly a positive
scalart so thatt p lies in the boundary oP, and hence (by Lemma 5.54) in a
facetF. If t p € ri(F), thenp € W, as desired. Otherwiskp lies in the relative
boundary ofF. The facets of a three dimensional polyhedron have dimansio
two, and the facets forming the relative boundaryrohave dimension one.
These faces are edgeshdfThus tp lies in an edge o, so thaip € X(Vp, Ep),
which is contrary to the assumption thm€ Y(Vp, Ep). The claim ensues.

It follows that the set¥Vk are the topological components¥Vp, Ep). O

The following lemma shows that the favi{, Ep) is completely surrounded.
Hence, by Lemma 5.42, all of the properties of conformingfliom the pre-
vious section apply to this fan.

Lemma 5.63 [BSXAQBQ] Let P be a bounded polyhedron wiltas an inte-
rior point. Thenazim(x) < x for every dart x in the hypermdpyp(Vp, Ep).

Proof The resultis a consequence of the lemma that follows. O

Lemma5.64 [FLVNSME] Let P be a bounded polyhedron with interior point
0. Letv be an extreme point of P. Let A be an open half space whose lmund
plane contain® andv. Then there exists an extreme poinbf P, such that
w € A andconyv, w} is an edge of P.

Proof Use the definition of extreme point, to choose a half space
p:u-p<h}oP

where equality holds for a poimt € P if and only if p = v. Since0 is an
interior point of P, we may assume thag > 0.

Let Vp be the set of extreme points Bf Selectb] with 0 < b} < by such
that

{p:uL-p=bi}NVpe=i{v}
Let P" be the polyhedroR N {p : uz-p = b}}.
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We claim that there exists an extreme painof P’ in A. Indeed, nead we
can find a point

peANPN{p : ui-p<bi}
Then conyp, vin P’ is a nonempty subset & In particular P’ meetsA. Since
P’ is the convex hull of its extreme points, some extreme peintf P’ is an

element ofA.
Use the definition of extreme point, to choose a half space

p:ru-p<byoP,

where equality holds for a poipte P’ if and only if p = w’. By adjusting the
parametersu, bz) by a multiple of (11, b}), we may assume without loss of
generality thati, - v = b,.

If p € P, there existp’ € P’ andt > 0 such thap = v + t(p’ — v). Then

Uz-p=uz-(V+t(p’' - V)
=Dy +t(uz - p’ - bp) < by,
where equality holds if and only ff = v + t(w’ — v). It follows that
p:uz-p=h}nP

is an edge oP containingv andw’. Letw # v be an extreme point of this
edge. This extreme point satisfies the conclusions of thenlem m|

We can relate the combinatorial properties of the polyhedoadhe combi-
natorial properties of the hypermap.

Lemma 5.65 [WBLARHH] Let Pc R® be a bounded polyhedron with interior
point 0. The facets of P are in bijection with the faceshgp(Vp, Ep), under
the correspondence

F o F’ifand only if W = Ug..

Proof By the (uection) property of conforming fans, the faces of the hyper-
map are in bijection with the se¥] of topological components of (Vp, Ep).
The facets oP are also in bijection withY], by Lemma 5.62. m]

Lemma 5.66 [CFYXFTY] Let P c R be a bounded polyhedron with inte-
rior point 0. Under the bijection F~ F’ of Lemma 5.65, there are bijections
among the following three sets:

1. the set of edges of the facet F;
2. the face Fofhyp(Vp, Ep);
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3. asubset Eof edges of the fafVp, Ep):
E: = {e € Ep : C°(e) meets the closure ofdJ).

Proof It is suficient to give bijections of the first two sets oniq. Let
hyp(Vp, Ep) = (D, e n, f). Let F be a facet oP and letF’ be the correspond-
ing face of hyp¥/,, Ep). Write U for the closure ofM = Ug.. As the closure
of a convex sety is convex. In fact, whenever w € U, thenC{v,w} c U.

By the construction oEp, there is an injective map from the set of edges
of F to Ep that sends each edge Bfto its sete = {v, w} of extreme points.
We claim that this injection sends (1) intq.Endeed, the extreme pointsw
belong toF c U and by convexity and rescalinG®{v, w} c U as well.

We claim that this map sends (1) onte. Ehdeed, lete’ € E; and letp €
Co%) n u. Letq : N — Wk be a sequence converginggoBYy rescaling the
seguence, we may assume ttyat N — ri(F) convergest@’ € FmCO(e’)mJ.
This limit lies in X(Vp, Ep), and thus in the boundary &f, which is a union of
edges. We obtaip’ € conve n CO(¢’), wheree is the set of extreme points of
an edge of-. By the (ntersecTioN) property of fansg = ¢’. This shows that
the map sends (1) ontey.

Next, we construct a bijection frof’ to E;. There is a map frork’ to Ep
given byx = (v,w) — {v,w}.

This map is injectiveOtherwisey = ex € F’ for somex € F’. By the
simplicity of conforming fans (Lemma 5.28), the two daytand fx in the
same face and the same node are eqisal= ex = elx = nfx, giving a
fixed point fx under the node map. By the definition of the node map on
hyp(Vp, Ep), this forces edge sé&(w) to contain at most one element, which
is contrary to the fact that every azimuth angle of the daltds thanr in a
conforming fan.

The image is contained in;Elndeed, ifx = (v,w) € F’, thenx at nodev
leads intoUg, and fx at nodew leads intoUg., which givesv,w € U and by
convexity and rescaling;{v,w} c U.

Finally, we claim that the map from (2) to;Es onta Let {v,w} € E; and
write x = (v, w) andy = (w, v). Fix q € C%v, w}nU. The proof of Lemma 5.23
constructs a neighborhood@that is a subset df U UyuCO{v, w}. The topo-
logical componentg: meets that neighborhood, forcing it to equal a topolog-
ical component, or Uy. SayUy = Ug.. By the property §uection) of con-
forming fans (Definition 5.26)x € F’. It follows that{v, w} € E; is the image
of xe F’. O
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Packing

Summary. This chapter comprises much of the core material of the book.
At last we take up the topic of dense sphere packings. Adedaidth a
sphere packing V i3 are various subsidiary decompositions of space.
This chapter focuses on three such decompositions: thengbdecom-
position into polyhedra, the Rogers decomposition intqtices, and the
Marchal decomposition into cells. Each of these decomjpositeads to

a bound on the density of sphere packings. The bounds in gigvio
cases are not sharp. The third decomposition leads to a sharmd
n/V18 on the density of sphere packing in three dimensions. The fina
sections of this chapter undertake a detailed study of tbpgaties of the
Marchal cell decomposition.

6.1 The Primitive State of Our Subject Revealed
6.1.1 definition

Informally, apackingis an arrangement of congruent balls in Euclidean three
space that are nonoverlapping in the sense that the irdesfathe balls are
pairwise disjoint. By convention, we take the radius of tbegruent balls to
be 1. LetV be the set of centers of the balls in a packing. The choice ibf un
radius for the balls implies that any two points\ihhave distance at least 2
from each other. Formally, the packing is identified with $le¢ of centery.

A packing in which no further balls can be added is said tsa®rated
(Figure 6.1).
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e <

Figure 6.1 [DEQCVQL] A random packing of disks iit? and a saturated ex-
tension.

Definition 6.1 (saturated, packing) [XASMJUK] [packing «» packing]
[saturated «» saturated] A packing Vc R?is a set such that

Yu,veV. Ju-v| <2= (u=v).

A setV is saturatedif for every p € R3 there exists soma € V such that
lu-pl <2.

Let B(p,r) denote the open ball in Euclidean three-space at cgnterd
radiusr. The open ball is measurable with measure®43. SetV(p,r) =V n
B(p,r). [ball «» ball] [V(p,r) e~ V INTER ball(p,r)]

Lemma 6.2 [KIUMVTC] [formal proof by Nguyen Tat Thang]. Let
V be a packing and lgi € R3. Then the set {p, r) is finite.

Proof Letp = (p1, p2, p3)- The floor function gives the map
(V1,V2,V3) = (12(v1 — p1)], [2(v2 — p2) 1. [2(v3 — p3))).

Itis a one-to-one map froM(p, r) into the seZ3nNB(0, 2r+1). By Lemma 3.28
the range of this one-to-one map is finite. Hence, the dowiginr) of the map
is also finite! O

6.1.2 Voronoi cell

Geometric decompositions of space give a way to estimatedé¢msity of
sphere packings. A popular decomposition of space is thervrcell de-
composition (Figure 6.2).

Definition 6.3 (Voronoi cell,QQ) [YGFWXEH] [Q «» voronoi_closed] Let
V c R®andv € V. TheVoronoi cellQ(V, v) is the set of points at least as close
to v as to any other point iN.

1 An alternative proof uses the open cover of the compactli(allr) by the setsﬁ(p, r)\Vand
B(v, 1) forv € V. By compactness, the cover is necessarily finite.
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Figure 6.2 [XOHAZWO] Voronoi cells of a packing ifR?.

Lemma 6.4(Voronoi partition) [TIWWFYQ] If V is a saturated packing, then
R? = U{Q(V, V) veV) (6.5)

Proof If V is a saturated packing, then every pginthas distance less than
2 from some point o¥/. The setV(p, 2) is finite by Lemma 6.2. Hence, is
at least as close to somee V as it is to any othew € V. This means that
p € Q(V,v). m|

We use half-spaces to separate one Voronoi cell from another
Definition 6.6 (half-space) [BGXHPKY] [A «v» bis] [A, «» bis_le]
AU, v) = {peR® : 2(v—-u)-p = [V|* - ul?},
Auv)={peR® : 2v—u)-p < |VI® - Jul?),

whenu,v € R3. The planeA(u, v) is thebisectorof {u, v} andA, (u, V) is the
half-spaceof points at least as close toas tov.

Each Voronoi cell is a bounded polyhedron.

Lemma 6.7 (Voronoi polyhedron) [RHWVGNP] Let V c R® be a saturated
packing. Ther2(V, v) c B(v, 2). Also,Q(V, V) is a polyhedron defined by the
intersection of the finitely many half-spaceq\ u) for u € V(v, 4) \ {v}

Proof The Voronoi cell)(V, v) is the intersection of the half-spac&s(v, u)
asu runs ovew \ {vj}.

Letp ¢ B(v,2). By saturation, there exists € V such that|p - u| < 2.
Then

[p—ul <2< |p-vVl.
Hencep ¢ Q(V, V). This proves the first conclusion.

Let Q' be the intersection of the half-spad®gv, u) asu runs oveN/ (v, 4).
Clearly, Q(V,v) c Q. Assume for a contradiction thate Q' \ Q(V,v). The
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intersection of the rayf®, {v, {p}} with Q(V, v) is a closed and bounded convex
subset of the line. By general principles of convex sets, ititersection is an
interval conyv, p’} for somep’ € Q(V, V) c B(v, 2). For some smatl > 0, the
point lies beyond the interval but remains within the ball:

g=Q+tp —tve (Bv,2)NnQ)\ QV,v).
Chooseau € V \ V(v,4) such that] € A, (u, v). By the triangle inequality,
lu-vl<ju-ql+Iv-al <2lv-ql <4

This contradicts the assumptiang V(v, 4).

The number of half-spacés, (v, u) for u € V(v, 4) is finite by Lemma 6.2.
A set defined by the intersection of a finite number of closdfidpaces is a
polyhedron. O

Lemma 6.8 (Voronoi compact) [DRUQUFE] [formal proof by Nguyen
Tat Thang]. LetV be a saturated packing. For everye V, the Voronoi
cell Q(V, v) is compact, convex, and measurable.

Proof By the previous lemma, it is a bounded polyhedron. Every dedn
polyhedron is compact, convex, and measurable. O

6.1.3 reduction to a finite packing

We finally state the main result of this book, the Kepler conjes. The proof
fills most of this book. This section describes the outlinthefproof and gives
references to the sources of the details of the proof.

Theorent 6.9(Kepler’s conjecture on dense packing§)I JEKNGA] [Kepler
conjecture «v» kepler_conjecture]No packing of congruentballsin Eu-
clidean three space has density greater than that of the-fac¢ered cubic
(FCC) packing.

Remark6.10 [LLFORJR] This density ist/V18 ~ 0.74. There are other
packings, such as the HCP or the FCC packing with finitely mizadis re-
moved, that attain this same density.

The Kepler conjecture is a statement about space-fillingipgs. A space-
filling packing is specified by a countable number of real diowates — three
for the position of each of countably many balls. The firsktasesolving the
conjecture is to reduce the problem to one involving only d@dinumber of
balls. This is accomplished by Lemma 6.13.
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The relevant concepts anegligibility andFCC-compatibility given as fol-
lows. FCC-compatibility means that the Voronoi cells onrage have volume
at least that of those in the FCC-packing. Negligibility mgdhat the error
term is insignificant.

Definition 6.11(negligible, FCC-compatible) [ZREKEVW] [FCC compatible
«v» fcc_compatible] [negligible «v» negligible_fun_ 8] A function
G :V — RonaseV c R?is negligibleif there is a constant; such that for
allr >1,
G(v) < ar?.
veV(0,r)

A functionG : V — R is FCC-compatiblef for all v € V,
4V2 < vol(Q(V, V) + G(v).

Remark6.12 [RTMZJIVG] The value volQ(V,V)) + G(v) may be interpreted
as anadjustedvolume of the Voronoi cell. The constant/2 that appears in
the definition of FCC-compatibility is the volume of the Vo cell in the

HCP and FCC packings. (See Chapter 1.) The corrected vokiatdeéast the
volume of these Voronoi cells when the correction t&ns FCC-compatible.

The densitys(V, p, r) of a packingV within a bounded region of space is
defined as a ratio. The numerator is volumeBg¥, p, r), defined as the in-
tersection withB(p, r) of the union of all ballsB(v, 1) in the packingv. The
denominator is the volume &ip, r).

Lemma 6.13(reduction to finite dimensions) [JGXZYGW] [formal proof
by Nguyen Tat Thang]. Ifthere exists a negligible FCC-compatible func-
tion G : V — R for a saturated packing V, then there exists a constant(V)
such that for all r> 1,

5(V,0,r) < n/\/FH c/r.

Proof The volume ofB(V, 0, r) is at most the product of the volume /8 of
each ball with the number of centersB(0, r + 1). Hence,

vol B(V, 0, r) < card{(0,r + 1)) 4r/3. (6.14)

Each truncated Voronoi cell is contained in a ball of radidk&? is concen-
tric with the unit ball in that cell. The volume of the largellbB(0, r + 3) is at
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least the combined volume of all truncated Voronoi cellsgersd inB(0, r +1).
This observation, combined with FCC-compatibility and ligghility, gives

A2 cardy@r + 1)) < Y. (G(V) +vol(Q(V, v))
veV(0,r+1)
< cy(r + 1% + vol B(O,r + 3)
< cy(r + 1% + (1 + 3/r)%vol B(O, r).
Recall that(V, 0,r) = vol B(V, 0, r)/vol B(0, r). Divide Inequality 6.14 through
by vol B(0, r). Use Inequality 6.15 to eliminate caxdQ, r + 1)) from the re-
sulting inequality. This gives

(6.15)

g (r+1)
S(V,0,r) < —(1+3/r)°+c——=.
V18 Y1342
The result follows for an appropriately chosen constadepending ort;).
m]

Remark6.16 (Kepler conjecture in precise terms)JZHIQGGN] The precise
meaning of thesphere packing probleror the Kepler conjecturds to prove
the bound bound(V,0,r) < 7/V18 + c/r for every saturated packing. The
error termc/r comes from the boundanyfects of a bounded container hold-
ing the balls. The error tends to zero as the radiud the container tends
to infinity. Thus, by the preceding lemma, the existence oégligible FCC-
compatible function provides the solution to the packinggbem. The strategy
is to define a negligible function and then to solve an optatian problem in
finitely many variables to establish that the function i##€C-compatible.

6.2 Rogers Simplex

Rogers gave a bound on the density of sphere packings indeaclispace of
arbitrary dimension [36]. His bound states that the dendity packing inn-
dimensions cannot exceed the ratio of the voluma@fT to the volume ofT,
whereT is a regular tetrahedron of side length 2 @&nid the set oh+1 balls of
unit radius placed at the extreme pointsTofin two dimensions, the Rogers’s
bound is sharp and gives a solution to the sphere packindgmmoln three di-
mensions the bound is approximately 97, which dffers significantly from
the optimal valuer/V18 ~ 0.74. Rogers’s bound is the unattainable density
that would result if regular tetrahedra could tile spAce.

2 Aristotle erroneously believed that regular tetrahedeasjpace: “It is agreed that there are

only three plane figures which can fill a space, the triangle sguare, and the hexagon, and
only two solids, the pyramid and the cube.” [1].
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To prove his bound, Rogers gives a partition of Euclideartspato sim-
plices with extreme points in a packihg This section develops the basis prop-
erties of Rogers simplices. The next section modifies thelges to obtain a
sharp bound on the density of packings.

6.2.1 faces

The Rogers partition is a refinement of the Voronoi cell degosition. In
preparation for this decomposition, this subsection goés greater detalil
about the structure of the faces of a Voronoi cell. We paranm various faces
of the Voronoi cell by lists of points in a saturated pacKih@Figure 6.3).

Uz Uz
[ ]

V. Tuo)) OV, [Ug; us]) (V. [Uo: Ug; U])

uz

Figure 6.3 [KFETCJS] We use lists io; - - - ; U] of points in a packing to
select a Voronoi cell (shaded), one of its edges (thick segynend one of its
extreme points (white dot). For simplicity, we illustrateettwo-dimensional
analogue.

Definition 6.17(Q reprise) [BBDTRGC] [Q(V, W) «» voronoi_set] [Q(V,U)
«» voronoi_list] LetV be a saturated packing. The notat{e¢V, =) can be
overloadedo denote intersections of Voronoi cells, when the secogdraent
is a set or list of points. W c V, then the intersection of the family of Voronoi
cells isQ(V, W):

QW) = (T JiQV.u) 1 ueW).
DefineQ on lists to be the same as its value on point sets:
Q(V, [uo; - . s uk]) = V. {uo; . ... ; uk}).
An intersection of Voronoi cells can be written in many egént forms:
QV,v)NQV,u) = Q(V, {u,v}) = QV,v)NA (U, V) = QV,V)NAU,V) = -+ .

Definition 6.18(V) [NOPZSEH] [V(K) «» barV] LetV be a saturated pack-
ing. Whenk = 0,1, 2,3, letV(k) be the set of listsl = [up; .. .; uk] of length
k + 1 with u; € V such that

dim aff(Q(V, [U; ... ;uj])) =3 | (6.19)
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forall 0 < j < k. (Recall that dim &(X) is the dfine dimension oX from
Definition 5.43.) SeV (k) = @ for k > 3.

In particular,V can be identified witl/(0) under the natural bijection —
[v], andV(1) is the set of listsy; v] of distinct elements such that the Voronoi
cells atu andv have a common facet (Lemma 6.23).

Notation6.20 (underscore) The underscores follow a special syaik),
the underscore is a function

__:{V : V saturated packing« N — .

The syntax is somewhatféierent inu. Here the underscore is not a function,
but part of its name, following a general typographic coriento mark lists
of points. The notations are coherent becauseV (k).

Notation6.21 @;u) [INRIQSM] [dju «» truncate_simplex] Whenu =
[Uo;...;u] andj <k, write dju = [uo; .. .; u;] for the truncation of the list.

Truncationu — dju mapsV(K) to V(j) whenj < k. Beware of the indexk
is thecodimensiorof Q(V, u) in R3, whenu € V(K); it is not thelengthof the
list u (which isk + 1).3

Lemma 6.22(Voronoi face) [KHEJKCI] LetV c R® be a saturated packing.
Letu = [uo;...; ux] € V(K). ThenQ(V, u) is a face of2(V, ug).

Proof This follows directly from the definition of face on page 13he set
Q(V,u) is an intersection of the convex s&V, u;) and is therefore convex.
Also, Q(V, u) is the intersection 0£)(V, up) with the planesA(uo, u;), where

i > 0. Letp,q € Q(V,up) and assume

p'=sp+tqeQMV,u), forsomes>0, t>0 s+t=1

Thenp’ € A(ug, u;). Each planeéi(ug, u;) is a face of the corresponding half-
spaceA, (U, uj) containingp andq. By the definition of facep, g must also
lie in A(uo, u;). It follows thatp, q also lie inQ(V, u). By the definition of face,
Q(V,u) is a face ofQ(V, ug). O

Lemma 6.23(facets) [IDBEZAL] Let V c RS be a saturated packing. Let
u € V(k) for some k< 3. Then F is a facet a2(V, u) if and only if there exists
v € V(k + 1) such that F= Q(V,v) and dv = u.

Proof Use Lemma 6.7 to write the polyhedrox{V, u) in the form of Equa-
tion 5.53:
Q(V,u) = AN A(v1,Ug) N --- N AL(Vr, Ug),

3 By convention &-simplex is presented aska+ 1-tuple. Because of this shift by one, the
notationd;u also difers by the same shift.
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whereA is the dfine hull of Q(V, u), v; € V, whereA_(v,w) = A,(w, V) with
the signst chosen as needed, an as small as possible. By Lemma 5.54, if
F is any facet of)(V, u), then there exists an< r such that

F = Q(V,u) N Avi, Ug) = Q(V, V),
wherev = [ug; - - - ; Uk; Vi] is the list that appends to u. Also,
dim af(Q(V, v)) = dim af(F) = dimaf(Q(V,u)) - 1=3-k-1,

becausd- is a facet. It follows thav € V(k + 1). This proves the implication
in the forward direction.

To prove the converse, lgte V(k + 1), wheredyv = u. Elementary verifi-
cations show tha®(V,v) c Q(V, u) and that this set is nonemptykf< 3. By
Lemma 6.22 and Lemma 5.54(V, v) is a face of2(V, u). By the definition of
V(),

dimaf(Q(V,v)) = 3 - (k+ 1) = dim aff(Q(V, u)) — 1.

It follows thatQ(V, v) is a facet ofQ(V, u). m]

6.2.2 partitioning space

Each Rogers simplex is given as the convex hull of its set tkexe points.
The extreme points(d;u) are defined by recursion.

Definition 6.24(w) [JJGTQMN] [wk <~ omega_listn] [w «» omega_list]
Let V be a saturated packing and let= [uo;...] € V(K) for somek. Define
pointsw; = w;(V, u) € R3 by recursion ovej < k (Figure 6.4).

wo = Uo,

wis1 = the closest point ta; on Q(V, dj;1u).
Setw(V,u) = wk(V,u), whenu € V(K). The setV is generally fixed and is
dropped from the notation.

The pointw(u) exists wheru € V(k). Indeed, the se®(V, u) is nonempty,
convex, and compact. Thus, by convex analysis, the closast p(u) exists
uniquely.

The pointwy depends oml through its projection talu so that

wk(U) = wi(dku) = w(dk).
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Figure 6.4 [HFFTUNW] The pointsw; are constructed in a nested sequence
of faces of a Voronoi cell. For simplicity, we illustrate thgo-dimensional
analogue. The hexagon is a Voronoi cell abagéindw; = w;j(V, [Uo; U1; Uy]).

Definition 6.25 (R, Rogers simplex) [PHZVPFY] [R «» rogers] LetV c
R be a saturated packing. For V(K), let

R(u) = confw(dou), w(diu), ..., w(dku)}.
The setR(u) is called the Rogers simplex af

Each Voronoi cell can be partitioned into Rogers simpli¢égire 6.5).

Figure 6.5 [BUGZBTW] The Rogers partition of a packing. For simplicity, we
illustrate the two-dimensional analogue. Heavy edgesauet$ of Voronoi
cells. The Rogers simplices that are not right triangleshealed.

Lemma 6.26(Rogers decomposition)[GLTVHUM] For any saturated packing
V cR3, andanyug € V,

OV, uo) = | JIRW) : v e V(3), dov = [ug]}. (6.27)
Consequently,

R*=| JIRW) : veVE):
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Proof The proof uses standard facts about convex sets and podyfrean
Section 5.4.

By the covering ofR3 by Voronoi cells by (6.5), it is enough to show that
each Voronoi cell is covered by Rogers simplices.

Letu € V(j) for j < 3. Consider the following set:

Nz{keN: j<k<3, QMVu) = conv(OkuQ(V,g)},

veV(k), djv=u
whereOk = {w(djy), ceey w(dk_lw}.
We claim N= {j, ..., 3}. Indeed, to see thgte N, we note that

Q(V,u) = convQ(V, v)),

which holds by the convexity of the polyhedrV, u). We assume th&te N
and consider the membership conditionhfor k + 1. We may assume that
k+1<3.Then

conv(Oi1 U Q(V, V)
veV(k+1), djv=u
= U convOx U conv{w(d)} U Q(V, v)))
veV(k+1), djv=u

= U J  convOcu convlu(dw)) U Q(V.v)))
weV(K), djw=u, veV(k+1), dv=w

= U conv(Ox U Q(V, w))

weV(K), djw=u

= Q.

The induction hypothesis is used in the last step. This mhvel € N, and
induction givesN = {j, ..., 3}.

Consider the extreme cage- 0 andk = 3. The sef)(V, v) reduces tdw(Vv)}
and the convex hull becomes

convOx U Q(V,V)) = RW)
whenv € V(3). This gives

OV, uo) = | JIRW) : v e V(3), dov = [ud]} (6.28)
This proves the lemma. m|

Although the Rogers simpldR(u) need not determine the paramaidFig-
ure 6.6), the intersection of twoftierent Rogers simplices is a null set.
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’
Uz u;
[ ) [ )
w1 w2
R
uz
°
wo=Ug

Figure 6.6 [ELMXAFH] Two different parametens, v € V(k) can determine
the same Rogers simpléu) = R(v). In this exampley = [uo; Us; Uz] and
Vv = [Uo; Ug; Uj].

Lemma 6.29(Rogers disjoint) [DUUNHOR] Let V be a saturated packing and
letu,v € V(3) be lists such that @) # R(v). Then the intersection

R(u) N R(v)
is contained in a plane (and hence has measure zero).

This result and the previous lemma show that the simplR{@3 partition
Euclidean three-space.

Proof We may assume that théfime dimension oR(u) is three, for other-
wise R(u) is contained in a plane. Similarly, we may assume that thinea
dimension ofR(v) is three.

Letu = [up;...] andv = [vp; .. .]. Let k be the first index such that

QV, [ug; ...;uk]) # Q(V, [Vo; ...; VK])-

Such an index k existindeed, the definition of points(di;u) depends on
u only through the set®(V, d;u). Hence,R(u) # R(v) implies that the two
sequence8(V, ) must difer at some index. We havg(u) = wi(v), fori < k.
Selectw € R(u) N R(v). Write

3 3 3 3
W= Z Sjwj(u) = thwj(D, Wherez Sj = th -1
=0 j=0 j=0 =0

Seto; = Z:j;:i Sj.

We claim that s= tj, andoj.1 = Z?:Hl tj, fori =0,...,k— 1. Indeed, the
proof is an induction o Assume that the claim holds for all indices less than
i so that

3 3
2. siwi) = ) tiwiw).
j=i j=i
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We apply Lemma 5.59 to the points

3 3
= () = wr _ S ) i
Po = wi(W) = wi(V), p—éﬂ;iw,@), P —éﬂ;ian@)

in the polyhedrom®2(V, [uo; . . .; u;]) to obtain the induction steg = t;.
Let

Q" =QV,[ug;...;ux]) N QV, [Vo;...;Vk]) = QV, [Uo; ... ; Uk k).

The claim implies that
13 13
- ]Z; Siwi(W) = jz;tjwj(w eq.

It follows that the intersectioR(u) N R(v) lies in the convex hulC of

{w([Uo]), ..., w([Uo; ... Uk-1])}

andQ’. The setY’ lies in a facet oK)(V, dku). Hence, the fiine dimension of
Q' isatmost 3-k—1 = 2-k. In general, if a sef has dfine dimensiom, then
the dfine dimension of conyp} U A) is at mostr + 1. It follows that the &ine
dimension ofC is at mosk + (2 — k) = 2. The intersection is thus contained in
a plane. m|

6.2.3 circumcenter

The extreme points of a Rogers simplex are closely relatéldet@ircumcen-
ter of various subsets &f. This subsection develops the connection between
Rogers simplices and circumcenters.

Definition 6.30 (circumcenter, circumradius) [IFLFHKT] [circumcenter
«» circumcenter] [circumradius «» radV]LetS c R". A pointpis a
circumcenterof S if it is an element in the ffine hull of S that is equidistant
from everyv € S. If S has circumcentgy, then the common distande — v|
for all v € S is thecircumradiusof S.

The circumcenter comes as a solution to a system of lineaatieqs. We
pause to review a standard result from the theory of linegelak, asserting
the existence of a solution to a system of equations. Réwlktfinite sef is
affinely independerit dim aff(S) = card@S) — 1. [affinely independent
«v» "affine_dependent s]
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Lemma 6.31(linear systems) [QXSKIIT] LetS = {vqp,...,Vm} € R"be an
affinely independent set of cardinality+l. Then every system of equations

p-(vi—vg)=bi—hy, fori=1,...,m
has a unique solutiop that lies in the gine hull of S.

Proof This is a standard result from linear algebra. We sketch affioo the
sake of completeness.

Letw; = v;j—vp and replacé; —by with b;. The lemma reduces to the follow-
ing claim. LetS’ = {w,...,wWn} be alinearly independensget of cardinality
m. Then every system of equations

p-wi=»h, fori=1...,m

has a unique solution ip that lies in the linear span & .
A solution is uniquelndeed, the dferencep = p’ — p” = Y, sw; of two
solutionsp’, p” satisfies

IpI?=p-p=> sw-(p'-p") =) s(-b)=0.
It follows thatp = 0 andp’ = p”. This proves uniqueness.

Let W be the linear span ofiy, ..., wn. The image of the mag/ — R™,
p (p-wi,...,p-Wp)is alinear space and is therefore diiree set.

A solution exists; that is, the image is all B. Otherwise, by Lemma 5.52
some equation must hold; that is, there exis#s 0 such thau-q = b for every
pointq in the image. A9 lies in the imageb = 0. Writep = Y, uyw; € W and
letg € R™ be the image op € W. Then

IpI?=p-p=> u(P-w)=u-q=0.
Thusp = 0 so thatu = 0. We have reached a contradiction. O

Lemma 6.32(circumcenter exists) [0APVION] Let S c R" be a nhonempty
affinely independent set. Then there exists a unique circuiecens .

Proof A pointp is a circumcenter if and only if it is a point in théfiae hull
of S that satisfies the system of equations:

2 2 L
Ip—vil* = 1p - Vol~*, i=i,....,m

Equivalently,
p - (Vi — Vo) = by — by, i=1,...,m,

whereb; = |v;|?/2. By Lemma 6.31, this system of equations has a unique
solution. O
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The following lemma describes the structure of tfigna hull of a face of
a Voronoi cell. It describes thdfime hull as an intersection of half-spaces and
shows that it meetsfifS) orthogonally at the circumcenter &f

Lemma 6.33 [MHFTTZN] Let V be a saturated packing and let«k 3. Let
S ={uo, ..., Uk}, whereu = [up, ..., Ux] € V(K). Then

1. dimaf(S) = k. (In particular,carduo,...,u} = k+ 1, and S is ginely
independent.)

2. aff Q(V,u) = Nk, A(uo, uj).

. aff Q(V, u) N aff(S) = {q}, whereq is the circumcenter of S.

4. (aff Q(V,u) — q) L (aff(S) — q), where X— q denotes the translate of a set
X by—-q, and(1) is the orthogonality relation.

w

Proof The proofis by induction oR.

The lemma holds when%x 0. Indeed,Q(V, ug) contains an open ball cen-
tered au, so its dfine hull isR3. This is the first conclusion. The other conclu-
sions reduce to trivial facts: dinfiR3 = 3, dim af{ug} = 0, R3 N {ug} = {ug)},
andR2 L {0}.

Assume the induction hypothesis fkr We may assume th&t < 3 be-
cause otherwise there is nothing further to prove.lbet V(k + 1). Letv =
diu € V(K). Let gk be the circumcenter of (the point set of) Write A; =
N AU, uj); Bj = aff(Q(V, dju)); C;j = aff{uo, ..., u;j}; Sj = {uo, ..., uj}. By
the induction hypothesi&, = By.

We claimdim aff Si;1 = k+ 1. Otherwise, by general background facts about
affine setspy.1 € Cy. Write Ug,1 — Ok = X<k ti(Ui — Qk). If p € Ay, then by the
orthogonality induction hypothesis:

(U1 = Q) - (P— A = D (Ui =) (- ) = O,
and consequently

2 2 2 2
luker =PI = Tuo = PI” = luke1 — k™ = U0 — Okl

Thus, if Ax meetsA(uo, Uk+1) at some poinp, then both sides of this equa-
tion vanish andA, c A(ug, Uk+1). This is contrary to 0< dim aff(Axs1) =
dim aff(Ax) — 1, which holds becausee V(k + 1) withk < 3.

We claim that B,; = Ay,;1. Indeed, by definitionBy,1 C Ax1 C Ax. Also,

dim aff By = 3 (K+ 1) < dim aff Agy1 < dimaff Aq = 3 - k.

Hence, by general background offie sets, ifAc.1 # Ag, thenBy,1 = Aga.
Suppose for a contradiction th&t = Ac.1. ThenQ(V, v) c Q(V,u) = Q(V,v)N
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A(Uo, Uk+1) € Q(V,V), so thatBy = By,1. This contradicts the defining condi-
tions of V(k + 1).

We claim that A1 N Cy:1 = {Qk+1}. INdeed, by the definition of.1, any
point in this dfine set is equidistant from every point®f,;. By the definition
of Cy, 1, the intersection lies in thdfane hull of Sk,;. This uniquely character-
izes the circumcenter.

Finally, (Axi1 — Qus+1) L (Cks1 — Ok+1)- Indeed, ifp € Axy1, then
0=lp-ul®-Ip-uol?
= (P - Ake1) — (Ui — Ae ) 1% = (P = A1) — (Uo — k1) 1
= —=2(p — Qks1) - (Ui — Up).

Since the linear span of the points— ug is all of Cx,1 — Qk+1, the final claim
and the proof by induction ensue. O

Definition 6.34(h) [CHNGQBD] [h v~ h1]If u = [up; Up;...; uk] is alist of
points inR", then leth(u) be the circumradius of its point sgty, . . ., U]}.

Remark6.35 The constant = V2 is the smallest real numbersuch that
there exist four cocircular points in the plane with paimviistances at least
2 and with circumradius (Figure 6.7). The four points are the vertices of a
square of side length 2. Eight two-dimensional Rogers soaplmeet at the
circumcenter of the square, but wher V2, only six Rogers simplices meet
at the circumcenter. In general,ra& V2, certain degeneracies start to appear
in n-dimensions that cannot occur for a smaller radius. To aslegkneracies,
many lemmas in this section assume that the circumradiesssthany?2.

Figure 6.7 [NOCHOTB] There are eight two-dimensional Rogers simplices of
diameterv2 that meet at the center of a square. Whenever the diameter of

Rogers simplex is less thawi2, the simplex is one of exactly six that meet at
an extreme point of a Voronoi cell. Heavy edges are facetoodnoi cells.

Lemma 6.36(nondegeneracy) [XYOFCGX] Let V c R® be a saturated pack-
ing. Let Sc V be an ginely independent set with circumcenpeAssume that
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the circumradius of S is less thavi2. Then|v-p| > Ju—p| forallu e S
andallveV\S.

Proof Assume for a contradiction that there is a poing V \ S satisfying

Iw-pl <fu-pl|, foralluesS. (6.37)

The angles akgp, {v, u}) are obtuse for distinct elemenisu of S U {w} be-
cause of the law of cosines and

Ip-ul< V2, Jp-vl< V2, Ju-v|=2

LetS = {up, ..., Ux}. A case-by-case argument follows for e&ch {0, 1, 2, 3}.

0.
1.

The casé = 0 is trivial.
In the cas&k = 1, the pointsp, ug, u; are collinear and cannot give two
obtuse angles.

. Inthis case, lat’’ be the projection ofv to the plane containing, uo, uz, U,.

Under orthogonal projection, the angles remain obtuse:

(Ui—p)-(W-p)=(U-p)-wW-p)<O.

The four pointsy’, ug, u;, andu, can be arranged cyclically aroupdac-
cording to the polar cycle, each forming an obtuse angle thighnext. A
circle aroundp cannot give four obtuse angles because the sum.is 2

. In this case, assume thag, ..., us are labeled according to the azimuth

cycle around the lineff{p, w}. Consider the dihedral angle
y =i = dih({p, w}, {ui, Ui+1})

of the simplexp, w, u;, uj;1} along the edgép, w}. By the spherical law of
cosines, the angle of the spherical triangle with sphere cengeis given
in terms of the edges as

cosc — cosacosb = sinasinbcosy.

The angles, b, c are obtuse, so that both terms on the left-hand side are
negative. Thusy > n/2. The angle azing, w, uj, ui;1) is then also greater
thansz/2 by Lemma 2.80. This is impossible, as the sum of the four athim
anglesy is 2r by Lemma 2.94.

O

With nondegeneracy established, we can now give furthaildetbout the

extreme points of a Rogers simplex and their relationshipéacircumcenter
of a subses of the packingV.
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Lemma 6.38 (Rogers simplex and circumcenter)XNHPWAB] Let V be a
saturated packing. Lett = [uo;...;ux] € V(K) for some k< 3, and let
S ={up, ..., Ux} be the point set ai. Assume that(u) < V2. Then

1. w(u) is the circumcenter of S.

. w(u) € conv(S).
. The sefw(dju) : j <k} has gfine dimension k.
. The sequence;u) is strictly increasing in j.

A OWDN

Proof The four conclusions of the lemma are proved separately.

1. We claim thatw(u) is the circumcenter of Sndeed, by definition, iU €
V(K), then

dimaf Q(V, [up;...;u]) = 3-k

The case&k = 0 of the claim is trivially satisfied. Assume by induction the
result holds for natural numbers upko
Now consider the cade+ 1. Letu € V(k + 1) and letSy,1 be the point

set ofu. By the induction hypothesig)(dku) is the circumcenter of the
point set ofdcu. Let p be the point inA = aff(Q(V, u)) closest tow(dku).
By Lemma 6.33, the circumcenter 8, is the point of intersection of
orthogonal &ine sets f(Sk;1) and A. Thus, the circumcenter equals the
unique poinp of A closest to the poinb(du) in aff (Sk.1). By Lemma 6.36,
p € Q(V,u). Thus,p = w(u). The claim ensues.

2. We claimw(u) € conv(S). Otherwise, select € S such that &(S’) sep-
aratesw(u) from v, whereS’ = S\ {v}. Letp’ (resp.p = w(u)) be the
circumcenter o’ (resp.S). Whenu € S, the law of cosines gives

lu=pl2=u-p'I2+1p’ -pl?
Iv-pl2>Iv-p'I?+ Ip’ - pl?

This gives|v - p’| < |u - p’], which is contrary to Lemma 6.36.

3. The sefw(d;u) : j <k} has gfine dimension K.emma 6.33 implies that
the vectorsu(di.1u)—w(diu) are mutually orthogonal. Thus, the claim about
affine dimension easily follows if we show that these vectorsharezero.
Otherwise, the circumcentexXdu) of S; = {u, ..., Ui} has an equally close
pointu;,; € V \ Sj, which is impossible by Lemma 6.36.

4. The sequence(tju) is strictly increasing in jIndeed, by the Pythagorean
theorem,

j
lo(dju) - (oW1 = ) lo(dy) - w(d 1w’ (6.39)
i=1
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So the result follows from the previous claim.
mi

Lemma 6.40 [WAUFCHE] Let V be a saturated packing. Let= [uo;...] €
V(k) for some k. Then(@) < |w(u) — uol. Moreover, if fu) < V2, then
h(u) = lw(u) - uol.

Proof By construction, the poind(u) belongs toQ(V,u) and is therefore
equidistant to the points i® = {uy, . . ., Ux}. The orthogonal projection af(u)

to aff(S) is the circumcenter ob. The orthogonal projection cannot increase
distances, and the inequality ensuesh(li) < V2, thenw(u) is already the
circumcenter by Lemma 6.38, so that equality holds. m]

Lemma 6.41 [NJIUTIU] Let V be a saturated packing. Latv € V(3).
Suppose that ®) = R(v) and thatdim aff R(u) = 3. Thenw;(u) = wi(v), for
i=0,123.

Proof LetR = R(u) = R(v). The set
W = {wo(W), - -, wa(u)}

is characterized as the set of extreme points of the simpldkis the same
for bothu andv. SinceR c Q(V, ug) N Q(V, vo), and the Rogers simpleR
has full dimension, we must haug = vo. Inductively, we may determine
wi = wi(u) = wi(v) as follows. The pointyg is Ug = Vo. The pointwi,4 is the
closest point of conW/ \ {wo, . . ., wi}) to w;. Note that conWV \ {wy, . .., wi})
is a subset containingi.1 of the setQ(V, di,1u) that is used to defing;.1(u)
(Definition 6.24). This description of the points is independent ofl € V(3)
such thaR = R(u). mi

Lemma 6.42 [TEZFFSK] Let V be a saturated packing. Let= [uo;...] €
V(3) be such thadimafR(u) = 3. Select k< 3 such that lidu) < V2.
Suppose that ®) = R(v), for somev € V(3). Then

dku = dyv.

Proof Write w; for wi(u). By Lemma 6.41, these points are determined by
R(u). By Lemma 6.38h(diu) < V2, andw; is the circumcenter dil, . . ., Ui},
foralli < k.

SinceR(u) = con{wy, . . ., w3} has dfine dimension 3, the pointsy, . . ., wk
are dfinely independent. These circumcenters are constructedimats n the
affine hull of{uo, . .., ux}. Henceuy, ..., ux are also finely independent.

By Lemma 6.36, we have the following recursive descriptibthe points
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u; in terms ofw;, for i < k. The pointug is wg. The pointui,; is the unique
v eV \ {ug,...,Uuj} such that

IV - wisa] = luo — wisal.

This description of(lp; . . . ; uk] = dku depends ol only throughR(u). O

6.2.4 Delaunay simplex

The Delaunay decomposition of space into simplices is dudhé Voronoi
cell. It is presented as a collection leisimplices with vertices itV, for k =
1,2,3. The Delaunay 1-simplices are defined as the edges betweegoints
in a packingv whose their Voronoi cells have a common fatét.2-simplex
is given with vertices at three pointshif their Voronoi cells have a common
edge. A 3-simplex s given for every four points\iiiwhose Voronoi cells have
a common extreme point. A Delaunay 3-simplex is the convdkdfufour
points in the packiny.

Under a nondegeneracy condition (on the circumradius aséhef points),
we may construct a Delaunay simplex as a union of Rogers &iegpITo this
end, we examine the set of all Rogers simplices around a conextwveme
point. The convex hull of a nondegenerateSet V of four points consists of
4! Rogers simplices, each facet of the convex hull consfs3$ pieces, and so
forth (Lemma 6.48). In brief, the Rogers simplices give gueondegenerate
Delaunay simplex an identical simplicial structure.

Recall that Syn¥ + 1) is thegroupof all permutations on the séd, . .., k}.
Letu = [uo, ..., uy] be alist of lengttk + 1. For anypermutatiorp € Sym(k +
1), letp.(u) be therearrangemengiven by

p*(g)l = up’li’

whereu; denotes théh element of alisti. [permutation «» permutes] [p.
«» left_action_list]

The following lemma shows that rearrangements have the satneme
point of a Rogers simplex.

Lemma 6.43(extreme point rearrangement) YIFVQDV] Let V be a satu-
rated packing. Leti € V(K). Assume that(u) < V2. Letv be any rearrange-
ment ofu under a permutation. Thene V(k) andw(u) = w(v).

Proof Letv = [vo;...;vi]. Let Sj = {vo,...,vj}, Qj = QV,dyv), Aj =

4 The Delaunay decomposition may be degenerate if the pdintsape not in general position.
This book confines itself to the nondegenerate situation.
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nijzlA(vo, vi), anda; = dim aff(A)), for 0 < j < k. By convention, sefg = R3,
so thatag = dim aff(Ag) = 3. Also, seta_; = 4 by convention.

The setS is the point set of, which is dfinely independentby Lemma 6.33.
The setS; is also dfinely independent. Lgi; be the circumcenter &;. The
circumradius ofS; is at most the circumradius &, which by assumption is
less thanv?2.

We claim thadim aft Q; = a;, whenO < j < k. By Lemma 6.36, ifp = pj,
then

[v—-pl > lu-p|foralueS;andforallveV\S;. (6.44)

Select a small neighborhoddl of p; such that (6.44) holds for afl € U;. By
the definition of Voronoi cell2; nU = A;n U. By background facts orfiine
sets dim & Q; = dimaf A; = a;. This gives the claim.

To prove the lemma, we prove the following claim by simultameinduc-
tiononj. Forall 0< j < kwe have

aj>a_1-1>3-]j
aj=3-jifandonlyifay =3-iforall0O<i <]

The base casp= 0 is trivial. Assume the induction hypothesis for

We haveAj.1 = AjNA(vo, Vj+1). The intersection containsg., and is there-
fore nonempty. By general background facts on the inteieof an dfine set
with a hyperplanes;.1 > a;—1. By the induction hypothesia;—1 > 3—(j+1).

If aj,1 = 3—(j + 1), thena; = 3— j and by the induction hypothesas= 3 i
forall 0 <i < j. This completes the proof of the claim by induction.

We haveay = dimaff Ax = dim aff Q. However,Qy = Q(V, u), and since
u € V(K), it follows that 3-k = dim aff Q(V, u) = ax. By the established claims,
a =3-iforall0<i <k This proves € V(K).

Finally, w(u) = w(v) because both equal the circumcenter of the point set
Sk. O

The next lemma shows that the map from permutations to Regardices
is one-to-one.

Lemma 6.45(permutations one-to-one)[KSOQKWL] Let V be a saturated
packing and leu e V(k). Assume that(u) < V2. Letp € Symk + 1) such

that Ru) = R(p.u). Thenp = I.

Proof We assume that # |, writev = p.u, and prove thaR(u) # R(v). By
Lemma 6.38, the sete)(dju) : j <k} and{w(djv) : j <k} are eachfiinely
independent of cardinalitik + 1. By Lemma 5.57, these are sets of extreme
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points of R(u) andR(v), respectively. Thus, it is enough to show that the sets
of extreme points are unequal.

Let j be the largestindex such triju = d;v. The assumptiop # | implies
thatj < k. Letp be the circumcenter dflo, . . ., uj+1}. By Lemma 6.36,

luo = Pl = Iuj+1 = Pl < IVj+a —pl.
Thus,w(dj,1uU) # w(dj 1v). The result ensues. O

To prepare for Lemma 6.48, we need a preliminary lemma thed dome in-
dex shdiling for us. It gives an explicit representatives of the coséBymk+
1) in Symk + 2).

Definition 6.46 [TSIVSKG] [U' «» DROP] Letu be any list. For each let
u' = [Uo;...;0;;...] be the list that drops thigh entry.

Lemma 6.47(coset representatives] IVFICRK] There is a bijection between
the set

{i,o) : 0<i<k+1, o e€Symk+1)}
andSym( + 2) such that for any list of length k+ 2

(p:b)j = {Sir*@))j ?f ifll(
Proof The bijection sends (o) to the permutatiop, where
o1, o lj<i
pri=e ) +1 ot
[ j=k+1
This has the required properties. O

This lemma shows that each (nondegenerate) Delaunay sivguebe par-
titioned as a union of Rogers simplices, indexed by the p&atimn group
(Figure 6.8).

Lemma 6.48(Delaunay simplex) [WQPRRDY] Let V be a saturated packing
and letu = [uo; .. .;uk] € V(k). Assume that(u) < V2. Then

conUo, ..., Uy} = U{R(p*g) : peSymk+ 1)}

Proof The proof is by induction ol. The base case of the inductikn= 0
reduces to the trivial assertion: cday} = conug}.
We claimu' € V(k), whenu = [up;...;ux1] € V(k + 1). Indeed, some
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g

1!

Figure 6.8 [YAJOTSL] In dimensionk, the union of k + 1)! nondegenerate
Rogers simplices is again a simplex.

permutationp € Sym(k + 2) carriesu to v = [Up;...; Ui;...; Uk1; Ui]. By
Lemma 6.43y € V(k + 1), so thau' = dyv € V(K).
By the induction hypothesis

convS \ {u;}) = U (R(o.U) : o € Symk+ 1)}, (6.49)

whereS = {uo, ..., Uk1}. By Lemma5.57, the facets of the polyhedron c&)v(
are the sets con8(\ {u;}). Lemma 5.56 gives the partition

k+1

conv(S) = U conv({w(u)} U conv(S \ {u;})). (6.50)
i=0

Substitute the formula (6.49) into (6.50) and use the hgaaf Lemma 6.47 to
replace the double union by a single union gwer Sym + 2). Background
facts in dfine geometry then simplify the expression to the desired ditam
The proof by induction ensues. m]

In summary of this section, by construction, the Rogers BoapR(u) are
compatible with the Voronoi decomposition of space. Undéd mestrictions
on the circumradius, they can also by Lemma 6.48 be reassenmib sim-
plices (the Delaunay simplices) with extreme points at #&ers of the pack-

ing.

6.3 Cells

6.3.1 definition

Marchal [31] has proposed an approach to sphere packinggitea some im-
provements to the original proofin [22]. He gives a partitaf space into cells
that is a variant of Rogers’s partition into the simpli¢&s!). The main part
of the construction is the decomposition obtained by trtingavoronoi cells
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with a ball of radiusV2. In a few carefully chosen situations, the simplices
R(u) are assembled into larger convex cells (Delaunay cebs3uggested by
Lemma 6.48.

Definition 6.51 (Marchal cells) [QEEHXUB] [i-cell «v» mcell] [ v
mxi]LetV be a saturated packing. Let

Define&(u) as follows. If V2 < h(dyu), then leté(u) = w(dqu). If h(dau) <
V2 < h(u), definez(u) to be the unique point in

conw(dzu), w(u)}

at distanceV2 fromuo. Seta(u) = h(dyu)/ V2. A set cell(i, i) c R? is associ-
ated withu andi = 0, 1,2, 3, 4.

0. The O-cell ofu is defined to be empty unlesé2 < h(u). If this inequality
holds, then the O-cell is

cell(u, 0) = R(u) \ B(uo, V2).

1. The 1-cell ofu is defined to be empty unlesé2 < h(u). If this inequality
holds, then the 1-cell is

cell(u, 1) = (R(u) N B(uo, V2))\ rconé(uo, us, a(u)),

(The set rcon¥uo, us, a) is empty whera > 1.)

2. The 2-cell ofu is defined to be empty unlesgdiu) < V2 < h(u). If this
inequality holds, then the 2-cell is (with= a(u) as above)

cell(u, 2) = rcone(lg, uz, @ N rcone(iy, Uo, &) N aff; ({ug, U1}, {£(U), w(U)}).

3. The 3-cell ofu is defined to be empty unles§dou) < V2 < h(u). If this
inequality holds, theg(u) € confw(dau), w(u)} and the 3-cell is

cell(u, 3) = convuo, U, Uy, £(U)}.
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4. The 4-cell ofu is defined to be empty unlekgu) < V2. If this inequality
holds, the 4-cell is

cell(u, 4) = conup, U1, Uy, Us}.

V2 <hy hi<V2<hy;  hp<V2<hy hs< V2.
1-cell: % %
3-cell:
4-cell:

Figure 6.9 [KVIVUOT] A cell can be visualized by intersecting it with a
Rogers simplex. The Rogers simplex is drawn as an orthosimigrmed
from four extreme points (white dots) of a rectangle. Thepshaf the in-
tersection cellf, k) N R(u) (dark gray) depends on the relationship between

hi = h(du) and V2. The constanth;, h,, andh; are the distances from the
lower front left of the rectangle to the upper front left, eppront right, and
upper back right, respectively. Each column features aqodeit Rogers sim-
plex, and the cells in each column partition the Rogers smprhe empty
cells are not illustrated.

The 0- and 1-cells are subsets of a Rogers simBléxigure 6.9). Yet, the
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2-, 3-, and 4-cells lie in a union of simplices. The indéx cell(u, i) indicates
the number of points 0¥ that are extreme points of the cell (Figures 6.9 and
6.10).

AR
! e{(‘ :

S V“==ﬂ\7 ‘ X
\ %}/\(IA‘//‘ V{ V,/,L\ |

>
\ 2R

wav/ b

Figure 6.10 [BWEYURN] The Marchal partition. For simplicity, we illustrate
the two-dimensional analogue of the partition. The celisstiaded according

to level: 0, 1, 2, and 3. The 3-cells are the darkest. EachHdiskadiusy?.

6.3.2 informal discussion

A cell, short for Marchal cell, can be described in an alternativgiiive way.
If S cR3 let

equiS,r)={p : |p-v| =rforallvesS}.

If Sis a finite set of cardinalityk, of affine dimensiork — 1, and with circum-
radius less than, then equi§, r) is a sphere of dimension-3k. In particular,
if k = 3, then equi, r) is a set of two points.

LetV be a saturated packing. Define

C(S) = conv(S U equi(S, V2))

for S c V. The selC(S) is empty if the circumradius @ is greater thanv?2.

The selC() isR3. The seC({w}) is a ball of radiusv2 with centew. The
setC({v, w}) is a double coneZ({u, v, w}) a bipyramid, ancC({t, u,v,w}) is a
simplex.

Lemma 6.52 [VXIQE]C] Let V be a saturated packing. If & V is not
empty, then (S) is contained in the union of sets

C(S\{v}), ves
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Lemma 6.53 [WHCFBMJ] LetV be a saturated packing and letcSV. Set
c©)=ce) | s,

ScS'cV
where S c V runs over subsets of cardinalitykcard@) + 1 that contain S.
Then C(S) equals a union of k-cells, up to a null set.

In other words, up to a null set, the union of 0-cells is the$pbints outside
the ballsC({v}), for v € V. The union of the 1-cells is the set of points inside
the ballsC({v}) but outside the double con€¢{u, w}), and so forth.

It is possible to base a construction of cells on this lemnspeahsing en-
tirely with Voronoi cells and Rogers simplices. It is quickdaintuitive. We
have followed a longer path that gives more detail abouttueture of cells.

At first, the definition of cells seems unmotivated. Somednistight help.
The 1998 proof of the Kepler conjecture partitioned spatearhybrid of trun-
cated Voronoi cells and Delaunay-like simplices (Figufel$. In vague terms,
the Delaunay simplices are tuned for detail. The Vorondiscate coarsely
tuned, suitable for rough hewing. Delaunay simplices aldite the foreground,
while Voronoi cells fill the background. The solution to theplem lies in
the right balance between foreground and background. Tawy rD&launay
simplices and the details overwhelm. Too many Voronoi caiid the esti-
mates become too weak. The central geometrical insightedadtiginal proof
are expressed as rules that delineate foreground agatigjioand, Delaunay
against Voronoi.

Figure 6.11 [FIFJALK] The hybrid partition of space that was used to
prove the Kepler conjecture in 1998. For simplicity, we stiate the two-
dimensional analogue of that partition.

Cells give a hybrid decomposition. A 4-cell is a Delaunay ex. The
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0- and 1-cells are parts of a Voronoi cell. The 2- and 3-ceésgradations
between the two.

Examples show the shortcomings of a nonhybrid approachalRibat the
density of the face centered cubic packingrjs/18 ~ 0.74048. Numerical
evidence shows that an approach based entirely on Delaimplices should
give a bound of about. 40873, a failure that comes tantalizingly close [18].
The dodecahedral theorem, which asserts that the Vorohoifcallest vol-
ume in the regular dodecahedron, gives the bound of ab@&60[23]. Thus,
the pure Voronoi cell strategy fails as well. The pure apphes can be modi-
fied in ways that are conjectured to produce sharp boundseThedifications
are complex and daunting.

A common practice that started with L. Fejes T6th is to tatacVoronoi
cells by intersecting them with a ball concentric with thdl.dai fferent au-
thors use dferent radii for the truncating sphere/vR27 ~ 1.347 [12], V2,
1.385, and 1255 [22], V2 [31], and V3tanr/5 ~ 1.258 [23]. A larger radius
retains more information and complexity than a smallerusdrhe O-cells are
the refuse that lie outside the ball of truncation and arerisequential to the
proof.

6.3.3 cell partition

Lemma 6.54 [EMNWUUS] [formal proof by Vu Khac Ky]. LetV bea
saturated packing. Let € V(3). The following are equivalent.

1. cell(u,i) =@ fori=0,1,23.
2. cell(u, 4) # @.
3. hu) < V2.

Proof The diameter oR(u) is easily seen to bb(u). Hence, ifh(u) < V2
all of the defining conditions are empty for cell() for i < 4. The result
ensues. m]

Lemma 6.55 [SLTSTLO] Let V be a saturated packing and lete V(3).
Then every point in @) belongs tacell(u, i) for some0 < i < 4. Furthermore,
there is a null set Z such that each point ifulR Z belongsto a uniqueell(u, i).

Proof Explicitly, the null set is the union d®(u) \ R%(u) (which lies in a finite
union of planes), the sphere of radiv@ atup, the diference rconef, us, a)\
rconé(uo, Uz, a), and the plane fuo, ug, £(u)}. Let p € R(u). To make the
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cases disjoint, each of the following cases assumes thabtiditions of pre-
ceding cases fail. Itis convenientto reorder the cases ke i@ 4-cell appears
first.

If h(u) < V2, thenp € cell(u, 4).

If |p—uo| > V2, thenp € cell(u, 0).

If p ¢ rconé(uo, u1, h(diu)/V2), thenp € cell(u, 1).
If p € aff ({Uo, U}, {£(U), w(W)}), thenp € cell(y, 2).
If p € aff ({uo, us}, {uz, §(U)}), thenp € cell(u, 3).

whkE ok

When the corresponding strict inequalities are used, wailobiniqueness for

R(u) \ Z. m]

Definition 6.56 (i-rearrangement) [BGXEVQU] [i-rearrangement «v» _]
Letu = [up;...; U],V = [Vo;...;Vk] be two lists of the same length. One is
ani-rearrangemenbf the other ifp.u = v for somep € Sym + 1) such that
o(j) = jwhenj >i.

In particular, ifu, v are 0- or 1-rearrangements of one another, thenv.
The constrainp(j) = j is vacuous wherj > k.

Lemma 6.57 [YNHYJIT] Let V be a saturated packing, late V(3), and
leti e {2,3,4}. Assume that(oh_,u) < V2. Letv be an i-rearrangement af.
Thenv € V(3) andwj(u) = wj(v), for j=i-1,...,3.

Proof LetS; = {uo,...,uj}, for j > i — 1, whereu = [up;...]. Sincev =

[Vo; .. .]is ani-rearrangement af, we haveS; = {vo, ..., v;} andQ(V, d;u) =

Q(V,djv), forall j > i—1. By Lemma 6.43w;_1(u) = wi-1(Vv). By the recursive

definition of the pointsv;, we then havevj(u) = wj(v), for j=i-1,...,3.
We show thawv € V(3) by checking the defining condition

dimaff Q(V,djv) =3—-j, for0< j <3.
Whenj <i — 1, the conclusiom_1v € V(i — 1) of Lemma 6.43 implies the
condition. When — 1 < j, the identityQ(V, d;v) = Q(V,d;u) andu € V(3)
imply the condition. The result ensues. m|

Lemma 6.58 [RVFXZBU] Let V be a saturated packing, letv € V(3), and
letie{0,1,2,3,4}.If uis an i-rearrangement of, thencell(u, i) = cell(v, i).

Proof The statement follows from the definition of cells. O

Lemma 6.59 [QZKSYKG] LetV be a saturated packing, lete V(3), and ke
{0,1, 2,3, 4}. Assume thatell(u, k) is not empty. Then each k-rearrangement
v of u lies in V(3). Moreovercell(u, k) is contained in the union of(R), asv
runs over all k-rearrangements af
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Proof If k=0 ork =1, then by definition, cell(, k) c R(u).

Assume that < k < 4. The nonemptiness hypothesis impliéd,_ju) <
V2. Lemma 6.57 implies thate V(3).

The definition of the cells can be used to show directly that

cell(u, k) c confug, us, ..., Uk-1, wk(U), . .., ws(U)}.

The definition ok-rearrangement, Lemma 6.48, and Lemma 6.57 patrtition this
convex hull according t&-rearrangements af. The result ensues. O

Lemma 6.60 [DDZUPHJ]] LetV be a saturated packing, lefv € V(3), and
letk € {0, 1,2, 3,4}. Suppose that@®) = R(v), that Ru) has gfine dimension
three, and thatell(u, k) is not empty. Theoell(u, k) = cell(v, k).

Proof We break the proof into cases, accordinkt@dssumek = 4. By the
definition of the cell, the nonemptiness condition implieath(u) < V2. By
Lemma 6.40 and Lemma 6.42 = v.

Assume thak = 3. The nonemptiness condition givia@u) < V2 < h(u).
By Lemma 6.40 and Lemma 6.4@;u = dyv. The pointw(u) is determined
by R(u) by Lemma 6.41. The poirgt(u) is determined byv(d,u) and w(u).
Finally, cellu, 3) is determined byl,u and&(u). The conclusion celi(, 3) =
cell(v, 3) ensues.

The other cases are similar. Assume tkat 2 and that cellg, 2) is not
empty. Ifh(d,u) < V2, thend,u = dyv, and the cell is determined ligu and
£(u), as in the cask = 3. If h(diu) < V2 < h(dyu), thend;u = dyv, and the
cell is determined byl,u and the pointsu;(u), which in turn depend only on
R(u), by Lemma 6.41.

The case& = 0 andk = 1 are similar, but even more trivial, and are left to
the reader. m]

The following lemma and Lemma 6.55 show that the cells patik?.

Lemma 6.61 [AJRIPQN] LetV be a saturated packing, letv € V(3), and
letk k' € {0, 1, 2, 3,4}. Suppose thatell(u, K)ncell(v, k") has positive measure.
Then k= k' andcell(u, k) = cell(v, k).

Proof Selectw € V(3) such that
R(w) n cell(u, k) N cell(v, k")

has positive measure. In particulR{w) has dfine dimension three. By Lem-
mas 6.59 and 6.58 and 6.29, we may replaceith a k-rearrangement, and
v with a K'-rearrangement to assume without loss of generality Rga) =

R(U) = R(v).
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Lemma 6.60 implies that cell(k) = cell(w, k) and cellg, k') = cell(w, k').
SinceR(w) ncell(w, k") N cell(w, k) has positive measure, Lemma 6.55 implies
thatk = K'. The result ensues. m]

6.3.4 edges of cells

Definition 6.62 [LEPJBDJ] [V(X) «» VX] Let V be a saturated packing
and letu = [up;...] € V(3). LetX = cell(u,k). WhenX # @, defineV(X) =
{Uo, ..., Ux_1}. In particular, ifX is a 0-cellV(X) = @.

Lemma 6.63 [HDTFNFZ] LetV be a saturated packing and let [ug;...] €
V(3). Let X = cell(u, k). If X # @, then (X) = V N X. In particular, the set
V(X) is well-defined.

Proof If i < k-1, thenu; € V andX = cell(v, k), for somek-rearrangement
v = [u;;...] of u. By the definition of celly, k), we find thatvp = u; belongs to
cell(v, k), whenk > 1. This implies tha¥/(X) c V n X.

Conversely, letv € V n cell(u, k). It can be checked from definitions that
cell(u, 0) c Q(V, up) and

cellu,k) c QM ug) U --- U Q(V, Uk-1), whenk > 1.

This impliesv € V n Q(V, u;) for somei < k. This forcesv = u;. Hence
V(X)=VnX mi

Lemma 6.64 [URRPHBZ] Let V be a saturated packing and lete V(3).
Then X= cell(u, k) is measurable and eventually radial at eacle V. Fur-
thermore, the cell X is bounded away from everyW \ V(X), so that the solid
angle of X is zero, except ate V(X).

Proof The first claim of the lemma follows from the fact tHafu) is a sim-
plex, andR(u) NV = {ug}. Each cell is compact, and is bounded away from
every point not in the cell. Lemma 6.63 implies the seconihcta the lemma.

mi

Lemma 6.65 [QZYZMIC] LetV be a saturated packing. For everg V,

sol(X,v) = 4n,
X 1 veV(X)

where the sum runs over all cells X such that V(X).

Proof Indeed, the cells partitioR® and solB(v, €)) = 4x. m|
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Definition 6.66(tsol) [LZYLTFY] [tsol «~» total_solid] Define thetotal
solid angleof a cell X to be

tsol(X) = Z sol(X, v).

veV(X)

Definition 6.67 (edge) [WYORUNK] [E(X) «» edgeX] Let E(X) be the set
of extremal edgesf thek-cell X in a saturated packing. More precisely, let

E(X) = {{ui,uj} : ui #uj e V(X))

In particular,E(X) is empty for 0 and 1-cells and contai(@ pairs when
2<k<4.

Definition 6.68(dih) [RSDYMHV] [dih «» dihX] LetV be a saturated pack-
ing. Let X be ak-cell, where 2< k < 4. Lete € E(X). We define the di-
hedral angle dihX, €) of X alonge as follows. Explicitly, if X is a null set,
then set dihX;, €) = 0. Otherwise, choosg = [up; U1; Uz; Us] € V(3) such that
X = cell(u, k) ande = {ug, u1}. Set dih, €) = dihy({uo, u1}, {v,w}), where

{¢(u), w(u)} k=2
{v,w} = {{uz, £(U)} k=3
{uz, s} k=4

This is independent of the choicedefiningX.

Each edge = {u,v} € E(X) has a half-lengthh(e) = |u-v|/2. This
definition of h is compatible with the previous definition of the circumurasli
of lists in the sense th&[u; v]) = h(g).

Lemma 6.69 [GRUTOTI] LetV be a saturated packing. Assume thatu; €
V satisfy|ug — U1 | < 2V2. Sete = {up, u1}. Then

dih(X, €) = 2n.
X : eeE(X)

The sum runs over cells X such that E(X).

Proof Consider the se€ = B(ug, r) N rconé(up, us, @), wherer anda are
small positive real numbers. From the definitionkedells, it follows that we
can choose anda suficiently small so that ifX is ak-cell that meet< in

a set of positive measure, th&n> 2 and there exists € V(3) such that
X = cell(u, k) andd;u = [uo; uz]. Moreover,

CnX=CnA A= aff.({ug,ui}, {v,w}),
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whereA is the lune of Definition 3.14 and w are chosen as in Definition 6.68.
By Lemma 3.27 and Definition 6.68, the volume of this intetiggcis

vol(C N A) = vol(C) dihy ({uo, ut}, {v, w})/(2r) = vol(C) dih(X, €)/(2x).

The set of cells meetinG in a set of positive measure gives a partitiorCof
into finitely many measurable sets. This gives

vol€)= > volCnX)=vollC) > dih(Xe)/(2x).
X 1 eeE(X) X : eeE(X)

The calculation of volumes in Chapter 3 gives @)I(> 0. The conclusion
follows by canceling volIC) from both sides of the equation. m|

6.3.5 A conjecture

This section shows how the existence of a FCC-compatibligilelg function
is a consequence of an explicit inequality related to theadiesh(u), where
ue V().

Definition 6.70 (sob, 1o, My, My, hy, M) [AOZUTMU] [SOh <~ sol®][1o
o« tau®][my «» mml][Mp «~» mm2][h, «» hplus][M «» marchal]Define
the following constants and functions:

sop = 3arccos(13) -« (6.71)
70 = 4 — 20 s0} (6.72)
my. = sob 2V2/7p ~ 1.012 (6.73)
mp = (6 sob —1)V2/(670) ~ 0.0254 (6.74)
h, = 1.3254 (exact rational value). (6.75)

LetM : R — R be the following piecewise polynomial function (Figure &)1

V2-hh.-himh-9nv-3 _ 5
= < V2
M(h)={ v2-1 h. -1 5

0 h> v2.

The constant sglis the area of a spherical triangle with side/8. Simple
calculations based on the definitions give

m —12mp = /1/2 (6.77)

(6.76)

and
M(1)=1, M(h,) =0 M(V2)=0. (6.78)
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1 h, V2

Figure 6.12 [TULIGLY] The quartic polynomiaM.

Definition 6.79 (y) [KGFDCFM] [y «» gammaX] For any cellX of a satu-
rated packing, define the functiondlX, ) on{f : R — R} by

y(X,f):vol(X)—(Zml)tsoIO()+(STmz) Z dih(X, £)f(h(e)).  (6.80)

T eeE(X)

Theorem® 6.81 [HJIKDESR] Let V be any saturated packing and let X be any
cellof V. Then

v(X,M) = 0, (6.82)
where M is the function defined {6.76)

Remarks.83 We do not use this inequality, and its proof is omittduk ®nly
published proof [31] is not satisfactory because it plotajgia level curves of
the function and reaches conclusions based on the visuabhagmce of these
level curves.

Conjecture 6.84(Marchal) [PHNFUXP] For any packing V and any € V,
Z M(h([u; V])) < 12.

veV\{u}

This book proves a variant of the conjecture.

Theorem 6.85 [QFUXEXR] The conjecturg6.84)and inequality(6.82)imply
that for every saturated packing V, there exists a negleggfCC-compatible
functionG: V — R.

The theorem follows from the following more general statetne

Lemma 6.86 [KIZHLTL] Let f be any bounded, compactly supported func-
tion. Set

G(uo, ) = —vol(Q(V, o)) +8my - " 8my  (h([uo; ul)),
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with sum running oveu € V \ {ug}. If

>, fhuiv)) <12

veV\{u}
then @, f) is FCC-compatible. Moreover, if there exists a constansuch
thatforallr > 1

> rx e

XcB(0,r)
then @, f) is negligible.

Theorem 6.85 is the special cake: M. Inequality 6.82 implies that we can
takecy = 0 in the lemma.

Proof The functionG(x, f) is FCC-compatible (page 151) directly by equa-
tion (6.77) and the assumption of the lemma:

4V2 = 8my - 8(12my)
<ém-8m; > f(h(uo;ul)

ueV\{uo}
= vol(Q(V; uo)) + G(uo, f).

The issue is to prove that it is negligible. More explicithye show that there is
a constant such that for alt > 1:

- 2,6(u.f) = ) vol@(V.u) - > 8my+ > > 8mpf(h([u; v])

veV\{u}

> >y f)+er? (6.87)
XcB(0,r)
where all unmarked sums run ouere V(0O,r). The lemma follows from this
inequality, the assumption of the lemma, and the definitfomegligible (Def-
inition 6.11).

Lemmas 3.30 and 6.2 show that the number of pointseéar the boundary
of B(O, r) is at mostcr?, for somec.

The functiony(X, f) is defined as a sum of three terms (6.80). The sum
of y(X, f) over all cells in a large balB(0,r) is a sum of the contributions
Ta(r) + To(r) + T3(r) from the three separate terms defining’he sum of-G
in equation (6.87) is a sum of three corresponding tefffis). It is enough to
work term by term, producing constamssuch that

T/ ()= Ti(r)+ar?, i=123

The sum of the volumes of the Voronoi cellse B(0, r) is not exactly the
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volume of B(0,r) because of the contribution at the boundaryBg®, r) of
Voronoi cells that are only partly contained B(O, r). Similarly, the sum of
the variouk-cells forX c B(0,r) is not exactly the volume dB(0, r) because
of contributions from the boundary. The boundary contiiing have order?.
See Section 3.3 for ordef calculations. Thus,

T; = Z vol(Q(V, u)) > Z vol(X) + c1r? = Ty + 2.
ueVv(0,r) XcB(0,r)
The estimates on the other terms are similar. The solid aragleund each
point sum to 4. In Landau big O notation, this gives
> otsol)= > > sol(Xu)
XcB(0,r) XcB(0,r) ueV(X)

= > > solxu)+0(r?)
ueV(0,r) X: ueV(X)

= Z 47T + O(rz)
ueVv(o,r)
Hence
, 2m1 2 2
Tp=- > 8m=- > |==|tsol(X)+O(r?) = T, + O(r?).
V(o) XcB(0,r) T

Similarly, the dihedral angles around each edge sumrto®2factor of two
enters the following calculation because there are tworeripairs for each
unordered pai¢ = {Ug, U1 }:
> dih(x &) f(h(e))
XcB(0,r) e€E(X)
= Z Z dih(X, £) f (n(e)) + O(r?)
ecB(O,r) X :eeE(X)
= Y 2rf(h(e)) + O(r?)
eCcB(0,r)
= > D xf(h(uo,un)) +O(r?).
uoeV(0,r) u1eV(0r)
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Finally,

To= > 8mpf(h(u))

z(%?) Zl }:dmm@ﬁm@»+oa%

XcB(0,r) ecE(X)
=Tz + O(r?).

6.4 Clusters

This section introduces a variant of Conjecture 6.84. |8 thiriant, a piece-
wise linear functiornL replaces the piecewise polynomial functivh More
crucially, the support of the functioh is contained in [22.52]. By contrast,
the functionM is positive on a large interval: [2.6508). This diference in
the support of the function creates a largffatence in the diiculty of the
conjectures.

The conjecture formulated in this section also implies thistence of FCC-
compatible negligible functions. To prove this existenesutt, it is helpful to
group cells together into new aggregates, catledters This section makes a
detailed study of clusters in order to produce a negligibeefion. The aim of
this section is to prove a variant (Theorem 6.97) of Theore8b that uses the
functionL rather tharM.

Recall thatM(h,) = 0, whereh, = 1.3254.

Definition 6.88 (L, hp, h-) [ULZRABY] [hg «» h®] [h_ <« hminus] [L
«v» Imfun] Set

ho = 1.26.
LetL : R — R be the piecewise linear function
lﬁh{%élhsm
0, h > ho.
It follows from the definition that
L(1)=1 and L(hg) = 0.

Let h. ~ 1.23175 be the unique root of the quartic polynoniélh) — L(h)
that lies in the interval [231, 1.232].

The inequalityL(h) > M(h) holds except wheh € [h_, h.].
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“hoh h,

Figure 6.13 [BILIEKB] Detail of the quartidM and piecewise linear function
L on the domain [2,1.35].

Definition 6.89 (critical edge, EC, wt) [MZSRVBC] A critical edgee of a
saturated packiny is an unordered pair that appears as an elemeB{(Xj
for somek-cell X of the packingv such that(e) € [h_, h,]. Let EC(X) be the
set of critical edges that belong E(X). If X is any cell such that EX) is
nonempty, let theveightwt(X) of X be 1/card(ECK)).

Definition 6.90(80, 8) [PQFEXQN] [Bp ¢~ bump] [ < beta_ bump] Set
Bo(h) = 0.005(1- (h - ho)?/(h. — ho)?).

(See Figure 6.14.) IX is a 4-cell with exactly two critical edges and if those
edges are opposite, then set

Ble. X) = Bo(h(e)) - Bo(N(e")). where ECK) = {e,¢'}.

Otherwise, for all other edges in all other cells, gt X) = 0.

0.005

ho hy h,

Figure 6.14 [PQFEXQN] The functiong3,.

Definition 6.91(cell cluster]) [YSULGYR] [cell cluster «w» cell_cluster]
[ «~» cluster_gammaX] LetV be a saturated packing. Le EC(X) be a
critical edge of &-cell X of V for some 2< k < 4. A cell clusteris the set

CL(e) = {X : e € EC(X)}
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of all cells around. Define

M) = > (X LWi(X) + Bz, X).

XeCL(e)

The following weak form of Theorem 6.81 isféigient for our needs.

Lemma 6.92 [TSKAJXY] Let V be any saturated packing and let X be any
cell of V such thaEC(X) is empty. Then

v(X,L) = 0.
Proof This is acomputer calculation[21]. m|

Theorem 6.93(cell cluster inequality) [OXLZLEZ] Let CL(g) be any cell
cluster of a critical edge in a saturated packing V. Thdr{g) > 0.

Proof sketch The proof of this cell cluster inequality is@mputer calcula-
tion® [21], which is the most delicate computer estimate in thekbdore-
duces the cell cluster inequality to hundreds of nonlineagualities in at
most six variables. In degenerate cells with a face of areg Eeiler’s formula
(Lemma 2.73) should be used to calculate solid angles, lsedfe standard
dihedral angle formula for solid angles can lead to the ataia of arctap at
the branch point (@), which is numerical unstable and is best avoided.o

Example 6.94 [JXEHXQY] We construct an example of a cell cluster in the
form of an octahedron, with fout-cells joined along a common critical edge
e. Assume that all of the edges of the octahedron have léhgtkcept for one
of length y for some edge that does not meetty € [2h_, 2h,], then one of the
four simplices has weight/2 and the other three simplices have wei@ihThe
parameter y determines the cell cluster up to isometry. \We the function
f(y) = I'(e) as a function of y. We also plot the function

gy = > ¥ Lwt(X).
XeCL(e)
As the plot shows, the function g is not positive. This shbaswithout the
small correction terng, the cell cluster inequality is false. Numerical evidence
suggests that the global minimumIdt) occurs when the cell cluster has the
form of an octahedron with parametery2h, and value f2h,) ~ 0.0013

The proof of the following lemma is deferred, because itelbn many
computer calculations and is extremely long and compleg. Aidn-computer

5 [TSKAJXY]
6 [0XLZLEZ]
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001
0.00 | f
g

oh. 2h, 2h,

Figure 6.15 [JXEHXQY] The functiongy takes negative values, but the func-
tion f remains positive, as predicted by the cell cluster ineggdlihe non-
differentiability at 2y is inherited from the nonélierentiability ofL.

parts of the proof take up most of the remainder of the boothitnchapter the
lemma is treated as an unproved assertion.

Lemma* 6.95 [BJERBNU] For any saturated packing V and any € V,
L(h{ug, u1}) < 12 (6.96)
u1€V : h(ug,us)<hgy
Lemma 6.97 [UPFZBZM] Inequality(6.96)implies that for every saturated
packing V, there exists a negligible FCC-compatible furets: V — R.

Remarks.98 In light of Lemma 6.13, inequality 6.96 implies the Kexqpton-
jecture.

Proof By Lemma 6.86, the proof reduces to showing that there eaistm-
stantcy such that for alk > 1

DT yX L) 2 cor.
XcB(0,r)
If a cell X does not belong to any cell cluster, then
y(X,L)>0
by Lemma 6.92. Note that the functig(e, X) averages to zero for any 4-cell
X:

Z B(e, X) = 0.
eeEC(X)
Hence, the terms involvingin sums may be disregarded in this proof. (These
terms may be disregarded here, but they are needed in Len9@. 6.
Theorem 6.93 gives the required inequality for cell clustérgain, using
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big O notation,
DlyxD= Y v o+ DXL
XcB(0,r) XcB(0,r) : EC(X)#2 XcB(0,r) : ECX)=2

> XL
XcB(0,r) : EC(X)#2

DD D wix)

XcB(0,r) eeEC(X)

= D vX Lwi(X) +O(r?)
ecB(0,r) X:ecEC(X)

= > T +O(r?)
ecB(0,r)

> O(r?).

O

Definition 6.99(8) [WIKURHK] [8B < ball annulus] Let 8B be thean-
nulusB(0, 2hy) \ B(0, 2), whereB(0, r) is the closed ball of radius

Corollary 6.100 [RDWKARC] If the Kepler conjecture is false, there exists a
finite packing Vc 8 with the following properties.

> Lhio,uy) > 12 (6.101)
ueV
The proof of the Kepler conjecture proceeds by assumingttieat is a
counterexample to Inequality 6.96 and then deriving a eafittion. This corol-
lary formulates the potential counterexample in slightig®er terms.

Proof If the Kepler conjecture is false, Inequality 6.96 is vieldtfor some
packingV and someig € V. After translatingv to V —ug andug to O, it follows
without loss of generality thaty = 0 € V. After the replacement &f with the
finite subseV N B, it follows without loss of generality that the packing is a
finite subset ofB. m]

6.5 Counting Spheres

This section proves two estimates about a packing8 that satisfies Inequal-
ity 6.101. The first estimate (Lemma 6.110) shows that thdicality of V is
thirteen, fourteen, or fifteen. The second estimate (Seema®m112.) shows
that no pointv € V can be strongly isolated from the other points\bfTo
prove these two estimates, we need a formula for the smalbssible area of
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a spherical polygon that contains a disk. This formula isettped in the first
subsection.

6.5.1 solid angle

The following lemma is analogous to the Rogers decompasifa polyhe-
dron into simplices. The lemma constructspints to be used to triangulate
(a subset of) a polygon (Figure 6.16).

Lemma 6.102 [EUSOTYP] Let P be a two-dimensional bounded polyhedron
in R2. Let k be the number of facets of P. Let 0. Suppose that

(VeR? : |v| <r}cP.
Then there exist nonzero pointg € P for j =0, ..., 2k — 1 such that

1. The polar cycle ofw;j : j} is given byo(w;) = wj,1, with indexing mod
2k.
2. O(Wqi, Waiy1) = 6(Wair1, Woi2) < m/2, whered denotes the relative polar
coordinate of Lemma 2.89.
- Iwaill =rand [waa] = r secd(wa, Wais1), fori=0,..., k- 1.
4. Wy - (Wair1 — Woi) = 0.

w

Figure 6.16 [YAHDBVO] A set of reference points; can be constructed out-
side an open disk of radiusand inside a given polyhedrd?in R2.

Proof Enumerate the distinct faceffs, . .., Fx of P, and for each one select
a defining equation

Fi=Pn{p : u-p=Dh}, where|u| =1andb >0.

We may assume that ordering of facets by increasing suls@ifhe ordering
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by the polar cycle om; € R?. The assumption thd® contains an open disk of
radiusr givesr < b;.

We claim that u; € P and does not lie in any facet except possibly F
Otherwise, for somg,

r<bj<(ru)-uj <rjuillujl =r.

This is the case of equality in Cauchy—Schwarz, which ingplfeatu; = u;.
The definition of face implies thd% = b;, andi = j. The claim ensues.

We claim thaD < 6(u;, uj;1) < 7. Indeed, from the previous claim it follows
that 0 < 6(u;, ui+1). By the boundedness &f, for any nonzeros orthogonal
to u;, there existss > 0 such thatu; + sv lies in some faceF; # F;. This
givesru; - u; + suj - v = b;. The conditionru; € P\ F; givesru; - u; < b;.
Henceu; - v > 0. For an appropriate choice of signwfthis givesd(u;, ui.1) <
6(u;, uj) < 7.

Suppressing the subscriptwve writey = 6(u;, ui+1)/2. Letu; be the point
in the plane given in polar coordinates by

luil = rseoy, 6(ui,u;) = 6(uj, Uis1) = y.
We claim thati, € P. Indeed, for every, we have
uj-uf = Jujllufll cosp = r seay cosy,

whereyp = 6(u/, u;j). From the polar order, and the constructioruphlong the
bisector ofu;, uj.1, it follows that

U<e<2n—1y.
Hence, co® < cosy. This gives
uj Ui/ <r< bj.

This shows thati satisfies all the defining conditions Bf

Setwy = u; andwszi,1 = Uj. Itis clear from construction that the polar cycle
on{w; : j}is compatible with the indexing. The enumerated propedigise
lemma now follow from Lemma 2.89. The lemma ensues. O

Lemma 6.103 [GOTCJAH] Let P be a bounded polyhedron ¥ that con-
tains0 as an interior point. Let F be a facet of P, given by an equation

F={p:p-v=DbynP

Let WE be the corresponding topological component (fg, Ep). Assume that
WE contains the right-circular cone

rconé (0, v,t) € W (6.104)
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for some t such thdl < t < 1. Then

sol\Wg) = 2r — 2k arcsin(tsin(r/K) ),
where k is the number of edges of F.

Proof Project the facef to R? by projecting onto the coordinates@fandes
of an orthonormal frameg{, e,, e3) adapted to(, v, ...). By the Pythagorean
theorem, the hypothesis (6.104) implies that a disk of mdiu

b1 V1 - t2/t

is contained in the projected face, whéxge = bp/|v| is the distance from
aff(F) to 0. Apply Lemma 6.102 to the projected face, and pull the points
back to points o with the same names.

By the additivity of measure over measurable sets that ajeidi up to a
null set, we may partition into wedges:

SOIWk) = " sol(We N W(O, v, W), Wi,1))
j
> > sol(@t?(0, {v. wj, wj.1}))-
j
The solid triangles that appear in the last sum are primidlemes, which are
computed in terms of dihedral angles in Chapter 3. Set

B2j = B2j+1 = dihv({0, v}, {wzj, Wyj.1}) anda = aray (0, {v, w;}) = arccod.

The three vectors, w,; — v, andw,j,1 — Wy are mutually orthogonal by the
final claim of Lemma 6.102. Lemma 2.68 gives

dihy ({0, wzj}, {v, Wzj,1}) = /2,
because
(W2j X V) - (W2j X Waj 1) = (W2j X V) - (Waj X (W2j11 — W2;))

= (Wng - ng) . ((sz X V) X sz)
=0.

Consider a spherical triangle with sided, c and opposite angles g3, y. If
v = /2, then by Girard’s formula, the area of the triangle is

a+p—-mn/2,
and by the spherical law of cosines (Lemma 2.71)

cosa = cosasing.
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This determines the argga, 8) of the triangle as a function afandg:

g(a, B) = B — arcsin(cosasing).

The solid angle of\Vk is at least sum of the areas of the triangles:
2k-1

a(ag;),
j=0

with angle sum

j=0
The second partial af with respect tg is

d%g(a,B) _ cosasir? asing .0
op? Sir T
Thus, the function is convex jh By convexity, the minimum area occurs when
all angles are equ@l = 8; = n/k.
The solid angle bound of the lemma is equal to

2kg(a, 7/K)

where cos = t. O

6.5.2 a polyhedral bound

Definition 6.105(weakly saturated) [HUCFLEB] Letr andr’ be real numbers
such that X< r < r’. Define a seV c R\ B(0, 2) to beweakly saturateavith
parametersr(r’) if for everyp € R3

2<|pl s = 3JueV.|u-p|<r.

Lemma 6.106 [TARJJUW] [formal proof by Dang Tat Dat]. Fixr
and r such that2 < r < r’. Let V be a weakly saturated finite packing with
parameterdr,r’). For any g: V — R, let P(V, g) be the polyhedron given by
the intersection of half-spaces

p:u-psgu), ueV
Then RV, g) is bounded.
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Proof Assume for a contradiction th& = P(V, g) is unbounded and there
existsp € P such that|p| > g(u)r’/2 forallu € V. Letv = r'p/|p| so that
r’ = |v|. By the weak saturation &f, there existsi € V such thafjv —u| <r.
Then,

Ipl > g(u)r’/2>u-(r'p)/2=|plu-v/2
= IpI(Iul® + IvIZ = Ju - vI?)/4
> [pl(4+r%-r2)/4
> |pl.
This contradiction shows th&tis bounded. m]
Lemma 6.107 [YSSKQOY] Let
g(h) = arccosl/2) — n/6.
Then
arc(2, 2i', 2) > g(h) + g(h'), (6.108)
for all h, i € [1, h].
Proof The functiong can be rewritten as
g(h) = arc(h, 2,2) - arc(2 2, 2)/2.
Itis enough to prove a more general inequality in symméitfaran
f(ag, by) — f(a1,bp) — f(az, by) + f(az, by) > 0, (6.109)
when
2< @ < a < 2hy, and 2< by < by < 2h,
wheref(a, b) = arc@, b, 2). A calculation gives

#f(a,b) 32ab .

dadb  v(a? b2, 4)32
Thus, by holdinga fixed,df /da is increasing irb:
of(aby) df(abs)
oa da
This shows that witth; andb, fixed, f(a,by) — f(a, by) is increasing ina.
Equation 6.109 ensues. O

0.

0.

SinceL(h) < 1 whenh > 1, it is clear that a finite packing that satisfies
Inequality 6.101 has cardinality greater than twelve. TdlieWing lemma also
gives an upper bound on the cardinalith\af
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Lemma 6.110 [DLWCHEM] If V c 8B is a packing that satisfies Inequal-
ity 6.101, then the cardinality of V is thirteen, fourteenfiieen.

Proof (Following Marchal.) Consider a finite packing= {us,...,un} Cc B
satisfying Inequality 6.101. The packingcontains more than twelve points
because otherwise Inequality 6.101 cannot hold,(a} < 1.

By adding points as necessary, the packing becomes wedldhatsd in the
sense of Definition 6.105, with= 2 andr’ = 2hy. It is enough to show that
this enlarged set has cardinality less than sixteen. Let

g(h) = arccosli/2) — n/6,

and leth; = |u;||/2. Thenh; < hg = 1.26. Consider the spherical disks of
radii g(hy), centered at;;/|u;| on the unit sphere. These disks do not overlap
by Lemma 6.107.

For each, the plane through the circular boundanfbounds a half-space
containing the origin. The intersection of these half-gsds a polyhedroR,
which is bounded by Lemma 6.106. (See Figure 6.17.) Lemniads$ociates
a fan Vp, Ep) with P. (The setVp is dual toV; the setVp is in bijection with
extreme points oP, wheread/ is in bijection with the facets dP.) There are
natural bijections between the following sets.

1.V ={uy,...,un}

2. The facets oP.

3. The set of topological components\qiVp, Ep).
4. The set of faces in the hypermap hyp(Ep).

The first conclusion of Lemma 5.54 gives the bijection of thistfiwo sets.
Lemmas 5.62 and 5.42 give the other bijections.

Figure 6.17 [ZXEVDCA] A polyhedron is constructed by extending planes
through the circular boundaries of disRson the unit sphere.

By Lemma 5.66, the number of edges of the fadstk;, the cardinality of
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the corresponding face in hy{, Ep). By Lemma 6.103, the solid angle of the
topological componend; of Y(Vp, Ep) is at least regf(h), ki), where

reg@, k) = 2r — 2k(arcsin(cosd) sin(r/k))).
By acomputer calculatioh[21]
reg@(h), k) > co+cik+coL(h), forallk=3,4,..., 1l<h<h (6.111)
where
Co=0591 c¢;=-0.0331, c,=0506

The sum}} ki is the number of darts in hyyg, Ep) by Lemma 5.61. By
Lemma4.22y; k < (6N — 12). Summing over, an estimate ol follows:

4r = Zsol(\/\/i)
> ) rego(h). k)
> coN +clzk.- +CgZL(hi)

> coN + C1(6N — 12) + 12
This gives 16> N. O

Lemma 6.112 [XULJEPR] Assume that Vc 8 is a packing that satisfies
Inequality 6.101. Then for everye V such that|v| = 2, there exista1 € V
such thatD < |v — u]| < 2hqg.

Proof Assume for a contradiction that a packikgexists that satisfies the
inequality for which there exists € V for which

2hg < |[v—ul, u=#w. (6.113)

The assumption that (6.101) holds implies that 13. Create one large disk
D; centered av/2 and repeat the proof of the previous lemma. Extend the
packing to a weak saturation with parameteesr’ = 2hg. This can be done

in a way that maintains the assumptions/oBy Lemma 6.106, the polyhedron

is bounded. By @omputer calculatiohi[21]

a’ =0.797 < arc(2 2h, 2hg) — g(h) for 1 < h < hg.

7 [BIEFJHU] This is a linear lower bound on the area of a regular polygon.
8 [WAZLDCD]
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By (6.113), we may take’ for the arcradius of the large didk;. By acom-
puter calculatiof [21]

reg@,k) > co+ ik + coL(1)+c3, k=3,4,... (6.114)

wherecz = 1. Then

A = zN: sol(W)
i=1

N
> reg@. k) + ) reg@(h). k)
i=2

N

N
> coN +clzk+czz L(h) + c3
i=1 i=1

> CoN + c1(6N — 12) + 12 + cs.

This gives a contradiction 13 N > 13. m]

9 [UKBRPFE]
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6.6 Appendix on OXLZLEZ

This appendix was written in Nov 2012 to give details of thenfalization of
LemmaOXLZLEZ.

6.6.1 Formulas fory and dih

The dihedral angle of a cell is given by a formula dihX, whishdiefined in
terms of dihV. Various lemmas related dihV to the functiovirgyg the dihedral
angle of a simplex as a function of its edge lengths.

The functiony can also be expressed as a function of edge lengths. In the
following lemmas, we fix a saturated packi¥gand take cells with respect to
V.

Lemma6.115 [YJIBIAOE] Let X be &d-cell. Lety, ..., Ys beits edge lengths.
Theny(X, L) is given by

gammadfgcy yly2 y3 y4y5 y6 Ilmfun
defined formally in the module Sphere.

Lemma 6.116 [XKYBPAI] Let X be a3-cell. Let y, ys, ys be the lengths of
the three edges in X). Theny(X, L) is given by

gamma3f y4 y5 y6 sqrt2 lmfun
defined formally in the module Sphere.

Lemma 6.117 [KKHWUHM] Let X be a2-cell. Lety be the length of the unique
edge in EX). Leta be the dihedral angle along that edge. Th&€X, L) = « t,
where tis

gamma2 x_div_azim (h@cut y) (y *y)
defined formally in the module Functionedjuation.

Lemma 6.118 [OWEWPJG] Let X be al-cell. Letv be the unique element of
V(X). Let s= sol(X,v). Theny(X, L) = st, where tis

87 V2
3

- 8my

Lemma 6.119 [KPINKIL] Let X be aO-cell. Theny(X, L) is equal to the
volume of X.
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6.6.2 Leaf and cell

Definition 6.120(leaf) [NIPHFIE] LetV be a saturated packing. l@af of
V is an elementi = [ug; us; uz] € V(2) such thah(u) < V2. Thestemof the
leaf is{ug, us}.

Lemma6.121 [GBEWYFX] LetV be a saturated packing, and le& [uo; u1; uz]
be a leaf of V. Then S {ug, us, u,} is not collinear.

Proof Part 1 of MHFTTZN states tha&® has dfine dimension 2, hence the
set is not collinear. O

Lemma 6.122 [NWVRFMF] Let V be a saturated packing, and lebe a leaf
of V. Letp € R® be such thatp} is a facet of2(V, u). Then there existg € V(3)
such that dv = u andws(v) = p.

Proof This follows directly from Lemma IDBEZAL and € V(2). m|

Lemma 6.123 [YBZFUPO] Let V be a saturated packing with leaf Then
there exist distingb; andpz such that)(V, u) is the convex hull offp1, p2} and
such that F is a facet d2(V, u) if and only if F € {{p1}, {p2}}.

Proof By the definition ofV(2), we have thatl € V(2) implies that the fiine
dimension of2(V, u) is one. This is a bounded polyhedron of dimension one,
hence a segment given as a convex hull of distinct p@ptndp,. The facets

of a segment are its extreme points as given. m|

Lemma6.124 [ZASUVOR] LetV be a saturated packing with Ia; us; us].
Then[us; Up; uz] is also a leaf with the same stem.

Proof The stem is clearly the same, and the circumradius does aoigeh
upon reordering of elements. Lete V(3) be an element constructed in the
previous lemma such thdtv = u. Let v’ be obtained by transposing the first
two elements. By YNHYJIT, we hawe € V(3). Thend,v' = [u1; Ug; U2] €
V(2). The result ensues. m]

Lemma 6.125 [FUZBZGI] LetV be a saturated packing with leafletq be
the circumcenter afi. Thenq € Q(V, u), but is not an extreme point 6f(V, u).

Proof The third part of Lemma MHFTTZN gives thgte Q(V, u).

Assume for a contradiction thagtis an extreme point, then Lemma 6.122
givesv € V(3) such thatl,v = u andws(v) = g. The setQ(V, v) is convex of
affine dimension 0, and is therefore a singledsiv). By Lemma MHFTTZN
applied tov, we have that] = w3(V) is the circumcenter of. This contradicts
the strict inequality of Lemma XYOFCGX. m]
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Definition 6.126(y) [MSBKFLD] For any listu = [up; u1; uz] of elements in
R3, definey(u, p) = (U1 — Ug) X (U2 — Uo)) - (P — Uo).

Lemma 6.127 [JDHAWAY] Let V be a saturated packing with leaf Letp;
andp; be the distinct points constructed in Lemma 6.123. Tenp;) is not
zero, andy(u, p1) andy(u, p2) have opposite signs.

Proof Letq be the circumcenter af. If y(u, p;) = 0, thenp; lies in the dfine
hull of u. By MHFTTZN, this implies thaty = p;, which is impossible by the
previous lemma. Hencg(u, p;) # 0.

By the previous lemma, the circumcentgsf u has the forng = paty +pota,
for somet; such that; + t, = 1 andt; > 0. Sinceq lies in the dine hull ofu,
we have

0 = x(u. q) = tax (U, p1) + tax (U. p2)
Sincet; > 0, this implies thak(u, p1) andy(u, p2) have opposite signs. o
Remark6.128 [LITLFSC] Recall from Lemma JBDNJJB thafu, p) has the
same sign as
sin(azimo, uz, Uz, p)).
Also, x([Uo; us; Uz], p) = —x([uy; Uo; U2], p).

Definition 6.129(pe, 0, ke, €)  [AQEQEDX] LetV be a saturated packing with
leafu. We definepe(u), 0, andk. as functions oti as follows. By the previous
lemma, there exists a unique extreme ppiof Q(V, u) such thaj(u, pe) > 0.
By an earlier lemma, there exidise V(3) (choose one) wher(0) = u and
w3(0) = pe. Finally, letke € {3, 4} be given by

ke:{4’ h(@) < V2

3, otherwise
We abbreviate(u) = cell((, ke(u)).

This construction uses a leaf = [ug; us; Up] to select an extreme point
of Q(V,u) and an associated cell. By earlier lemmas, the other ertrgoint
of Q(V, u) is determined by the other leati{; up; uz] with the same stem. It
reverses the sign gf. Note that [11; up; uz] is the unique nontrivial rearrange-
ment ofu with the same stem. li is a leaf, we write

A2 (u) = aff®({u; us}, up), andA(u) = aff{uo, us, Uz}

Lemma 6.130 [NUNRRDS] Let V be a saturated packing with leaf Then
c(u) meets A(u). Furthermore, for every e c(u), we havey(u, q) > O.
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Proof The cell is given as a convex hull ¢dig, us, us, p}, for some poinp.
Hence the cell containg, which lies inA,(u). The convex hull clearly lies in

a half space bounded #(u).
We havey(u, p) > 0. Sinceq is in the convex hull of four points witjg > 0,
we also haveg(u, q) > 0. m]
6.6.3 Planarity

Lemma 6.131 [RIJRIED] LetV be a saturated packing. Let X be a cell with
an edge. Then X is not coplanar.

Proof By definition, the vertex set is empty, if the cell is a null.set m]

Lemma 6.132 [ZWVCBMN] Assume that S {uo,...,us} c R?is not copla-
nar. Then the convex hull of S has positive measure.

Proof The volume of a tetrahedron has the foniA/12, and the condition
of planarity isA = 0. m]

Lemma 6.133 [ASVAYEW] Let V be a saturated packing and let X be a
nonempty8 or 4-cell. Then X is not coplanar.

Proof Write the cell as cellf, k). A nonempty 3 or 4-cell has the form of a
convex hull of four points{ug, ui, uz, p}, wherep = us in the case of a 4-cell
(h(u) < V2) orp = £ in the case of a 3-celh < V2 < h(u)). In the case of a
4-cell the points are not coplanar by Lemma MHFTTZN.

In the case of a 3-cell, we have thgu) has dimension 2 by Lemma MHFTTZN.
It is enough to show thatis not in this dfine hull. The point is equidistant
from ug, u; andus,. If £is in the dfine hull, then it is the circumcenter, and we
arrive at a contradiction

V2 = |& - up| = h(dau) < V2.

6.6.4 Classification of cells

Lemma 6.134 [CFFONNL] LetV be a saturated packing with laaf= [ug; us; uy].
Let X be a cell of V, and I, u1} € E(X) be an edge. Suppose that

0
XNA(u) # 2.
Then there exists 2rearrangement’ of u such that

X = c(u).
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Proof SinceX has an edge, it is at least a 2-cell. The ¢€lks not a subset
of A(u). Pickq € X\ A, and choose a 2-rearrangementof u such that
x(’,qg) > 0. The cellX contains the convex hull of four points

Up, U1, P, q

wherep € A? andy(u’,q) > 0.
Letv = 0’ € V(3) andk = ke(U'). Let X’ = cell(v,k). The cellX’ also
contains the convex hull of four points

Up, Uz, p’, 0’

wherep’ € A2 andy(u’,q’) > 0. Any two such convex hulls meet in a set of
positive measure. S9N X’ has positive measure. Hence by Lemma AJRIPQN,
we haveX = X’. This gives the result. O

Lemma 6.135 [FUEIMOV] SupposethatV is a saturated packing with leaves
u andu’ with the same stem. Letkke(u) and K = ke(u’). Assume that # u’.
and qu) = c(u’). Thenk= k' = 4,0 = [Vo; v1;V2; Va], andl’ = [v1; Vo; V3; V2.

Proof If the cells are equal, thek = k' € {3,4} by the definiton ok, and
Lemma AJRIPQN.

We consider two cases depending on the valuk. Suppose thak = 4.
The definition ofke givesh(l) < V2. The setv n cell(v, 4) determines the
parametew up to rearrangement. The stem is fixed, giving only two paissib
ties [uo; ug; .. .] and [ug; up; .. ] for the first two elements. The last two entries
must also be equal or transpositions. To preserve the sigstioé permutation
must be even. The only nontrivial possibility is the one giirethe lemma.

Suppose that = 3. The cell is the convex hull of its extreme points, three
of which are elements of the vertex 3étX). The first two entries ofi are
determined by the stem, up to transposition. The third dstfixed by mem-
bership inV(X). The fourth entry must be the common extreme péinif
u = [Up; U1; Uz] andu’ = [ug; Ug; U], then

0 <X(H’§) = _X(H/’.f)'
This gives incompatible sign constraints. O

Lemma 6.136 [YSAKKTX] LetV be a saturaed packing. Let X be a cell with
edge{uo, u1}. Then X= cell(u, k), for someu of the form[ug; us; .. .].

Proof This follows from RVFXZBU. O

Lemma 6.137 [RBUTTCS] Let V be a saturated packing. Let X belaell
with edge{uo, us}. Then there exists a leafwith stem{uo, u1} such that X=

c(u).
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Proof By YSAKKTX, we may write X = cell(v, 4), wherev has the form
V = [Up; Ug; Vo; vg], for somev, andvs. Setu = dyv. We haveh(u) < V2, so
thatu is a leaf. The cell meet&®(u) atv,. Lemma 6.134 gives that = c(u’)
for some 2-rearrangement of m]

Lemma 6.138 [FCHKUGT] LetV be a saturated packing, and le& [ug; u1; uy]
andu’ = [up; ug; u5] be two leaves with the same first two entries, such that
Ad(u) = A)(V). Thenu = u'.

Proof We have that(u) andc(u’) both mee?. Hence, there is a 2-rearrangement
u” of u’ such that(u) = c(u”). By FUEIMOV, k = k' = 4, andu” is a rear-
rangementoil. If u # u”, thenu” = [us; Up; uz], wherec(u) = conuo, .. ., Us}.

But this final possibility is impossible, singay, .. ., us} is not coplanar. O

Lemma 6.139 [BDXKHTW] Let V be a saturated packing. Let X be a cell of
V with edge e= {uo, u1}. Letu = [uo; u1; Uz] andu’ = [uo; uz; u5] be distinct
leaves with stem e. Assume that the intersection of XWﬂ'de(uo, Uz, Uz, U)

is nonempty. Then X is a subsetadge(lo, Ui, Uy, U5).

Proof We claim thatX is not coplanar. Otherwise it is a null set, and by
definition a null set has no vertices or edges.

Since the leaves are distinct, by FCHKUGT, we ha@¢u) # A%(u’). This
implies that the wedges are nondegenerate.

For a contradiction, piclp € X n wedg@(ug, us, Us, uy) andg € Xn
wedgé(ug, uz, us, Uz). We may assume thétip, us, p, g} is not coplanar. The
sets weddkare open and disjoint. By the connectedness of the unitvialer
the patht — (1 — t)p + tq crossesA%(u) or A2(u’) at g, for some 0< t < 1.
We then have thafug, ui, g;} is not collinear. This point of crossing, by an
earlier lemma giveX = c(u”) for some 2-rearrangement ofor u’, and say
A%(u”) = A%(u). By an earlier lemma,

0<(1-tyu”,p)+tx(u”,q) = x(u”,qy) = 0.

This forcesy(u”, p) = x(u”, q) = 0, which is contrary to our assumption that
{p, g, Uo, U1} is not coplanar. O

Lemma 6.140 [EWYBJUA] Let V be a saturated packing. Let X be any cell
with edge{uo, u1}. Letu = [Up; uz; uz] andu’ = [up; ug; uy] be distinct leaves
of V. Then

X c wedge(o, U1, U, U3) or X c wedge(lp, Uz, U, Uy).

Proof The cellXis not a null set, so there exists a point in the intersectfon o
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X with
wedgé(Uo, Uy, Uz, Uj) or X ¢ wedgé(ug, Uz, Up, Up).

Then apply the previous lemma. O

6.6.5 Angle Sums Revisited

In the following lemma, the hypothesis (6.142) always hdlgpreceding lem-
mas, but we include it to make it independent of these lemiffaslemma is
a variant of Lemma GRUTOTI.

Lemma 6.141 [REUHADY] LetV be a saturated packing. Assume tiau; €
V satisfy|ug — ui| < 2V2. Sete = {up, u1}. Let[ug; us; w] and [uo; us; wW’]
be two leaves (not necessarily distinct) such that for evetlyy X with edge
{ug, U1} we have

X c wedge(lg, uy, w,w’) or X c wedge(lo, U, W, W). (6.142)
Then

D" dih(X, &) = azim(uo, us, w, w').
XeX

The sum runs over the s&tof cells X such that € E(X) and X c wedge(lg, u, w, w’).
Proof Consider the sets
C = B(up, r) N rconé(up, us, @), andC’ = C N wedge(io, Uz, w, w’),

wherer anda are small positive real numbers. From the definitiok-aglls,
it follows that we can chooseanda suficiently small so that iiX is ak cell
that meet£’ in a set of positive measure, thker: 2 and there exists € V(3)
such thaiX = cell(u, k) andd;u = [uo; u1]. Moreover,

CnX=CnX=CnA, A=aff,({ug, ui}, {v,w}),

whereA is the lune of Definition 3.14 angd w are chosen as in Definition 6.68.
By Lemma 3.27 and Definition 6.68, the volume of this intetiggris

vol(C N A) = vol(C) dihy ({uo, us}, {v, w})/(2r) = vol(C) dih(X, €)/(2x).

The set of cells meeting’ in a set of positive measure gives a partitiorCof
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into finitely many measurable sets. This gives

vol(C)azim(ug, uz, w, w")/(2r) = vol(C’)

= Z vol(C N X)
XeX
=vol(C) »" dih(X,&)/(2n).
XeX
The calculation of volumes in Chapter 3 gives @)I(> 0. The conclusion
follows by canceling voIC) from both sides of the equation. m]

6.6.6 Linear Programs

Let V be a saturated packing and {eb, u1} be a critical edge (of some cell).
We may order the set

Leaf={veV : [up;uy;V]is aleaf}

(and the corresponding leaves) by arbitrarily fixing onereatvy € L and
then ordering them by increasing azimuth angle aaygn(y, vo, V), for v e
Leaf. This partitionsR® into finitely many wedges delimited by the leaves.
Each cell with edgéuo, u;} lies in one of these wedges.

If h(0) < V2, thenc(u) = c(u’) is a 4-cell in the wedge, and this is the only
cell (of positive measure or in fact the only cell at all) cgined in the wedge.

If h(0O) > V2, thenc(u) andc(u’) are distinct 3-cells in the wedge, and these
are the only 3 cells in the wedge. The wedge may also includgta fiumber
of 2-cells, but it has no 4-cells. The 2-cells within a giveedge are combined
into a totaly and total azimuth angle.

We have a number of nonlinear inequalities bounding theevafu

(X, L)wt(X) + B({uo, U1}, X)

as a function of its azimuth angle. These inequalities aseth@n the parti-
tion of cells according to wedges. Based on these inegeslitve run linear
programs giving lower bounds fr v(X, L), subject to the constraint that the
azimuth angles sum tor2In every case, we find th&t> 0 for each cluster. We
run a separate linear program depending on the number aéddedvgeneric
case handles the case of five or more leaves. The followingestibn gives
details.
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6.6.7 Cell Cluster Inequality

This section shows how to deduce Lemma OXLZLEZ from a cdlbecof
nonlinear inequalities. The nonlinear inequalities arec#fied in an abbrevi-
ated way according to the table at the end of this section.eSouliections
of nonlinear inequalities have been merged into a singlguakty. Once the
source of a nonlinear inequality has been cited, we assuaté¢tth reader has
become familiar with it, and it is not repeatedly cited.

Remark6.143 (preparation) [XSBYGIQ]

1. If a leaf separates two 3-cells, erase it, scoring it@®8azim. This is jus-
tified by acomputer calculatiot? [21].

2. Score all 2-cells at.008azim by acomputer calculatioh' [21].

3. Score all 3-cells witly* at 0008azim, but keep the leaf, lmpmputer cal-
culation'? [21].

Definition 6.144(small leaf, subcritical, supercritical)[HYTORSD] A critical
edge has lengthi2 <y < 2h,. A subcriticaledge has length2 y < 2h_. A
supercriticaledge has lengtht2 < y < V8. A small leafis a triangle along
the critical edgey; with one critical edge;, and two subcritical edges, Ys.
A B-cell is one with two critical edgeg, y4 and the remaining four edges
subcritical. Sety ™= y(X)wt + B(X). A 23-cell is used to refer to the collection
of 2 and 3-cells that lie between two consecutive nonerasagek. The term
cell will now refer to a 4-cell or a 23-cell, rather than a Marchell c

A cell along a fixed stemup; u4] is call a quarter, if it is a 4-cell with a
critical edge along the stem and five subcritical edges. Wev@U for a
guarter. We write QX as an abbreviation for any 4-cell thatosa quarter, and
QY for any 23-cell. Writee = 0.0057. When we speak of a leaf, we restrict our
usage to the two leaves along the common stem. We wrifer the condition
that the circumradius of a leaf 1.34 andy;~ for the circumradius 1.34.

In the following lemmas, we work in the context of OXLZLEZ. atis, we
have a number of cells sharing a critical edge. For a corttiadi, we assume
that we are working with a counterexample. That is, we asas®@ehypothesis
in each lemmathat y; < 0.

Lemma 6.145 [CHQSQEY] There are at least thred-cells (in every coun-
terexample).
10 [cel13]

1 [grki]
12 [ce113]
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Proof We consider cases, according to the number of 4-cells. tethe no
quarters, thery;"> 0 for all i by computer calculatiot? [21]. We may in fact
assume that there is a quarter wytk: 0.

If there is one 4-cell (a quarter), then din2r by computer calculatioH [21]
so there is another cell, a 23-cell. Then+ y3 > 0 by computer calcula-
tion'® [21] If there are two 4-cells. The total angle of the two célsit most
2(2.8) < 2, so there is at least one 23-cell, and each 4-cell is flankeat by
least one 23-cell. Then usg ¥ y3 > 0. m]

Lemma 6.146 [MTMLSRF] There exists a quarter with < 0 and flanked on
both sides by anothet-cell.

Proof Otherwise, we again hayg + y3 > 0. m]
Lemma 6.147 [LXDEYBO] There are at most foud-cells.
Proof Otherwise, by @omputer calculatiotf [21]

Z’\}’/ > Bag + b5a/ > Bag + b5(272’) > 0.
(5)
O

Lemma 6.148 [UNPNFVW] The4-cells are all contiguous. That is, there is at
most one&3-cell.

Proof The number of 4-cells is three or four. By Lemma 6.146, thera i
contiguous block of three or four 4-cells. Thus, if they ao¢ all contiguous,
there is a block of three and a block of one, with 23-cellsrsgersed. That is,
there would be at least two 23-cells, each with angle at [@&66. Then by a
computer calculatiotf [21]

> = 2(0.606)(Q008)+ 4as + (21 — 2(0.606))s > O.
O

Lemma 6.149 [DHCVTVE] The configuration must be one of the four possi-
bilities C,k, where n is the number of leaves, k is the numbet-otlls, and
n -k is the number a23-cells:

Cs3 Css Cuz Csa

[gamma_gx]

[azim_c4] ,

[quay] .

16 [ztg4]

17 [gckb ztgd cell3 grki]
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Proof Since there are three or four 4-cells and zero or one 23thelle are
four cases as given. O

Lemma 6.150 [PMZTATI] LetQX be a cell with one small leaf and the other
not small. Thery > € or QX is ags-cell.

Proof This is acomputer calculatiotf [21]. O

Lemma 6.151 [RJISZKQX] LetQU be a cell with (at least) one legf". Then
v > €.

Proof This is acomputer calculatiot? [21]. O
Lemma 6.152 [IXPFBKA] If 5, then the leaf is small.
Proof This is acomputer calculatioff [21]. O

Remarks.153 (neutralize) [XCLCXWG] yqu > —€ andygx > 0 by acomputer
calculatior? [21] If QX has one leaf that is small and another that is notlsma
it neutralizesa quarter in the sense that it giveagainst the-e of the quarter.
Notice that this condition propagates, forcing one cekaéinother to have
small leaves, if it doesn’t neutralize. If a 4-cell is nextad®3-cell, then we
have by acomputer calculatiof? [21],

Ya+7y3 > €,
and again we can neutralize a quarter. Call this 234-nézatain.
Lemma 6.154 [IPVICGW] All leaves along the stem are small.

Proof We consider many cases, breaking it down intially accordmthe
case k.

Cs3: If there are at least two quarters, every leaf lies alongartguand is
small. If there is one quarter, we can neutralize it, unlddeaves are small.

Ca.4, Cy3: If there are at least three quarters (or two that are nooadj$
then every leaf lies along a quarter and is small. If theret@oeadjacent or
one quarter, we can neutralize them unless every leaf id.smal

Cs4: If there are four quarters, then every leaf is along a qudftéhere is
one quarter, we can neutralize it, if it is not small. Thema@é two cases: two
or three quarters.

Cs.4: two or three quarters. There are various combinatorialgteents of

[gamma8]

19 [fhvb2]

[ispl

[gamma_qu gamma._gx] .
[gammal®_gammall qu_qy]



6.6 Appendix on OXLZLEZ 207

the quarters among the four 4-cells. If two of them are nodealjt to the 23-
cell, then we can treat it with neutralization arguments dhe case that is not
easily neutralized is an arragnement with a single contigisbock of quarters,
occupying the two slots that are not adjacent to the 23-aptl, possibly one
other slot. Furthermore, there is exactly one leaf (aloeg2B-cell) that is not
small. That nonsmall leaf hag. We break this case into subcases.
Assumezimps > 1.074. By acomputer calculatiof? [21], we have

D" ¥ > 0.008azims + (4as + bs(2r - azims)) > O.

Assumeazimys < 1.074and assumg~ on the small leaf along th23-cell.
By acomputer calculatioff [21], the 23-cell can be included in the estimate,

D% > Bas + bs(21) > 0.

Assumeazimys < 1.074and assumg* on the small leaf along th23-cell.
In this case we can split the 4-cells into two groups of tweheaith a quarter
paired with a neutralizing 4-cell by@mputer calculatiof? [21]. m]

Lemma 6.155 [RSIWAMP] There are at most four leaves. That is,{loes
not occur.

Proof Otherwise, we have reduced to the case of five leaves, foetld-c
and one 23-cell, and all leaves small. l2eandB be the two leaves along the
23-cell. We consider various cases.

Assumeazimpz > 1.074 This case is the same as in the previous lemma.
Without generality we now assume that azirg 1.074.

Assumey, or . In this case, by @aomputer calculatioff [21], we have

Zy > 5ag + bs(27) > 0.
®)
Assumey; andng > 1.3. If further, some 4-cell is not a quarter, then by a
computer calculatioff [21],

Z v > 0.606(Q008)+ 0.21849+ 3(0.161517)- (27 — 0.606)0119482> 0.
®
And if all 4-cells are quarters, then we can easily neuteslithe two pairs of
4-cells. m]
23 [cell3 grki ztg4]
[pem ztg4]
[gammal®_gammall fhbv2]

[pem tew]
[gaz9 gaz6 gckb]
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Lemma 6.156 [BKLETJQ] If QX is adjacentto &3-cell, theny, + y3 > .
Proof This is acomputer calculatioff [21]. O
Lemma 6.157 [UTEOITF] There is n@23-cell. That is, G 3 does not occur.

Proof Again, there are several cases. Label the three consedutiels as
A, B, C. All leaves are smalB is a quarter withyg < 0 and its two leaves have
n~. If any leaf has;*, then we can easily neutralize. Assume now ttator
all leaves. If any 4-cell is not a quarter, we can neutralize.

Assume that all 4-cells are quarters.

Assumezimz > 2.089. By acomputer calculatiof? [21],

> > azimys(0.008)+ 3(0.161517)+ (21 - aziMmys)(~0.119482)> 0.

Assumezim < 1.946. By acomputer calculatio?f [21],
Z v > azimp3(0.008)+ 3(—0.0659)+ (27 — azinp3z)0.42> 0.

Assumel.946 < azimps < 2.089. By acomputer calculatio?t [21],
Z y>3e-3¢>0.

Lemma 6.158 [LUIKGMH] The case gz does not occur.

Proof By acomputer calculatio?? [21], we have azink 2.8. If ¥ < ¢, then
azim< 2.3.If ¥ < 0, then azink 1.65.
If there are at least two negative quarters, then the totglean

27 <1.65+1.65+28< 28.

If there is one negative quarter, it will be neutralized gsléoth others have
angle< 2.3. Then

27 < 1.65+ 2(2.3) < 2r.

Lemma 6.159 [GRHIDFA] The case &4 does not occur.

[gammal®_gammall]

2 [gaz6]

[aziml]

[txql

[azimnqu azim_c4 g_qxd]
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Proof Letk be the number of quarters. We have seen that all faces are smal
If k < 2, then by acomputer calculatio?t [21],

kQU + (4-K)QX: Z v > k1.61517+ (4 - k)0.213849- 27(0.119482)> O.
if k = 4, then by acomputer calculatiotf [21],
D% > -4(0.0659)+ 0.42(2r) > O.

Finally assume thdt = 3. If the fourth cell is g-cell, we are done by eom-
puter calculatioi®[21] Thus, the fourth edge of the fourth cell is supercritica
This gives by acomputer calculatio?f [21],

3QU+QX: 3(-0.0142852)+ (0.00457511) 27(0.00609451)> 0.

6.6.8 Table of inequalities

Here is a table of the inequalities that were used. The filsinco gives the
name referenced in the text. Then itis indicated if the iradityuis in the mod-

ule Ineq or Moduleand the name of the inequality in the computer develop-
ment. The final column gives a shorthand form of the inequalit

[gaz6 gaz9]
[aziml]

35 [ox3qglh] .
[gaz4 azim2]
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general bounds
isp
gckb

azimc4
ox3qglh

quarters

gammaqu
fhbv2
quqy
ztg4
aziml
gaz4d
gaz6

nonquarter 4-cells

gammagx
g-gxd
gammalOgammall
gammas

gaz9

azim2

23-cells

cell3
grki
pem
tew
txq

ineq
ineq
ineq
merge

ineq
ineq
merge
merge
ineq
ineq
ineq

merge
merge
merge
merge
ineq
ineq

merge
ineq
ineq
ineq
ineq

Packing

JSPEVYT
GCKBQEA

BIXPCGW 6652007036 a2

ox3qlmerge

BIXPCGW 9455898160
FHBVYXZv2 a
gjugyag-quayb

ztg4

QITNPEA 5653573305
QITNPEA 6206775865
QITNPEA 3848804089

gammax
gammaxd
gammat@mmall

QITNPEA063653052weak

QITNPEA 2134082733
QITNPEA 9939613598

cell308 from_ineq
GRKIBMP a
PEMKWKU
TEWNSCJ
TXQTPVC, IXPOTPA

Table 6.1inequalities

+

azim- 0.606
QUQX = azim< 2.8
3QU+1B= Y,y >0.

Q2 7> —€
QUp' =7y>e
QU+ QY = y4+y3>0
QW QX = (as, bs)
QY (y.azim)
QY (y,azim)
QY (¥, azim)

QX=7>0
QXD=y>¢€
QX +QY = y4+y3> €
Q& =y>e¢
G¥%= (y,azim)
GRUPE" = (y, azim)

v3 > 0.008azim

v2 > 0.008azim
QY™ i~ azim” = (as, bs)
QY2y~ = (as, bs)
QY g azim]= y > 3¢
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Local Fan

Summary. The dfficult technical estimates that we need for the proof of
the Kepler conjecture are found in this chapter. The staddarm of the
main estimate (Theorem 7.43) takes the form

w(V,E,F) > d(k), k= cardy) < (3,4,5,6). (7.1)

Here (V, E) is a fan satisfying various technical conditions, and F is a
face of the hypermap ¢Y¥, E). The function d is defined by a table of real
numbers. Heuristically, the real-valued functiomeasures the looseness
of a packing. Large values efindicate that the points of V are loosely ar-
ranged around the face and small values @idicate a tight packing. The
main estimate gives limits to the tightness of a packindy thie eventual
aim of showing that no packing can have density greater thanRCC
packing.

This chapter also proves the well-known result that therpeter of a
geodesically convex spherical polygon is never greatan fxathe length
of a great circle.

7.1 Localization

Thelocalizationof a fan along a face discards everything but the part of the
fan near the face. The localization is used to focus attertiva single face in
a fan. We also introduce a notion of convexity that is suédbl local fans.
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7.1.1 basics

Roughly speaking, a local fan is to a fan what a polygon is técarinected
plane graph.

Definition 7.2 (local fan) [FTNGOGF] [local fan «» local_fan2] [nonreflexive
local fan «w» convex_local_fan] A triple (V,E, F) is alocal fanif the
following conditions hold.

1. (an) (V,E) is afan.
2. (race) F is aface ofH = hyp(V, E).
3. (omepraL) H is isomorphic to Diky, wherek = card().

A local fan (v, E, F) is said to benonreflexivéif the following additional con-
ditions hold.

4. (anGLE) azim(X) < n for all dartsx € F.
5. (WepGe) V C Wyar(X) for all x € F.

In the proof of the Kepler conjecture in this chapter and thetnall local
fans are nonreflexive. Local fans (that are reflexive) appeapplications to
other packing problems in Section 8.6.

Remark7.3 (visualization) [PNCVUMY] If (V, E, F)is alocal fan, the intersec-
tion of X(V, E) with the unit sphere is a spherical polygon, which givessa i
representation of the fan (Figure 7.1). In the first part efdchapter, the lengths
Iv], for v e V, have little importance, and the spherical polygon capsttine
relevant features of the local fan. The choicd=adlistinguishes the interior of
the polygon from its exterior. If the local fan is nonreflexjthen the interior
of the polygon is geodesically convex.

Lemma 7.4 [WRGCVDR] [formal proof by Nguyen Quang Truong].
f1y[WRGCVDRBIJ, WRGCVDR.ORBIT, LOCAL_FAN_RHO_NODE_PROS] Forany
local fan(V, E, F), there is a bijection from F onto V given by

(V, W) > v.
Moreover, writev — (v, pv) for the inverse map. Them: V — V is a cyclic

permutation. That is, the orbit of eaetunderp is V.

Proof The map from a face to the set of nodes is a bijection for thedil
hypermap Dib. It is a also bijection for a fan isomorphic to Dih

1 An angle greater thamis areflex angle
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G

nonreflexive reflex angle ap

Figure 7.1 [FWYNFVS] To represent a local fan, each blade is intersected
with the unit sphere to give a spherical polygon. The sphépolygon of a
nonreflexive local fan has no reflex angles.

For all (v,pv) € F,
f(v.pv) = (oV. p?v),

so that the orbit off underp in V corresponds under the bijection to the orbit
of a dart underf onF, whichF. Thus,p is a cyclic permutation o¥ of order
k = card{V). m]

Definition 7.5 (o, node) [MFMPCVM] [p «» rhonodel] [p~! «» ivs_rhonodel]
[node «» FST] For any local fanV, E, F), writep = pyer : V — V and
node :F — V for the bijections of the preceding lemma.

Definition 7.6 (interior angle/, Wyar) [PJRIMCV] [interior angle «w
interior_anglel] [Wyar: ¢~ wedge_in_fan_ge] [\/\/010art «v» wedge_in_fan_gt]
For any local fan¥, E, F), write

£(v) = azim(v, pv)),
for all v € V. This is theinterior angle of the local fan at. Also, write

Wgan(F’ V) = Wgart((v’ pV)), Wdal't(F’ V) = Wdal't((v’ pV))

Definition 7.7 (localization) [BIFQATK] [localization «» localization]
[V e» vprime] [E' «» e_prime] Let (V,E) be a fan and leF be a face
of hyp(V, E). Let

V={veV :dweV. (v,w) e F}.
E' ={{v,w}eE : (v,w) e F}.

The triple /, E’, F) is called thdocalizationof (V, E) alongF.
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Lemma 7.8(localization) [LVDUCXU] [formal proof by Nguyen Quang
Troung]. Let(V,E) be any fan and let F be a face of its hypermap that is
simple and has cardinality of at least three. Then the Ia@zlon(V’, E’, F)

is a local fan? Moreover, the anglezim(x) and the wedges ¥:(x) and
Wgart(x) do not depend on whether they are computed relativeym(V, E)
orto hyp(V’,E’) forall x € F.

Proof The proof thatY’, E’) is a fan consists of various simple verifications
based on the techniques of Remark 5.6. The details are ldfeteeader.

The dart seD’ of hyp(V’, E’) is naturally identified with the disjoint union
F LI F’, whereF = {(v,pv) : v e V}andF’ = {(v,ptv) : v e V}. Under this
identification F is a face of hyp{’, E’). The face, node, and edge permutations
have order, 2, and 2, respectively. By Lemma 4.54, this bijection edteio
an isomorphism of hypermaps Bifonto hyp{/’, E’).

The proof that aziny) and\l\lgan(x) do not depend on the choice of fan is a
consequence of their definitions:

azim(x) = azimQ, v, w, o-(v,w)), and

WX = Waae(V, ).

wherex = (v, w). It is enough to check that(v, w) € E’(v). But{o(v,w),V} €
F, so this is indeed the case. O

Lemma 7.9 [RNSYJXM] Let (V,E) be any fan and let F be a face of its
hypermap. LefV’, E’) be the localization ofV, E) along F. Assume thdV, E)
is fully surrounded. The(V’, E’, F) is a nonreflexive local fan.

Proof Lemma 7.8 gives all the properties of a nonreflexive localgacept
for property vebGe): V' c Wyar(X) for every dartx € F. By Lemma 5.42,
Ur ¢ WY, (X). The wedgéNyar(X) is closed and containf, (X). Hence, the
closureUE is contained inWy,(X). Letv € V' and choosev € V such that
y = (v,w) € F. Since the dary leads intdUg, every neighborhood of meets
Ugr. Thus,v € Ug Waar(X). This completes the proof. O

7.1.2 geometric type

Definition 7.10(generic, lunar, circular) [RTPRR]S] [generic «» generic_clf]
[lunar «» lunar] [circular «» circular] Alocalfan {, E, F)isgeneric

2 In flyspeck, the entire hypermap is simple.
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if it is nonreflexive and if for everyv,w} € E and everyu € V,

C{v,w} N C%{u} = @.
A local fan iscircular if it is nonreflexive and if there exists € V and{v, w} €
E such that

Co%v,w} N C%u} # @.

A nonreflexive local fan isunar with pole{v,w} c V if it is nonreflexive, if it
is not circular, ifv # w, and if{v,w} is a parallel set (Figure 7.2).

generic lunar circular

Figure 7.2 [QTCGYTB] A nonreflexive local fan is generic, lunar, or circular.
The figures follow the conventions of Remark 7.3.

Lemma 7.11(trichotomy) [CIZMRRH] [formal proof by Nguyen Quang
Truong]. Every nonreflexive local fan is either generic, lunar, orcdilar.
Moreover, these three properties are mutually exclusive.

Proof If (V, E, F)is not generic, select sonfe, w} € E and somei € V such
that

C{v,w} N C%u} # . (7.12)

Now C{v,w} = COv, w} U C{v} U C{w}. If, for some such tripley(, v, w), the
intersection (7.12) meet8°{v, w}, then the nonreflexive local fan is circular.
Otherwise, the nonreflexive local fan is lunar. O

Definition 7.13(straight) [YPSTLXA] [straight «» undefined Let (V, E, F)
be a local fan. Ifz(v) = x, thenv is straight

Lemma 7.14 [LDURDPN] [formal proof by Nguyen Quang Truong].
Assume tha0, u, w} and{0, u, v} are not collinear sets. Theazim(Q, u, v, w) =
n if and only if there exists a plane A such th@fu, v,w} c A and such that
the lineaff{0, u} separatesy fromw in A.
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Proof The given azimuth angle isif and only if dih({0, u}, {v, w}) = =. This
holds exactly wher0, u, v, w} is coplanar, and the lineff§0, u} separatesy
fromw in A. O

Lemma 7.15 [KOMWBWC] [formal proof by Nguyen Quang Truong].
Let(V, E, F) be a nonreflexive local fan. Letk card{). Assume that for some
0<r <k-1andsomes €V, the set U= {v,pv,...,p"Vv} is contained in a
plane A passing through Lete be the unit normal to A in the directionx pv.
Then the set U is cyclic with respect(@ €), and the azimuth cycle on U is

pu, Uu#p'v,
ou =
v, u=pv.

Furthermore, forallo <i <r -1,

(o'vx p*v) - e> 0.

Proof We writev; = p'vfori=0,...,r.
We claim that(v; x vj;1) -e > Oforalli < r — 1. Indeed, the base case

(Vo X v1) - € > 0 of an induction argument holds by assumption. Assume for a
contradiction that the inequality holds figrbut not fori + 1. Then

affo({0, visa}, vi) = affS ({0, Visa}, Vis2).

This forcesC%v;, vi,1} to meetC%vi, 1, vi,»}, which is contrary to the defini-
tion of a fan. Thus, the claim holds.

The fact that is cyclic follows trivially from the fact thatl is contained in
a planeA throughO and thate is orthogonal toA.

Forall 0 <i <r -1, 0Vvj = vj;1. Otherwise, there is some

u e (U \ {vi, Viz1}) N WO(0, & Vi, Vis1) N A.

However, by the claim, this intersection is a subseC8fv;, vi,1}, andu e
C%v;, vis1} is contrary to the propertyNTersection) of fans. The result ensues.
O

Lemma 7.16 [0ZQVSFF] [formal proof by Nguyen Quang Truong].
Let(V, E, F) be a nonreflexive local fan and letv, w € V satisfy the following
conditions.

1. {O,u,v,w} is contained in a plane A.

2. u,w ¢ aff{0, v}.

3. aff?({0, v}, u) # aff®({0, v}, w).

Thenv is straight. Moreovepv, p~v € A.
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Proof Letx = (v,pv) € F. Orderu andw so that
azim(@, v, pv, u) < azimQ, v, pv, w).

By the definition of nonreflexive local fan, by the conditiansv € Wyar(X),
and by Lemma 7.14,
0 < azimQ, v, pv, u)

=azim(Q, v, pv,w) —azim(Q, v, u, w)

=azimQ, Vv, pv,w) — x

< azimQ,v,pv,p V) —x

=azimx) —

=/V)—-n

<0.

Hence, each inequality is equality. In particularis straight. In particular,
0 =azim(Q, v, pv, u), so that

pv € aff,({0,v},u) c A
Similarly,
p v e aff,({0,v},w) c A
mi

If Lemma 7.16 can be applied once to a set of vectors, themibétan be
applied repeatedly along a chain of vectors. For exampéecdinclusion of the
lemma implies thap~2v € A. In fact, by the definition of fan,

p~Iv e A\ aff{0, v} = aff®({0, v}, u) U aff® ({0, v}, w).

Suppose thagt~'v lies in the second term of the union.vif £ p~1v, then the
assumptions of the lemma are met for, p~v, v}, giving the conclusions that
p~lv is straight and thap—2v € A. Repeating the argument on a new set of
vectors, we obtain a chain

r=/V) =20 V) =+,

with v, p~1v, ... € A. Another chairv, pv, . .. of vectors can be constructed in
the other direction. This process of chaining gives thefoihg lemma.

Lemma 7.17(circular geometry) [KCHMAMG] [formal proof by Nguyen
Quang Truong]. Let(V,E,F)be acircularfan. Then

1. vis straight for allv € V.
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2. The setV liesin a plane A through

3. For some choice of unit vecterorthogonal to A, the set V is cyclic with
respect tq0, €), and the azimuth cycle on V coincides withV — V.

4. azim(Q, e, v, pv) = dih({0, &}, {v, pv}) = arc,(0, {v, pv}) < 7.

Proof Letv,u e V be such tha€%u, pu} meetsC®{v}. Apply Lemma 7.16
to {u,v,pu} to conclude thaw is straight, and that some plaiecontains
{0,u, pu, v, pv, p~Iv}. If w € VN A, then there exista, wo € (VN A)\ {w} for
which the assumptions of Lemma 7.16 hold for, w, w,. Thenw is straight,
andpw € VNA. The seV nAis therefore preserved hy By observing thaV/
is the only nonempty subset ®¥fthat is preserved by, it follows thatV c A
and thatw is straight for allw € V.

By Lemma 7.15Y is cyclic with respect to a unit vecterorthogonal toA.
The azimuth cycle oW isv — pv.

We turn to the final conclusion. By the final conclusion of Lemih15
and Lemma 2.81, the azimuth angle is less thabinder this constraint, the
azimuth angle equals the dihedral angle by Lemma 2.80. Byiitlefi, the
dihedral angle is the angle (®, ) of an orthogonal projection @f/, pv} to a
plane with normak. But {v, pv} is already a subset of the plaAgso that the
projection is the identity map, and the dihedral angle ig @dv, pv}). O

Lemma 7.18 (lunar geometry) [HKIRPEP] [formal proof by Nguyen
Quang Truong]. Let(V,E,F)be alunar fan with polg¢v,w} c V. Then

1. uis straight for allu € V \ {v, w}.

2. 0< 4(V) = £(w) <.

3. Vnaff,({0,v},pv) = {v,pv,...,w}
4. Vnaff,({0,v},pv) = {w, pw, ... V}.

Proof SetV; = {v,pv,...,w}andV, = {w,pw,...,v}. Letu e V \ {v,w} be
arbitrary. Apply Lemma 7.16 to the sgt, u, w} to find thatu is straight and
that{0, u, pu, p~*u} belongs to a plan&(u). Now A(u) andA(pu) are both the
unigue plane containin@, u, pu}; hence A(u) = A(pou) whenpu ¢ {v, w}. By
induction, there are plandg, A; such thaV,; c A;. There is an azimuth cycle
o onV, such thatrju = pu, whenu € A \ {v,w}.

The angles/(v) and/(w) are both equal to the dihedral angle between the
half-planes &, ({0, v}, p*v). In particular, O< 2(v) = z(w) < 7. O

Lemma 7.19(monotonicity) [EGHNAVX] Let(V, E, F) be a nonreflexive lo-
cal fan and let k be the cardinality of F. Fixy € V. Assume tha{0, vy, u}
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is not collinear for anyu € V \ {vo}. For all i, setv; = p'vp and 8(i) =
azim(@, vo, v1, Vj). Then

0=B81)<p2)<---<pk-1)<m.
(See Figure 7.3.) Moreover, i) = 0 for somel < i < k-1, then
Z(Vl) == Z(Vi,]_) =T,

and{vy, ..., v} c aff2({0, vo}, v1). Finally, if A(i) = B(k — 1) for somel < i <
k-1, then

L(Vig1) =+ = L(Vicr) = 7, and {vi, ..., Vie1) € ({0, Vo), Vic-a).

Figure 7.3 [QTICQYN] The angleg(k) are increasing itk on a nonreflexive
local fan. The three arrows mark the angsé®), 5(3), ands(4).

Proof With respect to a frame, the points can be represented in spherical
coordinatesr(;, 6;, ¢;). In an appropriate framep = 0 andd; = g(j) for all .
Fromv; € Wgar(F, Vo) andz(vo) < 7, it follows that 0< 6; < -1 < 7 when
0<j<k-1

One may assume the induction hypothesis that (1) < --- < g(i). The
condition

Vo € Waar(F, Vi)
implies that
0 < azim(, vi, Vi1, Vo) < azimQ, vi, Viy 1, Vi-1) < 7.
By Lemma 2.81, the resulting inequality
sin(azimQ, v, Viy1, Vo)) = 0
reduces to a triple-product:

(Vo X Vi) - Viy1 2 0.
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In spherical coordinates, this inequality becomes
rofiricy Singj singi.1 Sin@@y1 — 6;) > 0. (7.20)

Under the noncollinearity assumption, girsing;,; # 0 (when O< i < k—1).
Once we deal with the degenerate case = 0, 6, = «, these inequalities give
6 < 6i+1, and the result follows by induction.

Turnto the degenerate cagg = 0, 6; = &. In this case, the séd, v, Vi, Vi;1}
is coplanar. LeCE = Cg{vi,vnl}. The values of the anglés and6;., imply
thatCE meets the linefd{0, vo}. In particularevg € CE for some choice of sign
€ € {+1}. The definition of a fan impliesy ¢ C°. Hence-vo € CO. By the
definition of a circular fan,\, E, F) is circular. The lemma follows in this case
from the explicit description of circular fans in Lemma 7.This completes
the proof of the first statement of the lemma.

Assume thap(i) = 6 = 0 for some 1< i < k- 1. Then by the first
conclusionB(j) = 0for0< j <i. Thatis,vi,...,V; all lie in the half-plane
aff%({0, vo}, v1). In particular, they are coplanar. A chaining argumeneblam
Lemma 7.16 gives the result.

The final conclusion follows by a similar chaining argument. O

7.2 Modification

7.2.1 deformation

This subsection develop a theory of deformations of a nasxiet local fan
(V, E, F), including stficient conditions for the deformation of a nonreflexive
local fan to remain a nonreflexive local fan.

Definition 7.21(deformation) [YWNHMBP] [deformation «» deformation]
A deformationof a nonreflexive local fan\{ E, F) over an interval c Ris a
functiony : V x | — R3 with the following properties.

1. ¢(v, *) : | = R3is continuous for eache V,
2. 0el,and
3. p(v,0)=vforallveV.

Notation7.22 Beware of the notational distinction between the heauitgle
¢ and the deformatiop. When a deformatiorp is given, writev(t) as an
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abbreviation ofp(v, t) fort € I. Also, set

V(t) = {v(t) : veV},
E(t) = Hv(t), w(®)} : {v,w} € E},
F(t) = {(v(t),w(t)) : (v,w)e F}.

A deformation does not requir&(t), E(t), F(t)) to be a nonreflexive local
fan for allt € I, although this is often the case. The permutatianV — V
givesp(pv, t) € V(t) for everyv € V.

The following three lemmas give conditions ensuring thapgrties of fans
are preserved under deformation.

Lemma 7.23(local deformation) [XRECQNS] Let (¢, V, 1) be a deformation
of a local fan(V, E, F) over an interval |. TherfV(t), E(t), F(t)) is a local fan
for all sufficiently small te I.

Lemma 7.24 (lunar deformation) [MHAEYJIN] Let (¢,V,1) be a deforma-
tion of a lunar fan(V, E, F) with pole{v,w} over an interval I. Assume that
£(w) < &r. Suppose that there ise V \ {v, w} such that’ remains fixed for all
U € V \ {u}. Suppose thai(t) remains in the plane througf®, v,w, u}. Then
(V(1), E(t), F(1) is a lunar fan with polegv(t), w(t)} for all suficiently small
tel.

Lemma 7.25(generic deformation) [ZLZTHIC] Let (¢, V,1) be a deforma-
tion of a generic local fan(V, E, F) over an interval |I. Assume that the az-
imuth angle ofv(t) is at mostr for all t € I, whenevew is straight. Then
(V(1), E(t), F(1)) is a generic local fan for all sficiently small te I.

Proof (7.23) We examine in turn each of the defining properties afcall
fan.

(carpiNnaLITY) The setV(t) is the image ofV and is therefore finite and
nonempty.

(oriGIN) Sinceg is continuous an@ ¢ V, it follows that0 ¢ V(t) for sufi-
ciently smallt.

(nonearALLEL) If v, w are nonparallel, then(t) andw(t) are nonparallel for
suficiently smallt.

(nTErsEcTION) If £ N&’ = @, thenC(e) N S? has a positive distance from
C(e’) N S?, whereS? is a unit sphere. Hence, foriciently small times, the
deformation of these sets remain disjointe I£ {u, v} ande’ = {v, w}, where
u # w, then again the deformation 6f(e) N C(e) is C({v(t)}) for sufficiently
smallt. The other cases are similar.
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(race), (pmebraL) The azimuth cycle orE(v(t)) is preserved; hence, the
combinatorial properties of the hypermap do not change wigsuficiently
small. O

proof (7.24) (7.25) The proofs of these two lemmas may be combified.
main part of the proof shows that the local fans obtained Wgrdeation are
nonreflexive. From there, the proof is completed in two casdellows.

(Lunar) By assumption, the polés, w} of the lunar fan are not straight. The
poles remain fixed poles under the deformation and remaitraightened.
This shows that the deformation of a lunar fan is lunar.

(ceneric) Genericity is stated as a finite collection of open condgio ¢
C{u,w}. These conditions continue to hold forfBaiently smallt.

Now we return to the proof of nonreflexivity (page 212).

(anaLE) If azim(X) < &, then the inequality remains strict for fEaiently
smallt. If azim(x) = =, then the straightness assumptions of the lemmas give
the inequality azinX) < « for all sufficiently smallt.

(webGe) We consider two cases, depending on the type of the local fan

If the fan (v, E, F) is lunar with pole{v, w}, the assumptions of the lemma
make Wyar(X(t)) independent of for every dartx of F. Thenv;(t) (for the
special index that appears in the statement of the lemma) remains in tte hal
plane & ({v, w}, v;), which is a subset ONyar(X), for everyx € F. The result
ensues.

Finally consider a generic fan/(E, F). For simplicity, write Wya(u) for
Wayar(X), Wherex = (u,pu) € F. The property € vaan(x) is an open con-
dition. It holds for sifficiently smallt. The proof then reduces to the case
vV € Wyar(u) \V\lgan(u), for someu,v € V. By Lemma 7.19u andv can be
connected by a sequence

pu,p%U,...p'u  or  pv,pV,....p'V,

where all intermediate terms are straight.

Thus, it sdfices to prove the following statement by an inductiorr ofor
allv,w € V, we havev(t) € Wyar(W(t)) andw(t) € Wyar(v(t)), wherew = p'v,
providedp'v is straight for all O< i < r. If r = 1, the statement is a triviality
because the azimuth angle spannedMy«(v(t)) is defined by the azimuth
angle of 0, v(t), pv(t), p~2v(t)).

Now assume the induction hypothesis holds for all numbasstigarr. Fix
v and writev; = p'v. We show thav, () € Wgan(Vo(t)), leaving the symmetrical
claimvo(t) € Wyarl(Vr (t)) to the reader. We return to the coordinate representa-
tion that was used in the proof of Lemma 7.19, which appliggeioeric fans.
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With respect to a frame, the pointg can be represented in spherical coordi-
natesj, 6;, ¢;). In an appropriate framep = 0 andd; = S(j) for all j.

From the induction hypothesig(t) € Wgar(vr-1(t)) and the assumption
azim(x(t)) < r of the lemma, we find

0 < azim@, vi_1(t), Vi (t), vo(t)) < azimQ, vi_1(t), v (t), vi—2(t)) < 7.
By relation (7.20), this gives
sin@: (t) — 6,_1(t)) > 0. (7.26)
Whent = 0, we haved;(0) = B(j) = 0, for j = 1,...,r. By continuity,
whent is suficiently small,6;(t) — 6,_1(t) is near zero, so that (7.26) gives
O (t) = 6;_1(t). The induction hypothesig_;(t) € Wyarl(Vo(t)) givesd_1(t) = O.
Hence, (t) = 0.

The inequalityd, (t) < 6-1(t) holds att = 0 and by continuity for smal.
We obtain

0 < 6:(t) < Ha (D).

This is precisely the desired relatiop(t) € WyarVo(t)), expressed in spherical
coordinates. m]

7.2.2 slicing

This subsection shows that a nonreflexive local fan can bedsklong a inter-
nal blade to divide it into two nonreflexive local fans.

Lemma 7.27 [PGSQVBL] [formal proof by Nguyen Quang Truong].
Let (V,E, F) be a nonreflexive local fan. ¥,w € V are nonparallel, then
C{v, W} € Wyar(X) for any dart xe F.

Proof This is an elementary consequence of the cone shapé(x), the
condition thatv ¢ Wyar(X), and definitions. O

Definition 7.28(slice) [CNAQAAA] Let (V, E, F) be a nonreflexive local fan.
Assume that/, w € V are nonparallel and tha¥/(E’) = (V,E U {{v,w}}) is a
fan. LetF’ be the face of hyp( E’) containing the dartv, v). Write

(V[v,wl, E[v,w], F[v, w])
for the localization of Y, E’) alongF’, where
VIV, W] = {v, pV, p?V, ..., W},
E[v, W] = {{V, oV}, ... (o~ w, W}, {w, v},
FIv,w] = {(V, pV), (oV, p2V), . ..., (0w, W), (W, V)}.
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The triple ¥[v, w], E[v, w], F[v, w])is called thesliceof (V, E, F) along {, w).
See Figure 7.4.

(VLE,F) (VIv, w], E[v, w], F[v, w])
Figure 7.4 [SXYGYPC] A slice of a fan along\(, w).

To allow contexts with more than one nonreflexive local fanE, F), we
extend the notation, writing(H, v) for 2(v) in the hypermag. Similarly, we
write W9, (H, V) for W, (x) and so forth.

al

Lemma 7.29(slicing) [EJRCFID] Let(V, E, F) be a nonreflexive local fan.
Selectv,w € V such thatv is not parallel withw. Assume that &v,w} c
WO (X) for all darts xe F. Then

1. (V[v,w], E[v,w], F[v,w]) and (V[w, v], E[w, V], F[w, v]) are nonreflexive
local fans.

2. Let Hv,w] and Hw, v] be the hypermaps of these two nonreflexive local
fans, respectively. Let gV — R be any function. Then

DaWH V) = Y gW)AHV WL+ > gv)Z(HIW, V], v).

veV veV[v,w] veV[w,v]

Proof For eachu € {v,w}, the nodeu is not parallel with any element of
V \ {u}. Otherwise, say that andv are parallel. Then the fan is circular or
lunar with pole{u, v}. By Lemmas 7.17 and 7.18,

w € aff, ({0, v}, pv) U aff ({0, v}, p V).

This givesC%v, w} ¢ Wgan(x), wherex is the dart ofF atv. This contradicts
an assumption.

(V,E’) is a fan, where E= E U {{v, w}}. Indeed, except for the intersection
property, all of the properties of a fan follow trivially frothe fact thatV, E) is
a fan and that andw are nonparallel. (Note the similarity with Lemma 5.22.)
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The intersection property also is trivial except in the casg{v, w} ande’ \ ¢ #
@. Selectu € ¢’ \ ¢. It follows from the node partition of Lemma 5.15 that

C(e) N C(e") = (C(v) N C(e")) U (C(w) N C(g"))
=C({vine)uC(iw}ne)
= C({v,w}Nne’).

The intersection property thus holds aMIE’) is a fan.

It follows by Lemma 7.8 that\{[v, w], E[v, w], F[v,w]) is a local fan.

The second conclusion of the lemma follows from the follayvidentities.
If u#v,wwith u e V[v,w], thenu ¢ V[w, v] and

WO, (H,u) = WO, (H[v,w],u), 2(H,u) = £(H[v,w], u). (7.30)

If ue {v,w}, thenz(H, u) = Z(H[v,w],u) + £(H[w, v], u).

Finally, it remains to be shown that the local fan is nonrefiexThe conclu-
sionV[v, w] c Wya(X) follows from the fact that the angl@$i) are increasing
in Lemma 7.19. m]

Definition 7.31 [CFAYDIM] [sol «» sol_local_fan] When /,E,F) is a
local fan, set

sol(V, E,F) = 2x + Z(azim(x) —n) =21+ Z(z(v) — 7).
xeF veV
When card{) = 3, this definition reduces to Girard’s formula for the solid
angle of a triangle. For conforming fans, the definition reghito the {oLip
ANGLE) formula of Ug for conforming fans (page 129). However, we cannot
apply the results from Chapter 5 directly, because a locakfaot conforming:
(V, E) is not fully surrounded. Instead, we rely on the followiegima.

Lemma 7.32 [NKEZBFC] Let(V, E, F) be a generic nonreflexive local fan.
Then

sol(V,E,F) > 0.

Proof We argue by complete induction dn= card{). The base case of
the induction isk = 3. In this case, the formula reduces to Girard’s formula
(Lemma 3.23) for the solid angle of the triangl&’40, V), which is certainly
nonnegative.

Whenk > 4, if we can find distincv, w € V such thatC%v, w} ¢ WS, (x),
then we may apply Lemma 7.29 and use the induction hypothesigite
sol(V, E, F) as the sum of two nonnegative terms, to obtain the lemma. We
may therefore assume that for el € V, C%v,w} ¢ W2, (X).
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We may assume that some V is not straightOtherwise, it follows triv-
ially from definitions that soWN, E, F) = 2z > 0.

Select anw € V that is not straight, and write, = p'v. By Lemma 7.19
and the assumptions, it follows that there is same 1 < i < k-2 such

thatv; is straight, for allj = 0,i,i + 1. In particular, there are at most three
unstraightened elementsdéf By Girard’s formula, the value of sal(E, F) is
equal to the solid angle of

aff? (0, {Vo, Vi, Vis1}),

which is nonnegative. O

7.3 Polarity

7.3.1 construction

This section constructs a polar faw (E’, F’) from a local fan V, E, F).

Definition 7.33(polar) [JNVXCRC] [polar fan «v» polar_fan] Let(V,E,F)
be alocal fan, with permutatign= pyer : V — V. Defineamapj: V — R3
byv i v =vxpv. Set

V' ={V : veV}
E'={Iv.(pov)'} : veV)
F' ={(V,(v)) : veV}.
The triple /, E’, F’) is called thepolar of (V, E, F). See Figure 7.5.

Figure 7.5 [HEABLRG] A quadrilateral and its polar.

The properties of the polar are established in the follol@émgma.
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Lemma 7.34 [BGMIFTE] Let(V, E, F) be a generic nonreflexive local fan.
Assume that(v) <  for everyv € V. Then(V’, E’, F’) is a generic nonreflex-
ive local fan satisfyingard{/’) = card{/). Moreover, for every € V,

arc,(0,{V’, (ov)'}) = m — £(pv) € (0, x),

arcy (0, {v,pv}) = — //(V') € (O, ),

where/’ is the azimuth angle function on the nodes of the pola(¥anE’, F’).
Proof Fix v € V and writev; = p'v andw; = v; x Vi,1. In a generic fan,
{0, vi, pvi} is not collinear. By Lemma 2.64y; # 0.

The proof makes repeated use of the cross product idertftiesnmas 2.65
and 2.81, without further mention. Recall tha)) (s the equivalence relation
on R given by x ~ y when there exists > 0 such thatx = ty. Abbreviate
(uxv)-wto[u,v,w].

The sign of sin(azin, wi, wi,1,wj)), whenj # i,i + 1, is determined by a
calculation:
sin(azimQ, wi, Wix1, Wj)) ~ (Wi X Wi;1) - W;

= ((Vi X Viz1) X (Vig1 X Vig2)) - W;
= (Visa[Vi, Visa, Vig2l) - (Vj X Vji1)
= [Vi, Vie1, Vie2[ V), Vit 1, Vil
~ Sln(aZImO’ Vi+l’ Vi+2’ VI)) Sm(aZ'mO, Vj’ Vj+l, Vi+l))
~ sinZ(vi+1) sin(@zimQ, vj, Vji1, Vis1))
~ sin(@zimQ, vj, Vji1, Vi+1))-
By Lemma 7.19, this final term is positive. We conclude by Lear2x80 that
0 < azimQ, wi, Wi,1, wj) = dihy ({0, Wi}, {Wis1, W) < 7.

Whenj #i-1,i, we have similar inequalities in whidhs replaced with — 1.
This implies that

wj € WO(0, Wi, Wiy, Wi1), j#i—21i0,i+1. (7.35)
We claim that
{0, wi, wj} is not collinear, whem # j. (7.36)
Indeed, by Lemma 2.64, it is enough to show tvak w; # 0. We compute
Wi X Wj = (Vi X Vis1) X (Vj X Vjs1) = [Vi, V), Vjsa]Vier = [Vies, Vi, V] Vi

The codficients Vi, vj, vj.1] and [vi.1, vj, vj+1] are nonzero by the preceding
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calculations. Ifw; x wj = 0, then{0, vj, vi1} is collinear. This contradicts the
defining properties of the fatv(E, F). This establishes the claim.
The calculation of arg(0, {w;, wi,1}) relies on Lemma 2.68:

arcy(0, {wi, Wiy1}) = arey (0, {Vi X Vi1, Vi+1 X Vis2})
= —arG/(0, {Vis1 X Vi, Viz1 X Viy2})
= — dihy ({0, Vi), {Vi, Vis1)})
=7 = £(Vis1).

The calculation of’(wi,1) also relies on Lemma 2.68:

/' (Wir1) = dihy ({0, Wisa}, (Wi, Wiy2})
= arc/(0, {Wis1 X Wi, Wi;1 X Wiy2})
= arc/(0, {(Vis1 X Vix2) X (Vi X Vit1), (Vis1 X Viz2) X (Vie2 X Viy3)})
= arc/(0, {—Viz1[Vi, Vis1, Vi2], Vis2[ Vi1, Viso, Visa]})
= arcy(0, {-Vi.1, Vi:2})
= —arcy(0, {Vis1, Vis2}).

It is a routine verification to check tha¥(, E’, F’) is a local fan. The verifi-
cation uses the calculations (7.35) and (7.36) to give tharsd¢ion properties
(oriGIN), (NoNPARALLEL), and {NTersecTION) in the definition of fan. This fan
cannot be lunar, because (7.35) precludes poles. It caenatdular because
the azimuth angleg’(v’) are less thamr. It must be generic. We leave the
remaining verifications to the reader. O

7.3.2 perimeter

The perimeter bound of”2for convex spherical polygons is classical [37,
p. 100]. This section proves the bound @n the perimeter of a nonreflex-
ive local fan (Lemma 7.38). A great circle has perimeterhe proof shows
that the perimeter of the fan is related to the solid anglehefggolar fan by
duality. The upper bound on the perimeter is equivalentéaittnnegativity of
the solid angle of the polar.

Definition 7.37 (perimeter) [IQCPCGW] Let (V, E, F) be a nonreflexive local
fan. Set
k-1 o
pertv, E,F) = ) ara/(0, {p'v. p"v}),
i=0
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wherek = cardf). The right-hand side of this formula is easily seen to be
independent of the choice wfe V. Call per theperimeterof the nonreflexive
local fan. Ifv,w € V are distinct nodes, define tipartial perimeter
r-1
per(V,E, F,v,w) = > ara/(0, {p'v, p"v}),
i=0

wherer is chosen so that = p'vand O<r < k- 1.

Lemma 7.38(perimeter majorization) [WSEWPCH] The perimeter of every
nonreflexive local fan is at mo2t.

Proof If the nonreflexive local fafV, E, F) is circular, then its perimeter is
per(V,E, F) = 27. Indeed, by Lemma 7.17, the arcs making up the perimeter
all lie in a common plane. The azimuth cycle ¥rcoincides witho : V — V.
The sum of the terms in the formula defining the perimeter ésstim of the
azimuth angles in the azimuth cycle. The sumzih® Lemma 2.94.

If the nonreflexive local fan is lunar, then its perimeteper(V, E, F) = 2x.
Indeed, by Lemma 7.18, the éiis contained in the union of two half-planes.
The perimeter is the sum of arcs in a half-circle in the firdt-pane plus the
sum of arcs in a half-circle in the second half-plane. This &12x.

Finally, assume that the nonreflexive local fan is genetpg®se for a con-
tradiction that the lemma is false. Consider all countemgxlas that minimize
the cardinality ofV.

A nonreflexive local fan\j, E, F) is determined by and the cyclic permu-
tationp:V — V: E = {{v,pv} : veV}andF = {(v,pv) : veV}.

In such a counterexample, if there is any straight dat(v,w) € F, then
there is a new nonreflexive local fan’( E’, F’) with V' = V \ {v} andp’ :
V' — V' given by

() = {p(u), i p(u) # V.
p(v), if p(u) =v.
This is a nonreflexive local fan with the same perimeter, i@xtto the pre-
sumed minimality of the counterexample. Thus, in the minicoainterexam-
ple azim§) < n for all x e F.

Let (V/,E’,F’) be the polar fan. Its solid angle, which is nonnegative, is
given by Lemma 7.32. We find by Lemma 7.34 and the definitioreoipeter
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that
0<solV',E',F)
=21+ ) (£(V)-n)
VeV’
= 27— > ara/(0, v, pv))
veV
=2n—-per(V,E, F).
The lemma ensues. O

7.4 Main Estimate

Our aim becomes single-minded throughout the rest of thptehave wish

to give a proof of the main estimate (Theorem 7.43). This,ntlost intricate

proof in the book, requires substantial preparation. Assgrthe existence of
some counterexample to the main estimate, a compactnesaanggives the
existence of a minimal counterexample. The properties ofimmal counter-
examples are developed in a long sequence of lemmas. Elgnarough

properties of a minimal counterexample are establishedriolade that it can-
not exist.

7.4.1 statement of results
This subsection states the main results of the chapter.

Definition 7.39 (hy, 7, dity) [CUFCNHB] [pg «» rho_fun] [pp «» rho]
[t «» tau_fun] [SsOh «» so0l®] [azim «» azim_in_fan] [1yi «» taum]
Let (V,E, F) be a nonreflexive local fan. Recall thlag = 1.26 andL(h) =
(ho — h)/(hg — 1), whenh < hg. Set

sob y-2 sob
S aheop = Lt (A-Ly/2)

po(y) =1+

7(V,E.F) = > po(Inodef))azim) + (x + sob) (2 - k(F)),

xeF

where sqj = 3arccos(13) — r ~ 0.551 is the solid angle of a spherical equi-
lateral triangle of sider/3, andk(F) is the cardinality of-. Let

3
Ti(Y1, Y2, Y3, Ya Y5, Y6) = . po(yi) difi (v, ..., ye) = (r + s0k),  (7.40)
i=1
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where

dihy(y1, Y2, ¥3. Ya. Y5, Y6) = dih(y1, Y2, Y3, Y4, ¥s., Ye).
diha(y1, Y2, Y3, Ya, ¥s, Y6) = dih(y2, Y3, 1, ¥s. Y6, Y4), and
d|h3(yl, y25 y3’ y45 y55 y6) = dlh(yS, yl5 y2’ y6’ y45 y5) (7‘41)

Definition 7.42(standard, protracted, diagonal]JKRACSCQ] [standard «w

standard] [protracted «» protracted] [diagonal «» diagonal0®]

Let (V, E) be a fan. We writge| for |v —w]|, whene = {v,w} c V. We say
thate is standardif

2 < |g| < 2ho.
We say that is protractedif
2ho < [e] < V8.

If v,w € V are distinct, and = {v,w} is not an edge irkE, then we calk a
diagonalof the fan.

Theorem 7.43(main estimate) [JEJTVGB] [main estimate «» main estimate]
[(anNULUS) «» ball_annulus] [(piaGoNAL) «» diagonall] Let(V,E,F)

be a nonreflexive local fan (Definition 7.2). We make the ¥ahg additional
assumptions ofV, E, F).

1. (packiNG) V is a packing.
2. (annuLUS) V C B.
3. (p1aconar) For all distinct elements, w € V, if {v,w} ¢ E, then

[v—w]| > 2ho.
4. (carp) Let k= cardE) = cardf). Then3 < k < 6.
In this context, we have the following conclusions.

1. Assume k 4. If every edge of E is standard, then

0206 ifk = 4,
7(V,E, F) > d(k), where dK) = {0.4819 ifk =5,
0712 ifk=6.

2. Assume k 5. Assume that every edge of E is standard. Assume that every
diagonale of the fan satisfiege| > V8. Then

7(V,E,F) > 0.616
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3. Assume k= 5. Assume there exists some protracted edge in E and that the
other four are standard. Then

7(V,E,F) > 0.616

4. Finally, assume that k 4. Assume that there exists some protracted edge
in E and that the other three are standard. Assume that bathatialse of
the fan satisfyje| > V8. Then

7(V,E,F) > 0.477.

There are two related inequalities that we will prove sefgdyaFor that
reason, we state them as a separate lemma.

Lemma 7.44 [HGDRXAN] Let(V, E, F) be a nonreflexive local fan. Under the
same hypotheses ¢\, E, F) as in Theorem 7.43,

1. Assume k= 3. Assume that every edge of E is standard. Then
7(V,E,F) > 0.

2. Assume k= 4. Assume that every edge of E is standard. Assume that both
diagonalse of the fan satisfyje| > 3. Then

7(V,E, F) > 0.467.

The proof of the main estimate occupies the rest of the chapterefer to
the first conclusion of the theorem as #tandard main estimate

The main estimate and Lemma 7.44 are obtained by computariaabn,
proving nonlinear inequalities by interval arithmetic. difficulties arise in
the proof of the main estimate. First, nonlinear optimizatis in general NP
hard; and our calculations in particular rapidly becomeenttifficult to carry
out as the dimension increases. Wher 3, the setV = {vq, vy, v3} is six-
dimensional (nine spacial coordinates minus a three-dsimeal group of ro-
tational symmetries). These calculations in six dimensane relatively sim-
ple. However, by the timk = 6, the dimension 0¥ has reached fifteen, which
is beyond our computational capacity. We are forced to peogequence of
lemmas, showing that any configurationl E, F) that minimizesr lies in an
explicit low-dimensional subset of this set of local norerile fans, where
low-dimensional means anything small enough to be tredtedtty by a com-
puter calculation.

The second source offtliculty comes from numerical instabilities. For nu-
merical stability, we insist on using analytic functions @mpact domains.
One of our favorite strategies is to slice along internabdbkto cut local
fans into smaller fans, and inductively build up the desiestimates from
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the smaller fans. However, when we slice along an interreddyl it is very
difficult to avoid computations on simplices that flatten intoioes of zero
volume. The functions defining are not analytic at flat simplices. They be-
have asVA, with A tending to 0 from above. Concerns such as these force us
to use relatively short diagonals when we slice. The getenadistic we use is
that degeneracies are avoided whef < 3.106. .., and calculations become
stable wherje| < 3.01 (see the proof of Lemma 7.52).

We do not present a complete proof of the main estimate iretiteliecause
much of it is done by computer. In the rest of this chapter, wscdbe how
the local fans of large dimension (especially, the dase6) can be reduced
to much lower dimension. From there, the reader must trastttie small cal-
culations have been executed, or turn directly to the coarpotplementation
for details.

7.4.2 constraints

Let (V, E, F) be a nonreflexive local fan that satisfies all the assumgtidthe
main estimate. The main estimate takes the form of a callectf bounds

7(V,E,F)>d, (7.45)

assuming various length constraints on the edges and difggofithe fan.
In building up these estimates inductively (by slicing istmaller fans), we
will need to consider further estimates of the same generai {7.45), under
many diferent length constraints on edges and diagonals. With thaind,

we introduce aonstraint system

Definition 7.46(torsor, adjacent) [Csrap «~» cstab] [torsor <« torsor]
Letk > 1 be an integer. Aorsoris a setl with a given simply transitive action
of Z/kZ on 1. We write the application of € Z/kZ toi € | asj+iori+ j.
We also writej + i for the application of the image gfe Z in Z/kZ toi € 1.
Note that each choice of base paigt | gives a bijection +— i + ig between
Z/KZ andl. We say that andj are notadjacentf i # j + 1. Anisomorphism
of torsorsis a bijection that respects the action.

We use the constanti,, = 3.01 to make the constraint systems numerically
stable. Its use will become apparent in Lemma 7.52.

Definition 7.47(constraint system, stableYZGFHNKX] [constraint system
«» constraint system] [stable «» stable_system] A constraint sys-
tem sconsists of the following data:

1. a natural numbeék € {3, 4,5, 6},
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. aZ/kZ-torsorl,

. areal numbed,

. real constants;j, bjj, satisfyinga;; = a;i, bi; = bji, a; < by, fori,j €I,
and

5. asubsed c {{i,1+i} : i€ 1}, suchthatcardl) + k < 6.

A WN

We say that a constraint systesis stableif the following additional properties
hold.
1.

0 = a; and 2< &; for all i, j € | such that # j.

2. Also,
Biji+1 < Cstab
3. If{i, j} € J, then fij, byj] = [ V8, Cstad-

Remark7.48 [XUHUBYO] The numbeik represents the number of edges in
a given local fan. In practice, the sets an indexing set for the set of nodes

V ={v; : iel}ofalocal fan ¥, E, F), indexed such thaiygrVvi = Vi.1. The
constants; andby; prescribe the lower and upper bounds on the edges and
diagonals of a fan\(, E, F) with V:

aj < [vi —vjl < byj.

A constand appears in (7.45). The séis used to make minor adjustments to
the estimates, and will be explained later. In most casesandakel = @.

For each constraint systesnwe write k(s), d(s), 1(s), &;(s), and so forth
for the associated parameters.

Example 7.49 The constants in the conclusions of the main estimate (The-
orem 7.43) can be packaged into stable constraint systearexample, the
standard main estimate fork 6 gives the constraint system=d0.712 J = @,

| an indexing set of cardinality six, and

O’ I = j’ 09 I = j9
aj =12, j=ix1 bij=42hy, j=izx1,
2hg, otherwise 4h{, otherwise

where If is any constant greater thahiThe upper boundh, on any diagonal
comes from the triangle inequalityv; — v;| < [vi| + [v;j| < 4ho.

We write Syi; for the set of stable constraint systems s, with a fixed choice
of torsor for each k, for all cases of the main estimate.
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Example 7.50(ear) We have a stable constraint system s given by k
card() = 3,d = 0.11, J a singleton, and

[0,0], ifi =],
[aij, bij] =4[ V8, Cstar), i {i, 1€,
[2,2hg], otherwise.

We call s an ear (by analogy with an ear in a triangulation of@ygon, which
is a triangle that has two of its edges in common with the pmiyg

Next we associate a s8 with each constraint system

Definition 7.51 (8s) [KTFVGXF] For every constraint systes) and every
functionv : I(s) — 8, letV, c B be the image o¥. Let E, be the image of
i = {vi,Vvi;1]. Let F, be the image of — (vj,Vi;1). Let Bs be the set of all
functionsv that have the following properties.

1. &j(s) < lvi —vjll <hij(9), foralli, j € I(s).
2. (W, Ey, Fy) is a nonreflexive local fan.

Lemma 7.52 [WISCPRO] [formal proof by Hoang Le Truong]. Let
s be a stable constraint system. THg&qis compact (as a subset 8f c R%).

Proof The set8 is defined as a closed subset of a closed bakinlt is
compact. By taking products of a compact $8',is compact. The seBs is
defined by two conditions. The first enumerated conditiomadefinition of
Bs is a closed constraint. It is enough to check that the camditie second
condition is also a closed constraint. That is, it is enowgshow that the set
of functionsv such that ¥, E,, F,) is a nonreflexive local fan is closed 8.

For this, we run through each defining property of fan, loeald nonre-
flexive in turn, and check that they are all closed conditiéios that purpose,
consider a function

v:{l....kl - 8

that lies in the closure of functions iBs. We show that the limit\, Ey, Fy)
is also a nonreflexive local fan. By the stability conditiort 3 v; — v;|, when
i # j, we see that is an injective function on the domaid, . .., k}. We find
thatV, is a subset o8B of cardinalityk. In particular, it is a nonempty finite set
such thaD ¢ V,. This verifies the first two defining properties of a fan.

The condition gonearaLLEL) Of a fan follows from the estimates based on
stability.

2 < Vi = Vi1l < Cstab
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If vi andv;,; are parallel, we get a contradiction:

Vi = Vel = [IVill £ [ Vieal |

which is at least 4> cgp0r NO greater thant — 2 < 2.

We turn to the conditionnftersection). This is the most tedious part of the
proof, because there are several cases involved in showatddr alle, &’ €
EU{{w} : we V},

C(e)nC(e") =C(ene).

We leave most of these routine verifications to the readen. Jagses are note-
worthy. (1) Suppose thatande’ are disjoint sets of cardinality two, such that
the data fow gives a nonempty intersecti@?() N C°(¢’) # @. The intersec-
tion of these two blades is an open condition, so that thisrfato satisfy the
fan constraint is open, and satisfaction of the constraititerefore closed. (2)
Suppose that = {u} ande’ € E, is disjoint frome. Suppose for a contradiction
thatC°(e’) meetsC(e). We obtain a planar quadrilateral with diagonglsind
{0, u}. By contracting the diagonal, we obtain a rhombus of side 2. By vector
geometry, the two diagonatk andd, of the rhombus satisfy

d? = 16— da. (7.53)

We haved, < 2hg becausa is an element of the annulds ande’ satisfies an
upper bound coming from the stability conditions:

d? = |¢'|? < ¢, < 3106 < 16— (2hg)? < 16— o2 = d2. (7.54)

stal

This is a contradiction.

The defining properties of local fan are combinatorial, aadethd only on
s. In the definition of nonreflexive, the conditioanGLe) is given as a closed
condition on the azimuth angle. The conditiovefce) is also given as a closed
condition. This completes the proof. O

The following lemma is based on the same methods as the pieldmma.
It tells us that sfficiently short blades are necessarily internal.

Lemma 7.55 [TECOXBM] [formal proof by Hoang Le Truong]. Let
s be a stable constraint system, andVet B.. Letu,w € V, satisfy2 <
[u—-w]| < cstapWhere{u,w} ¢ E,. Thenu andw are nonparallel. Moreover,
C%u,w} c W2, (x) forall x € F.

dar

Proof The proof thatu andw are nonparallel is identical to the proof in the
previous lemma that showeglandv;,; are not parallel.
We turn to the second conclusion of the lemma. Assume for tradiation
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that the second conclusion of the lemma is false. We can firedige{u;, u,} €
E, such that

Co%u,w} N Cluy, Uz} # @.

MoreoverC°{u, w} lies in a half-space with boundarff¢0, us, u,}. This forces
C%u, W} N {ug, Uy} # .

To be definite, assume thai € C%u, w}. We obtain a planar quadrilateral

with diagonals(0, u;} and{u, w}. We obtain the same contradiction as in the
proof of case (2) ofifrersection) in the previous lemma, by deforming the

quadrilateral to a rhombus. m|

The set] is used to make a small correctid(s, v) to the constand(s).

Definition 7.56(d(s,v)) [TPLCZFL] Seto(s) = 1 whensis an earg = -1,
otherwise. LeV = {v; : i € I(5)} be a set of points iiR3. Write
d(sv) = d(s) + 0.15(9 Z (Cstan— Vi — Vi) (7.57)
{i,j}ed(s)
This correction tod(s) makes it a bit easier to prove inequalities when
o(s) = -1, at the cost of slightly more filicult inequalities for ears. The set

J(9) is empty fors € Sinit, SO this correction does not directlffect the main
estimates:

d(s v) = d(s), for all s€ Sj,it.
Definition 7.58(7*) [BGCEUKP] Let sbe a stable constraint system. Define
Ti{(sVv) : VeEB - R

by
(sv) = (W, Ey, Fy) —d(s,v).

Lemma 7.59(continuity) [HDPLYGY] [formal proof by Hoang Le Truong].
Let s be a stable constraint system. Then the function

Vi (s, V)

is a continuous function of8s. Moreover, ifB is nonempty, then the function
attains a minimum.

Proof The functionr* is a polynomial in|v;| and azimQ, vi, vi;1, vi_1). The
norm and azimuth angle are both continuous functions doreover, a con-
tinuous function on a compact space attains its minimum. m]
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The largest constal(s) that arises in our calculations will lués) = 0.712
(in the standard main estimate for= 6). In particular, the following lemma
allows us to assume in all that follows that the fan of a cotext@mple is not
circular.

Lemma 7.60 [GBYCPXS] [formal proof by Hoang Le Truong]. Let
s be a stable constraint system. ket 8s. Suppose that

d(s) < 0.9 and sol(\Vy, Ey, Fy) > 7.

Thent*(s,v) > 0. In particular, if d(s) < 0.9 andr*(s,v) < 0, then(Vy, Ey, F\)
is not a circular local fan.

Proof We have

r(V.E.F) = (r+50b) (2- K) + > azims) (1 " %b l‘r’]'(') - ;)

xeF

> (r + sob) (2 - K) + Z azim(x)

xeF
= sol(Wy, Ey, Fy) + (2—K) sob
>+ (2-6)sob

> 0.92

d(sv)=d(9)+010 > (Csan— IVi - Vjl)
{i.j}ed(s)

< d(s) + 0.1(Cstan— V8)
<d(s) + 0.02
<0.92

Hencer* (s v) = 7(V, E, F) — d(s,v) > 0. When the fan is circular,
sol(Wy, Ey, Fy) = 2.

The result ensues. O

7.4.3 minimality

We slice torsors as we did earlier with local fans (Figurely..1

Definition 7.61(slice) [ZTBHGMO] Let| be aZ/kZ-torsor, with action given
by (j,i) — j+i,foriel.Letp,qe | that are not adjacent. Set

I[p.dl ={p,1+p,2+p,...,q C .
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Note that the cardinality dff p, q] is
m=1+minfmeN : m+ p=q}.

We makel|[p, q] into a Z/mZ-torsor with action {,i) — j +’ i, given by the
iterates of
140 ifi
1+’i={ +i !f?iq,
p ifi=q.
TheZ/mz-torsorl[p, q] is called thesliceof | along (@, g).

2+p 1+p 2+p 1+p
[ Rt ] o0
3+po/ \o p 3+po/ \o p
Ny N
4+p 5+p 44+ p
| I[P, 4+ p]

Figure 7.6 [WKUYEXM] Given p,q € I, the slicel[p,q] follows the cyclic
order througH from pto g, then returns directly fromto p.

To prove the main estimate, we use a finiteSetf constraint systems that
includesSini;. To obtain the main estimate by induction by slicing fan® int
pieces, the constraint systems must be compatible. We es®ltbwing co-
herence conditions.

Definition 7.62(diagonal cover) [YCFMXRF] Let sbe a constraint system and
let p, g € I(s) wherep andg are not adjacent. (In particuld(s) = card((s)) >
3.) We say that a paiis, s’} of constraint systemsoversthe diagonalp, g}

of s, if the following conditions hold.

1. 1(s) = I[p,glandI(s”) = I[q, p], up to isomorphisms of torsors.

2. d(s) < d(s) +d(s").

3.J(t) c (9 U {{p,q}}, fort = g,5". Also, {p,q} € J(S) if and only if
{p,q} € J(s”), ifand only if s or " is an ear.

4. Fort=9,9",

aj(t) = aj(s) and byj(t) = bij(s),
wheni, j € I(t), provided{i, j} # {p., q}.
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5. Fort=¢,9",
apq(9), bpq(S) € [apq(t), bpq(t)]-

A cover of a diagondlp, g} is used when we slice a fan of cardinalitynto
two smaller fans with cardinalitidgs’) andk(s”). All of the edge length con-
straints are to be preserved under slicing, with a mild cdibitisy condition
on the new edge created by the slice.

If {S', S’} covers a diagondp, g}, then we can use the inclusiol(s’) c 1(s)
andI(s”) c I(s) to restrict an element : I(s) - BtoVv : I(s) —» B and
v’ 1 1(8”) — 8. The inequalityd(s) < d(s’) + d(s”) of a covered diagonal
implies a related inequality.

Lemma 7.63 [MTUWLUN] [formal proof by Hoang Le Truong]. Let
s be a stable constraint system with diagofaly} that is covered by a pair of
stable constraint systenfs, s’}. Letv € 8s and letv’ andv” be constructed
fromv as above. Assume thatfif j} € J(s) U J(s)) U J(S”), then|v; —v;| <
Cstab ThEN

d(s,v) <d(s,Vv) +d(s’,v”’ (7.64)

and
T(s,v) = (s V) + T(S V7). (7.65)

Moreovery’ € By andv” € Bgy..

Proof The existence of a diagonal forck®) > 3. In particular,sis not an
ear, so thatr(s) = —1. Every element 0d(s), by the definition of a constraint
system has the forfi, i + 1}. In particular,{p,q} ¢ J(s). Lets = 1 if {p,q} €
J(s) andé = 0, otherwise. By covering propertig®, g} € J(s), if and only
if {p,q} € J(8”). If 6 = 1, then at least one @f(s), o(s”) is 1. Abbreviate
Cij(V) = Cstab— Vi — Vi, for {i, j} € I(s) U {{p, a}}. We haveci;(v) > 0, for all
{i, j} € I(s) U I(S) U I(”), by assumption. The seigs’) J(s”) are disjoint if
6 = 0 and meet in the singleton g¢ép, q}} if § = 1. These observations give

d(s,v’) +d(s’,v”’) —d(s,v)

> (d(S) +d(8") —d(9)  +0.1(o(S) + o(S") 5Cpev)  +01 )" (V)
{i.}eJ(\(I(s)uI(s”))
>0+0+0.

The statement about follows from Lemma 7.29. O

The proof of the main estimate has the following structunean iterative
process, we construct an explicit finite Sedf constraint systems that includes
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the setSinit of constraint systems appearing in the main estimate. We ajiv
proof that for everys € S and every € Bg

(s v) > 0. (7.66)

Definition 7.67 (level function, minimal counterexample)[WNUGMSE] Let S

be a set of constraint systems. We say tha® — N is alevelfunction onS if

foreverys, s € S, k(8) < k(s) implies#(s) < £(s). We say thatg, v) € Sx Bs

is a minimal counterexampleelative toS and¢ if the following conditions
hold.

1. v minimizes the functiow — 7*(s,v) over8s..

2. ™"(sv)<0.

3. If § € Sisany constraint system such tifés') < £(s), then forallv’ € By,
we haver*(s,Vv’) > 0.

Lemma 7.68 [ESMGBKI] Let S be a set of constraint systems with level
functionf. Assume that* attains its minimum on each nonemgy, se S. If
(7.66)fails to hold for some & S, then there exists a minimal counterexample
relative to S and.

Proof Select somes that minimizes/(s), from the setS; c S of constraint
systemss, such thatBs contains points violating (7.66). Letminimizer* on
Bs. By construction, it satisfies the defining properties of aimal counterex-
ample. m]

Lemma 7.69(minimality criteria) [YPKHQKB] Let S be a set of constraint
systems. Lets S. Suppose that for evenye Bs, one of the following criteria
holds.

1. (NUMERICAL posiTiviTY) A calculatior? showsr*(s, w) > 0.
2. (perorMATION) FOr somee > 0, there exists a continuous function :
[0, €) — Bssuch thatv(0) = w and
(s V(1)) < (s w),

for all sufficiently small positive numbers t.
3. (piaconaL) The system s is stable. Also, there exisg p 1(s) and stable
s,s’ € S such thats, s’} covers the diagondlp, g} and such that

IVp = Vgl < min(bpq(S'), bpq(S”)),

4. (transrer) The constraint system s is not an ear, and there exists S
such that the following conditions hold.

3 In practice, these are computer calculations.
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. WE€ By;

. 4(S) < L(9);

. 1(s) = 1(9) (up to isomorphism);
. d(s) = d(s); and

. Xs) c J(9).

Then there does not exist an elemente B85 such that(s w) is a minimal
counterexample relative to S arid

O QO T QD

Proof The first two criteria are clearly incompatible with minintgl The
third is incompatible with minimality by Lemma 7.63. If thenél criterion
holds atw, thenk(s) = k(s), andt(Vw, Ew, Fw) is the same for botls and
s. Also,d(s,w) > d(s w) and7*(s,w) < (s, w). Then §,w) certifies that
(s,w) is not minimal. O

7.4.4 reducing dimension

As we pointed out at the beginning of this section, the dinwanef Bs is so
large that it gives computationalfficulties. The dimension dBsis 3k — 3 <
15, and to obtain reasonable performance, we prefer tdaatstr computer
calculations to at most six or seven dimensions. This stiosegives a col-
lection of lemmas that show that some minimal counterexar(fpl suitable
S) must lie in a subset aBs of small dimension. This will allow us to use
computers to complete the verifications of the main estimate
Throughout this subsection we examine a constraint syst&ith the @e-
FORMATION) Criterion of Lemma 7.69 in mind, we specifically avoid mirdm
counterexamples that will be treated later with thedonat) criterion of the
same lemma. We say that, ¢) is free, if a;(s) < [vi —vjl < b;j(s) for all
diagonaldi, j} ¢ E,. We limit our discussion in this section to free paissv).
We consider dferentiable curves

V(=€ €) — B8O,

If we show thatr*(s,v(t)) < 7"(s v(0)) andv(t) € Bs, whenevett is posi-
tive and stficiently small, theng v(0)) is not a minimal counterexample. For
simplicity, we will start our study with curves that move agle point:

Vi) =w;if j =i, vi(0)=w;, (7.70)

for some index € I(s) and some fixeav € Bs.

In the next three lemmas, we make the implicit assumptiottiigdocal fan
(Mw, Ew, Fw) is generic, or that it is a lunar fan satisfying the assuomsiof
Lemma 7.24.
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Lemma 7.71 [ODXLSTC] If (s, w) is a free minimal counterexample relative
to S and/, then for all i, one of the following constraints hold.

1. |w; — w1 attains its lower bound;a. 1(S).

2. |wi — wi_1| attains its lower boundig 1 (9).

3. |wi]| attains its lower boun@.

4. There exists j adjacent to i such tHatj} € J(S).

Proof Fix i. Assume for a contradiction that none of the constraintsl.hol
The functiont* is decreasing along the curve of the form (7.70) such that
vi(t) = (1 - t)w;. That is, we push the point; radially towards the origin.
Explicitly, along this deformation, up to a constant,is equal to a positive
constant timegv;(t)|. If none of the constraints of the lemma are satisfied,
thenv(t) € B for all t positive and sfiiciently small. m]

Recall that we call; straightif z(w;) = x in the local fan ¥y, Ew, Fw).

Lemma 7.72 [IMJIXPHR] Let (s, w) be a free minimal counterexample rel-
ative to S and, and let ie I(9). If w; is straight, then one of the following
constraints hold.

1. |w; —wi,1| attains its lower boundg.1(s), and [w; — wi_z1| attains its
lower bound g_1(9).

2. |w;]| attains its lower boun@.

3. There exists j adjacent to i such tHatj} € J(9).

Proof The sef0, w;_1, w;, wi,1} lies in a planéA. Assume for a contradiction
that none of the constraints holds. By the previous lemmaddrthe norm
constraints is satisfied, say

Iwi = Wisa |l = aij+1(9).

We consider a curve of the form (7.70). We let the curwg describes a circle
throughw; with centerwi,; in the planeA. Parameterize the curve so thattas
increases, the norrfw;(t)| decreases. The functiafi(s, v) is decreasing i.
Explicitly, the function again depends linearly ¢w(t)|, because the azimuth
angles remain fixed. The result ensues. m|

The following lemma allows us to propagate a lower bound tairg from
one edge to an adjacent one.

Lemma 7.73 [NUXCOEA] Let S be a set of constraint systems @rallevel
function. Let se S, and let ie I(s). Assume thafs, w) is a free minimal
counterexample relative to S aicuch thaw; is straight and|w; — wi1| =
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ai+1(9). Assume @,1(s) < bii+1(s). Then one of the following conclusions
hold.

1. There exists j adjacentto i such tHatj} € J(s).

2. |wi = wia] = ai-1(9).

3. There exists a free minimal counterexam(da) relative to S and’ that
differs fromw only at index i, such thay; is straight, and such that

Iui = Ui ]l > &i-a(s) and Jui — Uisa ]l > &isa(S).
Moreover, the corresponding result holds withk 1 and i— 1 interchanged.

Proof Let (s w) be a free minimal counterexample as described. Assume that
neither of the first two conclusions hold. In particuliar; — wi_1| > & i-1(S).

We consider a curve of the form (7.70) that moveg in a circular arc with
center0 through the pointv; and in the fixed plane determined {8 w;, wi,1}.

The functiont* is constant along this curve. We orient the curve to increase
[wi —wi,q|. For suficiently, smallt, we find thatv(t) € 85 satisfies the third
conclusion. O

Remark7.74 (lateral motion) We continue to study curwesf the form
(7.70), with motion confined to a single indéx I. Let j,k € | be the two
indices adjacent tg so that{j,k} = {i — 1,i + 1}. We consider a curve; in
R2 with parametet that describes the circle through at fixed distance from
0 andw; (Figure 7.7). By Lemma 7.29 applied t0, up to a term that is con-
stant along the curve, the functief(s, v) depends on only through the three
pointswj, v;, andwy. The functionr* is invariant under orthogonal transfor-
mations. The dependence vrcan be expressed through the functign in
Definition 7.85, evaluated at the six edge lengths of the Eri), wj, vi, wi).
The derivative ofr* along the curve is given by the partial derivativergf
with respect to a single variable, sgy= |vi(t) — w]|:

IT(s V(D) _ 9t Iy

ot oys ot

Even when the dimension & is large, the right-hand side of this equation is a
function of just six variables, and can be estimated by cdempBy acomputer
calculatiorf [21] we can show that under rather general conditions,ahe

functionty; is increasing inys. More generally, when the partial derivative of
Tvi Of y4 vanishes, computer calculations of the second derivatiogvghat
thetyi has a local maximum (again under mild restrictions on thealojnso
that there are no interior point local minima as a functioly0fBy applying

(7.75)

4 [UPONLFY]
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lateral motions at one index after another, the dimensicgh®tonfiguration
space can be significantly reduced.

Figure 7.7 [GIBTZJI] A lateral motion ofw; follows a circular path at fixed
distance fronD andwj, for some pair of adjacent indicésind j.

Remark7.76 (straight node strategies) A complication occurstier& mo-
tions. Consider the lateral motion wf at fixed distance frora; and0, where

j andk are the indices adjacentitdoThe curver is required to remain insid8s
for t sufficiently small and positive. But whem, wj, or wy is straight, the curve
does not generally remain insid&: nonreflexivity can fail. We use three dif-
ferent strategies to get around this complication. In icacthese three strate-
gies are sflicient to handle all the situations that arise.

First, we can try a lateral motion for aftBrent ordered triple of pairs, (, k),
such as a dierent index altogether, or the triplei (k, j), which interchanges
the roles ofj andk.

Second, we can restrict the direction of the lateral motmdécrease the
angle at the straight node(s). Sometimes a computer ctittulshows that
for a givens, the azimuth angle ofv; is obtuse. When the azimuth angle at
w; is obtuse, basic trigopnometry shows that if the lateral orot$ directed to
decrease the angle ai, then it also decreases the anglevat and the curve
remains initially insideBs.

Finally, to be concrete assume th@tk) = (i — 1,i + 1). Select/ so that
Wi_1, Wj_2, ..., Wy, are straight, buiv, is not. The poinD and collectionV =
{wi,...,w,} lie in a common planéd. We consider a curve that fixes all
coordinates, except those\ivi, and isometrically moves the satby a rotation
of the planeA about the line througkD, w,}. (This is the one place where we
consider a curver that moves more that one componenat once.) In this
case, the dependence©fon the curve factors through the six edges of the
simplex{0, vi, wi,1, W,}. The local minima of this function can be studied by
computer by using the right-hand side of (7.75).
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Remark7.77 (radial motion) We continue to study curveof the form
(7.70), with motion confined to a single indéxWe consider a curvg; in

B c R3 with parametet that describes the circle through at fixed distance
fromw;_; andw;,; (Figure 7.8). Up to a term that is constant along the curve,
the functionr*(s, v) again reduces te,; and the derivative with respect tas
given by the partial derivative of;; with respect toy; = |vi|, provided we
use parameterizatian= y;. Whenever we use this radial motion, we impose
the following preconditions.

L Jwica —wil = [wi —wiy] =2, and
2. [Wi—1 — Wis1] = Cstap

Under these conditions a computer calculation of the firdtsecond deriva-
tives of 4 shows that it has no local minimum, provideg is not straight.

To maintain nonreflexivity along the curve, we must also assthat neither

of wi_1, wi,1 is straight, As a consequence of radial motion, any freemmhi
counterexampleq w) that satisfies this and the preconditions must have an
extremal norm:

[wil =2, or |w;| = 2hg, orw; is straight. (7.78)

Qe

Figure 7.8 [MVFCDJQ] A radial motion ofw; towards or away frond follows
a circular path at fixed distance from_; andwi, .

7.4.5 computer proof of main estimate

In this subsection, we sketch the computer proof of the mgiimate. Before
turning to the general case, we illustrate the methods, tipg Lemma 7.44.
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computer proof (7.44) Whenk = 3, the space of configurations has six di-
mensions. The inequality(V, E,F) > 0 is a simple direct computer calcu-
lation. Whenk = 4, the assumptions of the lemma give that both diagonals
have length at least 3. By a rigorous computer estimate adtdl angles, all
nodes of a quadrilateral with diagonals at least 3 must hawewdh angle less
thanz. We laterally contract edges (by Remark 7.74) until botlydieals are
precisely 3 or all four edges reach the lower bound 2. Howeherrhombus
diagonal inequality (7.53) shows that both diagonals bex8refore the four
edges reach the lower bound 2. Thus, it is enough to condiderase when
both diagonals are 3. By adding these two constraints, we feluced the di-
mension from nine to seven. This seven-dimensional inéguswithin reach

of direct computer calculation. m]

construction of S

We now sketch the proof of the main estimate, and describeathstruction of
setS of constraint systems and level 3ét starting withS;;;. We always wish
to slice along diagonals of length at mast, We saturaté& by adding diag-
onal covers in all possible ways, up to symmetry, of sliciggtemss € Siy;t
along diagonals of length at most,, (By Lemma 7.55, the corresponding
blades are necessarily internal, and can be used to slicln¢hkefan.) For
example, wherk = 5, we need to add two additional constraint systems, one
corresponding to a single diagonal (which partitions th&@gon into a quadri-
lateral and triangle), and two diagonals (which triangedahe pentagon). For
these additional constraint systems, the consthtsve been determined ex-
perimentally, and satisfy the required diagonal coverimgditions. We do not
list all the constants here. They are available in the commprdde. We define
J(s) to be as large as possible, subject to the diagonal coveoinditions.

For everysin this setS;,i;, we add a constraint systeshto S, wheres' has
the same parameters gsexcept that for all non-adjacent indiceand j, we
set

aij(s') = max@;j(9), Cstan,  bij(S) = max(ij(s), Cstan- (7.79)
so that
Cstab < &j(S) < byj(9). (7.80)
At this point, a minimal counterexample necessarily hagatials greater than

5 We may replace the range 6fvith any well-ordered set that has the same ordinal as
particular, it is more convenient to use a lexicographiceohN x Z, for some fixed finite
ordered seZ, with the property that the first coordinate of the paik(s) and the second
coordinate orders constraint systems with gikdrowever we please in the construction that
follows.
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Cstab BY a transfer to new constraint systeshwith these parameters, and
choosing/(s) < £(s), we may assume that i§( v) is a minimal counterexam-
ple, then the systers satisfies (7.80).

In general, whenever we add any constraint syster8,tae recursively
add further constraint systems, corresponding to slicioggadiagonals, to
maintain the diagonal covering properties. We assume shitone in what
follows, without further mention.

Whens € S satisfiesk(s) > 3, andJ(s) # @, we transfer to an additional
S e Sthatis identical tcs, except thatl(s') = @ and{(s) < £(9).

triangles and quadrilaterals

The computer proof that there are no minimal counterexasnfgler) with
k(s) = 3 goes as follows. Up to rotational invariance, the functivrcan be
expressed in terms of the functiop of six variables. The rigorous nonlinear
minimization ofr* is easily done by computer, and we find that for eaehS,
and every € B, we haver*(s,v) > 0.

The computer proof that there are no minimal counterexasngle) with
k(s) = 4 is not much more dicult.

pentagons
We consider a transfer that combines all the caseskvittb (with diagonals
greater thartg,y into a single additional constraint systeswof level lower
than any other pentagon. For this we put the standard camstraall edges
but one
(2,2hg), ifi#0
(2, Csta), 1fi =0,

wherel(s) = Z/5Z. We use the usual modified constraint on all diagonals:

(a,+1(9), bij+1(9) = {

(aj(9), bij(9) = (Cstan 40),  if i andj are not adjacent.

For the constard(s) we take the maximum of the constalit’) ass' runs over
cases withk(s') = 5.

By combining all pentagonal cases into one, we may give aotmiforoof.
By lateral motions (Remark 7.74), a computer assisted aegtishows that
every minimal counterexampls, {v) satisfies

[wi = Wiyl =2,

for all i. We use the following lemma.
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Lemma7.81 [VPWSHTO] [formal proof by Hoang Le Truong]. Con-
sider any skew pentagon &° whose five edges equal Then there are two
diagonals of the pentagon with a common endpoint whoseHsrage at most

1+ V5~ 3.23607

Proof Cutthe pentagon into a triangle and skew quadrilateralgiloa short-
est diagonal, of length By the triangle inequality < 4. The shortest diagonal
of the skew quadrilateral is maximized, when the quadritdte planar, with
equal diagonals. The length of this diagonal is given by &ingdst root of

AW, 4,4,0%, 4,1%) = 0.
Solve foruin terms oft to obtain
u= Va+2t
If t > 1+ /5, this gives a contradictiom< t. Sot < 1+ V5. Then also

u= Va+2t<1+ V5.

Wo

Wy

Figure 7.9 [LZBQINL] A pentagon is triangulated by two diagonals of length

at most 1+ V5 as shown. The peripheral nodes andw, are rigidly deter-
mined up to finite ambiguity by the simplex with extreme psiditwg, wo,
andws.

We assume that indexing is chosen so thatz/5Z and (s, w) is a minimal
counterexample with two chosen diagonals (Figure 7.9).

Cstab< [Wo—wWi] <1+ V5, i=23

Dihedral angle computer calculations show that under thesstraints, none
of {wo, Wy, w3} is straight. This allows us to apply radial motion (Remark7j,
to show thatv, andw, are extremal, in the sense of (7.78). This determimes
andw, (up to three cases each) as a functiomvef w,, ws. The calculations
reduce in this way to a single simpl@ wp, w,, ws}, which have been carried
out by computer.
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hexagons
Only one of the inequalities in the main estimate kas 6. It asserts that
7(V,E,F) > 0.712. By adding an additional hexagon of lower level, we may
transfer to a constraint system whose diagonals satisfy
aij(s) = Cstab (7.82)
We assume that our constraint system has this propertyt8salanotions, we
reduce to the case
Iwi —wisa] =2,

for all i. We may assume that the indexing k&t Z/6Z. We triangulate with
three blade$wy;, Wy, 2}, fori = 0,2, 4. See Figure 7.10.

W Wy

Wy Wsg

Figure 7.10 [ARTLHOI] A hexagon is triangulated as shown. The peripheral
nodesw;, Wz, andws are rigidly determined up to finite ambiguity by the
simplex with extreme point8, wo, W, andwj.

Lemma 7.83 [LFJCIXP] [formal proof by Hoang Le Truong]. Let
{v1, V2, V3} C B be a packing of cardinality three. Assume that

[vi—Vva| = |v2—-v3| =2
Then|vy — v3| < 3.915

Proof ByLemma2.48,the squares of the edgesf the simplex0, vy, vz, va}
give a nonnegative value

A(xij) > 0.
However, this polynomial is negative whé¢wm; — vs| > 3.915. O

By radial motion, we may assume that (7.78) holds at eachruaiekivy;, ;.
We warn that these contraction arguments may produce nexiraty in the
local fan at some of the even indiceg. At this final stage, we abandon the
nonreflexive condition. In fact, at this stage, we may abaniti@ geometry
altogether, and view* analytically as a sum of four terms;;, indexed by
the four triangles in the triangulation of the hexagon. Aftedial motion, the
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pointsvai,y are rigidly determined, up to three cases (7.78), in termthef
simplex{0, v, v4, Vg}. We have reduced the calculations foe 6 to a single
simplex, which have been carried out by computer.

instabilities
We add a final lemma that we used to deal with the issue of ngalénistabil-
ity in the calculations when one of the simplic@swy;, Wai, 1, Wai,2} is close
to being planar.

Lemma 7.84 [OWZLKVY] Consider the functiom; on the domain

Y1.Y2.Y3 € [2,20g], Y4 € [Cotar 3.915) Vs =VYs =2, A(Yi,...,y3) > 0.

Thenry; has the following properties.

1. Ifyy = 2, thentyi(ys, Y2, Y3, Y4, Y5, ¥6) = — SOb.
2. Ify1 = 2hg, thentyi (Y1, Y2, Y3, Ya, Y5, Y6) = 0.
3. Ifdihy(y1, Y2, Y3, Ya, ¥s, Ye) = 7, then
y1—2ho
2hg—2°
Proof The first claim is the trivial lower bound that we obtain by legging
po(y) with 1, and the solid angler + Zf’zl dih; with zero in the Definition 7.85
of 7. The proof does not use the assumption that 2.
To establish the second claim, we write each of the threesterm

n—dihy, dihy, dihs.

Ttri (Y1, Y2, Y3, Y4, Y5, Y6) = SOb

in the formf; VA, fori = 1,2, 3. The explicit formulas for dihedral angles show
that f; is an analytic function ofs, . . ., ys. Wheny; = 2hg, we obtain a formula
for 1y of the general form

Ttri(yl,---,YG) = f(yl,---vyﬁ) A(yivvyé)

for some analytic functiori. A computer calculatioh[21] shows thatf > 0
on the domain given in the lemma. Hengg is also nonnegative.

We turn to the third claim. If dih = n, then dik = dihz = 0. If we make
these substitutions into the formula fay;, then the claim ensues. O

The lemma is used to avoid numerical instabilities as folloivhe three
statements of the lemma correspond to the three cases givén18). We
may assume that the simplé®, wai, Woii1, Wois2} falls into one these cases.
When the simplex approaches a planar configuration, thatAsapproaches

6 [5202826650 a]



252 Local Fan

zero, we replace the term,; with the lower bound given by the lemma, to
avoid computing a nonanalytic term directly. By doing tlai of the computer
calculations go through without trouble.
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7.5 Appendix on the main estimate

This appendix gives further details about the proof of thereatimate. It con-
tains numerous improvements over the published teXieafse Sphere Pack-
ings

The verification of the main estimate can now largely be vidag a com-
binatorial proof thatSini = Sterm. This appendix documents the program
check_completeness.hl.

7.5.1 statement of results

This appendix largely replaces Section 7.4. For completenee repeat a few
definitions and results.

Definition 7.85(hp, ) [CUFCNHB] [pg «» rho_fun] [pg <~ rho] [T ew
tau_fun] [soh «v» s010] [hy «» h®] [azim «» azim in fan] Let(V,E,F)
be a nonreflexive local fan. Recall thgt= 1.26 andL(h) = (hg — h)/(ho — 1),
whenh < hg. Set

3 sobh y-2 2!0 B
poly) =14 =2 555 = 1+ = 2(1- Ly/2)

7(V,E,F) = ) po(Inodef) )azim() + (x + sob) (2 - k(F))

xeF

= > po(IVI) (V) + ( + S0b) (2 - card(V)),

veV

where sqj = 3arccos(13) — r ~ 0.551 is the solid angle of a spherical equi-
lateral triangle of sider/3, andk(F) is the cardinality of-.

Definition 7.86 (tyi, 73, , dih) [14i «» taum] We define additional func-
tions in the cas& = 3. If card(V) = 3, then writeV = {v1,Vp, Vv3}. Set

3
73(V) = > po(1Vi 1) difv{O, ViHvisa, Visa) — ( + SOb).

i=1
Let

3
T (Y1, Y2, Y3, Yar Yo, Y6) = D, po(¥) dihi(ya, ..., Ye) = ( +50b),  (7.87)

i=1
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where

dihy(y1, Y2, Y3, Y4, Y5, Ye) = dih(y1, Y2, Y3, Y4, ¥s. Ye).
diho(y1, Y2, Y3, ¥4, Y5, ¥6) = din(y2, 3, Y1, ¥s, Y6, Ya), and
d|h3(y15 y25 y3’ y45 y55 y6) = dlh(yS, yl5 y2’ y6’ y45 y5) (7‘88)

Definition 7.89(standard, protracted, diagonal]JKRACSCQ] [standard «w
standard (deprecated)] [protracted «» protracted (deprecated)]
[diagonal «» diagonal® (deprecated)] Let (V,E) be a fan. We write
le| for |v —w], whene = {v,w} c V. We say that is standardif

2 < |e| < 2hg.
We say that is protractedif
2ho < Jle] < V8.

If v,w € V are distinct, and = {v,w} is not an edge irkE, then we calk a
diagonalof the fan.

Theorem 7.90(main estimate) [JEJTVGB] [(anNuLus) <~ ball_annulus]

[main estimate «» main_estimate (deprecated)] [(pIAGONAL) ¢ diagonall
(deprecated)] [* «» check:quad_std_cs, pent_std_cs, hex_st_cs,
pent_diag_cs, pent_pro_cs, ] Let(V,E,F) be a nonreflexive local fan
(Definition 7.2). We make the following additional assumpsion(V, E, F).

1. (packiNG) V is a packing.
2. (anNuULUS) V C B.
3. (p1aconal) If {v, w} is a diagonal, then

v —w]| > 2hg.
4. (carp) Let k= cardE) = cardf). Then3 < k < 6.
In this context, we have the following conclusions.

1. Assume k 3. If every edge of E is standard, then

0.0, ifk =3,
0.20 ifk=4
7(V,E,F) > 8 I '
0.4819 ifk =5,

0712 ifk=6.
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. Assume k= 5. Assume that every edge of E is standard. Assume that every
diagonale of the fan satisfiege| > V8. Then

7(V,E,F) > 0.616 (check:pendiag.cs)

. Assume k= 5. Assume there exists some protracted edge in E and that the
other four edges are standard. Then

7(V,E,F) > 0.616 (check:penipro_cs)

. Assume that k 4. Assume that there exists some protracted edge in E and
that the other three edges are standard. Assume that bofod&se of the
fan satisfy|e| > V8. Then

7(V,E,F) > 0.477. (check:quadpro_cs)

. Assume k= 4. Assume that every edge of E is standard. Assume that both
diagonalse of the fan satisfyje| > 3. Then

7(V, E,F) > 0.467. (check:quadiiagcs)

7.5.2 definitions

Definition 7.91 (torsor, adjacent) [XCZLSVS] [torsor «» torsor] Let

k > 1 be an integer. Aorsoris a setl with a given simply transitive action of
Z/KZ onl. We write the application of € Z/kZtoi € | asj +iori+ j. We
also writej + i for the application of the image gfe ZinZ/kZtoi € |. Note
that each choice of base poigte | gives a bijection — i + ip betweerz/kz
andl. We say that andj areadjacentif i = j+ 1 orj =i+ 1. Wheni and
are adjacent, we cdl, j} an edge of. A diagonalis a pair{i, j} c | such that
{i, j} is not a singleton and not an edge.

Definition 7.92 [TEQQCLX] Theopposite  of atorson is the torsor with the
same underlying set and the action is composed with the gaotgmorphism
Z/KZ — Z/kZ, sending — —i. An isomorphism of torsoris a bijection that

respects the action. Two torsors aivalenif they are isomorphic or if one

is isomorphic to the opposite of the other.

Example 7.93 If H = (D,e n, f) is a hypermap with face F, then F is a

torsor under the action %> fx. If H is isomorphic tdihy and has vertex set
V, then V is a torsor under the action ofx px, for somep similar to p e ).
We may mostly restrict our attention to these instancesrebts.

Recall thatcstap = 3.01.
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Definition 7.94(stable constraint system)[ZGFHNKX] [constraint system

«» constraint_system] [stable constraint system «» stable_system]
[(k,a,b,d1,J+1) «v» (k_sy,a_sy,b_sy,d.sy,I_sy,J_sy,f.sy)] [tri-stable
«» tri_stable] [(a,b,d, kI, +1) «» (ats b_tsd_ts k.ts |_ts J_ts f_ts)]
[substandard (stable) «» augmented_constraint_systeml] [substandard
(tri-stable) «» augmented_constraint_system2] A stable constraint
system gor SCSfor short) consists of the following data subject to corufi

listed below.

1. a natural numbeék € {3, 4,5, 6},
az/kz-torsorl,

a real numbed,

real constantsj, by, aij, Bij, fori, j € I.
asetofedgedc I{{i,1+1i} : iel},
subsets$o, Ihi, Istr € 1.

R

The data is subject to the following conditions.

1. d<0.9,

2. g :aji,bij iji,a'ij = aji, Bij Z,Bji,fOI’i,j el.
3. & < ajj < Bij < by, fori, jel,

4.

0 = &; and 2< g&; for alli, j € | such that # .
5. Also,

bi,i+1 < 4, ifk=3
Bij+1 < Cstan  if kK> 3.

6. If{i, j} € J, then i}, bij] = [ V8, Cstad-
7. m+k < 6, wheremis the number of edgds i+ 1} c | such thab; .1 > 2hg
or & +1 > 2. In particular, cardl) + k < 6.

For each SCS, we writek(s), d(s), I(s), a(s), and so forth for the associ-
ated parameters. We simply wrked, and so forth when there is a single SCS
sin a given context.

Definition 7.95 (unadorned) [SDITENL] We say that a SCSis unadorned
if the following additional properties hold (with estaltiesd notation):

1. Foralli, j € I(9), &j(s) = aij(s) andbyij(s) = Bij(9).

2. ||O(S) =lh = Istr(s) = Q.
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Intuitively, we think of the SCS as involving bottard andsoftconstraints.
The soft constraints are those that involve the adornmeptgi;, lio, Ini, lst-

Example 7.96 We may always transform a SCS s into anottiehat is un-
adorned by setting;;(s) = aij(s), £ij(S) = bij(9), lo(S) = 1hi(S) = Isu(S) =
@, and keeping the rest of the data the same.

Definition 7.97(ear) [HVFQIBQ] [&; «» a_ear®] [bjj «» b_ear0] [ear
«» ear_sy] We have an unadorned SGgiven byk = 3,d = 0.11,J a
singleton, and

[0,0], ifi=j,
[aij, bij] =4[ V8, Cstad, if (i, j} €3,
[2, 2hq], otherwise.

We callsanear (by analogy with an ear in a triangulation of a polygon, which
is a triangle that has two of its edges in common with the patyg

Next we associate a st with each SCS.

Definition 7.98 (B8s) [KTFVGXF] For every SCSs, and every functiorv :
I(s) — R3, letV, c R® be the image of. Let E, be the image of — {vi, Vi,1}.
Let F, be the image of — (v, vi;1). Let B be the set of all functions that
have the following properties.

1. W c8.
2. &j(9) < vi —vjl <hij(s), foralli, j € 1(s).
3. if k(s) > 3, then ¥, E,, F\) is a nonreflexive local fan.

Note thatBs does not depend on the daig, Bij, J, lst, lio, Ini, andd. The
setJ is used to make a small correctid(s, v) to the constand(s).

Definition 7.99(d(s,v)) [TPLCZFL] [0 «» sigma_sy] Letsbe a SCS. Set
o(s) = 1 whensis an earp- = —1, otherwise. Write

d(sv) = d(9)+010(8) > (Cowo— Vi = Vjl). (7.100)
{i.j}ed(s)

This correction tal(s) makes it a bit easier to prove inequalities whdg) =
-1, at the cost of slightly more fiicult inequalities for ears.

Whenk(s) = 3 andv € B, the setV, = {v; : i € I(5)} may degenerate
to planar configurations, because the local fan constraibefinition 7.98 is
not imposed in this case. Nevertheless, by the constogii® < 4, the tetra-
hedron{0, v1, v2, v3} has well-defined dihedral angles ¢iB, vi}{Vi.1, Vis2}, SO
thatrs(V,) is defined.
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Definition 7.101(*) [BGCEUKP] Let she a SCS. Define
Ti{(sVv) : VeEBg -R

by
T*(S, V) _ {T(Vv, Ev, FV) - d(S, V)’ |f k(S) >3
3(W) —d(s V), if k(s) = 3.

Definition 7.102(Sinit) [XOSFOMP] The constants in the conclusions of the
main estimate (Theorem 7.90) can be packaged into unad&@#&d. For ex-
ample, the standard main estimate ko 6 gives the SCS datal = 0.712,

J = @, | an indexing set of cardinality six, and

O’ I = j’ 09 I = j9
aIJ = 2, J :iil’ b” = 2h0, jziil,
2hg, otherwise 4h{, otherwise

whereh] is any constant greater than The upper boundh on any diagonal
comes from the triangle inequalityyv; — vj| < [vill + lv;l < 4ho. We write
Sinit for the set of SCSs, for all cases of the main estimate.

Lemma7.103 [ZITHLQN] [formal proof by Hoang Le Truong]. The
main estimate holds if and only if for evenesS;,; and for every € B, we
haver*(s,v) > 0.

Proof This follows by expanding the definition &,;; andBs. Note that the
setJ(s) is empty fors € Siit, SO

d(s v) = d(s), for all s€ Sj,it.

7.5.3 minimization
Definition 7.104(index,:, Ms) [FNUEPJW] Let sbe a SCS. Let

Msc B c B, C Bs
be defined as follows. L&y be the set of alV € B such that

1. *(s,v) is equal to the minimum of*(s, ) overBs.
2. *(s,v) < 0.
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Define theindex:(s,v) of v € B4 to be the number of edgés j} of 1(s) for
which a;j(s) = |vi — vjl. Let(s) be the minimum of the index of asv runs
overB;. We letBY be the set off € B that attain the smallest possible index
(), and letMs c BY be the subset of al satisfying the additional soft
constraints.

1. Ifi € lgy, theny; is straight.

2. Ifi € lp, then|v;| = 2.

3. Ifi € Iy, then|v;| = 2ho.

4. aij(s) < lvi —vjll < Bij(s) foralli, j.

Note that ifsis unadorned, theMs = B.
Lemma 7.105 [GKFMILC] sis a SCS for every s Syt
Proof This is a direct result of definitions. m]
Lemma 7.106 [UXCKFPE][old:XWITCCN] Let s be a SCS, and assume that
(s Vv) < 0.
for somev € Bs. ThenBy is nonempty.

Proof Letsbe a SCS. Then by DSB;is compact (as a subset8f c R%).
The function
Vi 7(8,V)
is a continuous function of8s. Moreover, ifBs is nonempty, then the function

attains a minimum. This follows from Lemma 7.59 and Lenf?f?aThe set of
minima is then nonempty. m|

Lemma 7.107 [SGTRNAF][old:AYQJTMD] Let s be an unadorned SCS, and
assume that

(s v) < 0.
for somev € Bs. ThenMs is nonempty.

Proof By Lemma 7.106, the se®; of minimizers is nonempty. The subset
87 on which the index is as small as possible is then also nonerptas-
sumption,sis unadorned, angy = M. O

Lemma7.108 [EAPGLEJ]] [formal proof by Hoang Le Truong]. The
main estimate holds if and only ¥s = @ for all s € Sj;;.

Proof By Lemma 7.107 and Lemma 7.103. m]
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Lemma 7.109 [JKQEWGV] Let s be a SCS. Lete Bs. Suppose that'(s,v) <

0 and Ks) > 3. Thensol(V,, Ey, Fy) < &. Furthermore, the local fan is not
circular, and the local fan can be lunar only when the pole heste interior
angle.

Proof By the definition of SCS, we haws) < 0.9. The proof of Lemma 7.60
extends readily to this context. The solid angle of a luness ltharr if and
only if the pole has acute interior angle. O

7.5.4 operations

This section describes some operations on SCSs. The filseséta restric-
tion, is ahardeningof some of the soft constraints.

Definition 7.110(restriction) [PFEOBSC] Letsbe a SCS. We say thdtis a
restriction of s of thefirst typeif 1(s) = I(s') and

bij(s) = Bij(8), 1.j€(9).

and all other parameteksd, J, a, «, B, etc. are the same farands'.
We say that' is arestrictionof s of thesecond typé

1. 1(9 = 1(s),
2. aij(s) = Bij(9) foralli, j € I(s),

3. a”(s’) = le(S') = a/ij(s), and

4. all other parameteis d, etc. are the same farands'.

We say that' is a restriction okif it is a restriction of the first or second type.

Definition 7.111 (subdivision) [YYKMEWW] Let s be a SCS, and lgp,q €
I(s), with p # . Letc € R. Define constantgy = min(byg(s), ¢) andap =
max@pqy(S), ). Defines,; to be the same asexcept that

Bpa(S1) =Bo, bpg(st) =¢.

Defines, to be the same asexcept that

apg(S2) =C,  apy(S) = ao.
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Define the subdivision afto be the following list of one or two SCSs, accord-
ing to the case.
c<apy(s), [

apq(s) < C < apg(9), [s]

apq(s) < €< Bpy(9), [s1;%]

Bpa(S) < € <bpy(9), [s1]

bpo(S) < c, [s]

The subdivision thus corresponds to splitting an interag), op] into
[apg, €] U [c, bpgl.

Definition 7.112 [LCTBALA] We say that a SCStransferdo a SCSs' if

. If sisan ear, thes= 5.

. § is unadorned.

L 1(s) = 1(9).

. d(s) < d(s).

. For alli, j, we haves;j(s) < aj(s) < bij(s) < bjj(s).
. J(S) C J(9).

Definition 7.113 (equivalent SCS) I&is a SCS with torsoi(s), and if I’
is any equivalent torsor, then we can use the bijection batwgs) and1’ to
obtain a SCS with I’ = I1(s). An SCSs related in this way t®is said to be
equivalento s. An equi-transferof sto s’ is a transfer fronsto a SCS that is
equivalent tos'.

o Ul WN P

Definition 7.114(torsor slice) [ZTBHGMO] Let| be aZ/kZ-torsor, with action
given by (,i) — j+i,fori e l. Letp,qe | be non-adjacent. Set

I[p,ql ={p,1+p.2+p,....q0 C I.
Note that the cardinality dff p, q] is
m=1+min{jeN : j+p=q}.

We makel|[p, q] into a Z/mz-torsor with action {,i) — j +’ i, given by the
iterates of

1470 = 1+i !f?;tq,
p ifi=q.
TheZ/mz-torsorl[p, q] is called thesliceof | along (@, q).
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2+p 1+p 2+p 1+p
[ Rt oc—@
3+po< e P 3+po</\o p
.4)./\ [ ]
4+p 5+p 4+p
| [[p. 4+ p]

Figure 7.11 [WKUYEXM] Given p,q € I, the slicel[p, g] follows the cyclic
order througH from p to g, then returns directly from to p.

Definition 7.115(SCS slice) [CIMHFAT] Letsbe a SCS and ldp, g} c I1(s)
be a diagonal. (In particulak(s) > 3.) We say that a paifs, s’} is aslice
along the diagondlp, g} of s, if the following conditions hold.

. S ands’ are unadorned SCSs.

. 1(s) = I[p.dql andI(s”) = I[q, p].
. d(s) <d(s) +d(s”).

LJ) c I Uip.qgl), fort=9,5".
-Ap,at € I(s) iff {p,q} € I(s").

. {p,gte J(S) iff S ors”’ is an ear.

No ks wWN R

aij(t) = &j(s), andbyj(t) = byj(s),
fort=s,s” and alli, j € I(t) except the given diagonél j} = {p, g}.
8. apq(t) = apq(s),  Dpq(t) = Bpa(8), t=5,5".

9. Bpg(s) < 4.
10. Kk(s) = 4 orBpq(s) < cstab

The wordsliceis used for related operations on the indexing set, the local
fan, and the SCS. A slice of a SCS is used in parallel with tioe sl fan of
cardinalityk(s) into two smaller fans with cardinalitidds’) andk(s”). All of
the edge length constraints are to be preserved undergslicin

If {s,s”}is an slice of a diagondlp, g}, then we can use the inclusions
of setsl(s) c I(s) andI(s”) c I(9) to restrict an element : 1(s) — B to
V' i 1(S) » Bandv’ : I(s’) — B.

Lemma 7.116 [QKNVMLB] Let s be a SCS with diagonépb, g} and slice
{s, s’} along{p,q}. Letv € Ms and letv’ andv” be constructed from as
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above. Then’ € By andv” € By.. Moreover,

d(s,v) < d(s,Vv') +d(s’,v”’ (7.117)
and

(s, V) = (s, V) + T (S V7). (7.118)
Proof See Lemma7.63. mi

7.5.5 propagation

The proof of the main lemma consists in showing that the nqiem@ss of
M, propagates in an orderly way under the operations of réstnicslicing,
equivalence, subdivision, and deformation.

Definition 7.119(=) [AZGINZO] [= <« scs_arrow...] Let SCSbe the
set of SCSs and |€(SCS be the powerset @CS We define a binary relation
(=) on P(SCS. WhenS, T c SCS we writeS = T to mean either that
Ms = @ forall se S, or that there existse T such thatM; # @.

Lemma 7.120 [FZIOTEF] The relation(=) is reflexive and transitive.

Proof Clearly,{s} = {s}, and this implies reflexivity. Transitivity is a simple
matter. AssumeS; = Sy andS; = Siz. Assumes; € S;, with Mg, # @.
Then select; € S; such thatM, # @, andsg € Sz such thatMs, # @. Then
{51} = {s3}. S0S; = Ss. O

Lemma 7.121(restriction) [EQTTNZI] Let s be a SCS, and lett be a restric-
tion of s. When t has the first type, assume also that foji,glj € J, we have
Bij(s) = bij(s). Assume further for this type thafs) = @ or k(s) > 3. When t
has the second type, assume also th{g} 3 @ and nf(t) + k(t) < 6, with m as
in the definition of SCS. Theg} = {t}.

Proof B; c Bs. Assumen € Ms. The assumptions according to the type give
w e 8.

Assume the restriction has the first type. Then a global mizg@nw also
minimizes on a subset, and the index does not change. HeneeM; and
{s} = {t}.

Assume that the restriction has the second type. Thegs) = §ij(s). We
haveB; c Bs. For everyv € B/, the index ofv is k: every edge is fixed at its
lower bound. Hencs; = B/, andw € M;. mi

Lemma 7.122(subdivision) [UAGHHBM] Let s be a SCS and let L&, s}
be a subdivision of s alon, j} c 1(s). Then(s} = {s1, &}



264 Local Fan

Proof Letcdenote the constant used for the subdivision. We lfave 85 U
Bs,. If w e Ms, thenw € By U B,.

Assume first that there existg € M;s such thatt < |w; —w;|. We claim
thati(s) < «(s). In fact,

t(s) = ming(s,v)
VeBs
< mi
< Tip (s )
<mi
< T ()
= u(s2).
We havew € 8, andB;, = 8, N Bs,. Also,

(s2) = «(s) = (s W) = (S, W) = ()

so thatw € B andw € Ms,.
Finally, assume that evesy € Ms has|w; —wj| < c. This meansMs c
Bs,. Letw € M. We claim thai(s) = «(s1). In fact,

«s) = @figm(s, V)

< miny(s V)
veBy,

min ¢(Sg, v
VeBg (Sl )

= U(s1).

Also,
U9) = Us W) = u(s1, W) > ().

We havew € Ms c BinBs, = By . Sincey(s) = (s1), we also havev € By .
Sow € M. o

Lemma 7.123(transfer, equivalence) [YXIONXL] Let s be a SCS and let t be
a transfer or equivalent of s. Theg} = {t}.

Proof We treat transfer first. Assume thate Ms. We havew € 85 ¢ B,
andd(t,w) > d(s,w), as well asr*(t,w) < 7*(t,w) < 0. By Lemma 7.106,
there exists a global minimizer of smallest indexe B; # @. It satisfies
T*(t,v) < 7*(t,w) < 0. By the definition of transfet, is unadorned, so that
B’ = M. (Note thatMs and M; might not be directly related.) This shows
that M; # @. Hence{s} = {t}. Similarly, if t is equivalent tcs, then we again
have{s} = {t}. O
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Lemma 7.124(slice) [LKGRQUI] Let{s,s’} be a slice of a SCS s along a
diagonal{p, q}. Then{s} = {5, s"}.

Proof Assume thatv € M. Letw € By andw” € By be obtained
by restriction of parameters. From Lemma 7.116, we hdyg,w’) < 0 or
7*(s’,w”) < 0. To be concrete, say(s,w’) < 0. A global minimizen’ € By
of smallest index then also satisfiggs’, v’) < 0. By the definition of slices
is unadorned, so th&} = My andv’ € Ms. Hence{s} = (s, s"}. O

7.5.6 deformation

This section proves some deformation results and implesitetn as arrows
{s}=T.

Lemma 7.125 [HXHYTIJ] Let s be a SCS, and let € B,. For Letw :
I(s) — R3. Then one of the following holds:

1. w¢ 8B,
2. (s, W) > (s, V).
3. (s w) = 7°(s,v) and the index ofv is at least that of/.

Proof If the first two conclusions fail, thew € B,. Sincev € 8Y, it must
minimize the index oveB;. Hence the third conclusion holds. O

Lemma 7.126 [ODXLSTCv2] Let s be a SCS and let € Ms. Fix £ € 1(9).
Assume thatv, is not the pole of a lunar local fa(V,y, Ew, Fw). Assume that
4hy < byg(s) for every diagonal¢,i} at €. Then one of the following hard
constraints hold at inde&.

1. |w, — w;]| attains its lower bound &(s), for some i ¢.
2. |w¢| attains its lower boun@.
3. There exists i adjacent tbsuch thaf¢, i} € J(9).

Proof For a contradiction, assume that none of the enumeratedraonis
hold. By Lemma 7.109, the fan is not circular. The hypothedlesv us to use
Lemmas 7.24 and 7.25 to deformmnat w,.

The functiont* is decreasing along the curve of the form (7.70) such that
w(t) = (1 - t)w,. That is, we push the point, radially towards the origin.
Explicitly,

T (SW) = ¢+ Co[we(D)|

for somec, > 0 andc;. We havew(t) € Bs for all t positive and sfiiciently
small. This contradicts the minimality properties/ofs. m]
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Lemma 7.127 [IMJXPHRv2] Let s be a SCSy € Mg, and? € I (9).
Assume thatv, is not the pole of a lunar local fatV,y, Ew, Fw). Assume that
4hy < byg(s) for every diagonal¢,i} at £. Then one of the following hard
constraints holds af.

1. |wg — wee | attains its lower bound @.1(9), and |w, — w,_1| attains its
lower bound @,-1(S).

2. |w,| attains its lower boun@.

3. There exists i adjacent tosuch that{¢, i} € J(9).

4. Some diagona¥, i} c I(s) at ¢ satisfies|w, — w; | = a(9).

Proof For a contradiction, assume that none of the enumeratedraoris
hold. By Lemma 7.109, the fan is not circular. The hypothedlesv us to use
Lemmas 7.24 and 7.25 to defomnat w,.

The set{O,w,_1, W, W1} lies in a planeA. By the previous lemma one of
the norm constraints is satisfied, say

Iwe = Weet ]l = agera(9).

We consider a deformation @ that movesw,(t) along a circle throughv,
with centerw,,; in the planeA. Parameterize the curve so thattascreases,
the norm|w,(t)| decreases. The functiafi(s, w) is decreasing ih Explicitly,
the function again depends linearly {w,(t)|, because the angle &temains
straight. This contradicts the minimality #fls. The result ensues. O

Lemma 7.128 [NUXCOEAv2] Let s be a SCS and lat € M. Fix £ € l ()
Assume jis an index adjacentfesuch that|w, — wj| = a;(s). Assume that
W, is not the pole of a lunar local fatVy, Ey, Fw). Assume thadhy < bi(s)

for every diagonal¢, i} at ¢£. Then one of the following hard conditions holds
at index?.

1. We havdw, — w;| = ax(s) for both choices of € I(s) adjacent tof.
2. There exists i adjacent tosuch that(¢, i} € J(9).
3. Some diagondk¥, i} c 1(s) at ¢ satisfies|w, — w;i| = a(9).

Proof The lemma is a special case of the previous lemma, uilegs = 2,
which we assume. Lét+ j be the other index adjacent foAssume that the
three enumerated parts of the conclusion fail.

We consider a deformation of that only movesv,. We take the motion of
w, to be in a circular arc with cent@through the pointv, and in the fixed
plane determined b0, w,, wj, w;}. The functionr*(s, *) is constant along this
curve. We orient the curve to be increasingin, — w;||. For suficiently, small
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t, we find thatw(t) € 85 has smaller index thaw. This is contrary to the
minimizing properties ofv € Ms.

As in the proofs of the previous lemmas, the fan is not cingwdad the
constraints on generic and local fans allow us to use Lemnakahd 7.25,
showing that fan conditions are preserved. m|

In the preceding three lemmas, we specifically allow the mheédionsv(t)
to occur within a lunar fan, moving a single node that is nobke jof the lunar
fan, as given by Lemma 7.24.

The deformation lemmas can be expresed relational arfgiws> T. The
codecheck_completeness.hlimplements numerous arroys = T, based
on deformationg.The following lemma shows how this goes for the first de-
formation lemma, Lemma 7.126, implementediagorm ODXLSTC_cs.

Lemma 7.129(deformODXLSTC.cs) [KESHTYS] Let s be a SCS, with
Ms # 2. Lett € I(s). We make the following assumptions.

1. Assume that for both indices j adjacenttave haved, j} ¢ J(9).
2. Assume that ¢ 1;4(9).

3. Assume thatg(s) < B,j(s) for all j # ¢.

4. Assume thathy < byj(s) for every diagonal, j} at ¢.

Let 8 be a SCS with all parameters the same as s, except tiig I= {¢} U
l(s). Keeping? fixed, we letd c I(s) be the set of j ¢ such thatw,j(s) =
aj(s). Let S be the set of SCSs indexed b lj, obtained by modifying s,
settingBj(s) = aj(s), with other parameters unchanged. Then there is an
arrow {s} = {S}US.

Proof Indeed, letw € Ms. For it to be minimal, there must be a constraint
that blocks the deformation described in the proof of Lemmi&6&. According

to the lemma, this forcepw,| = 2 or |[w, —wj| = aj(s) for somej # ¢.
This latter condition is incompatible witlv € Ms, unlessj € |,. The result
follows. O

In a similar way, we implement Lemmas 7.127 and 7.128 in terhasrows
{s} = T, as well as the others appearing in the footnote. We stateethdts
without proof.

7 deform_ODXLSTC_cs, deform_IMJXPHR_cs, deform_NUXCOEA_cs,
deform_1834976373_Al_single, deform_1834976373_Al_double,
deform 4828966562, deform_4828966562A, deform_4828966562B,
deform_4828966562_obtuse, deform_4828966562A _obtuse,
deform 4828966562B_obtuse, deform 6843920790, deform 6843920790_quad,
deform 6843920790 _tri, deform 684_quadA, deform 684_quadB
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Lemma 7.130(deformIMJXPHR.cs) Let s be a SCS, anthpp = p1 =
1+ po, P2 = 2+ po € 1(8). Assume pe lsu(S), {Po, P1} € I(S), {P1. P2} ¢ I(9),

p1 ¢ lio(S). Assume that for each diagonal of the fofm, j} we havedhy <
bp,j. Assume that for each diagonal of the fofm, j} we have g,; # Bp,j.
Assume that exactly onesj {po, po} satisfies g,; = Bp,j. Let 5 be the SCS
obtained by modifyingd(s1) = {p} U lio(S) and keeping the other fields the
same as s. Let'|= {j € I(s) : apj(s) = apj(s)}. For j e I, IetsJ be the the
SCS obtained by modifyimj(s'j) = apj(s) and leaving the other fields alone.

Then{s} = {s;} U {s’j D jel’).

Lemma 7.131(deformNUXCOEA cs) Let s be a SCS, andypp = p1 =
1+ po, P2 = 2+ po € I(5). Assume pe Isi(S), {Po, P1} € I(9), {P1. P2} ¢ I(9),
Assume that for each diagonal of the fofp, j} we havedhg < by, ;. ASsume
that for each diagonal of the forrfp,, j} we have g,; # Bp,j. Assume that
exactly one je {po, p2} satisfies g,; = Bp,j. Let g € {po, p2} denote the
one that satisfies this. Let I= {j € I(s) : j # p,p’, aj = apj}. Then
{s}=1{sj : j € I}, where :}is the SCS obtained by modifyiﬂgj(s’j) = apj(9)
and leaving the other fields alone.

7.5.7 proof outline

Remark7.132 [YYUNZBF] We have specified a s&;,; of initial SCSs. We
specify a second s&erm = {Se), Ss5), - - -} Of terminal SCSs, whergy), for
k = 5,6, are given by

| =2Z/kZ, J=lg=Inh=Ilsy =2, d(S(s)) =0.616 d(S(e)) =0.712

anda;; = b;; = 2 for all edges, and;j = Cstan bij = 6 for all diagonals.

We do not list all of the elements &.rm. There are about twenty elements
of Sierm With k = 3 and four elements witk = 4. The elementss) and se)
are the only two withk > 5. They are list explicitly in the computer code
(check_completeness.hl).

Lemma 7.133
Sinit = Sterm- (7.134)

Proof We prove this lemma by computer search. By the definition @ th
relation in terms of minimization problems over the comzatsBs, it appears
that some analysis might be required in the proof of this l@mrowever, this
is not the case. The preceding examples show how to constarot relational
arrowsS; = S, from operations of transfer, equivalence, subdivisioiirg,
and deformation. We know that the relation is symmetric aadditive. The
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computer program makes a purely combinatorial search #oatrow (7.134)
as a transitive composition of these operations. Hence rthefunonlinear
optimization is required beyond what has already been ptedén this text.
There is a trivial amount of real arithmetic in the code thanes from the
triangle inequality. (If the constraints;, 8;; are such that the triangle inequal-
ity cannot hold, we can conclude th&ds = @.) Similarly, we use the spher-
ical triangle inequality and the inequality > O in a few places to conlude
that Ms = @. But we insist that the proof of (7.134) is essentially a cemb
natorial search. The computer code makes no referenceabféots, working
consistently at the level of abstraction of SCSs. m]

Lemma 7.135 [OCBICBY]

for all s € Sierm.

Proof Whens € Siem With k(S) < 4, by acomputer calculatioh[21], we
show thatr*(s,v) > 0 for all v € Bs. This implies for sucts that Mg = @.
The two casess) andse) remain. They are treated in Secton 7.4.5, where it
is shown thatMs = @ for s = s5) and sg). This shows thatMs = @ for all
S € Sierm- ]

Remark7.136 (Proof outline of main estimate) The verification ofedh
rem 7.90 can now be carried out as follows. We assume for aaxtiotion that
one of the cases of these theorems is false. By Lemma 7.10vaved s # @
for somes € Sjyit. By Lemma 7.133, we havéls # @ for somes € Siem.
This contradicts Lemma 7.135, giving the main estimate.

The main point is thaBg, for s € Sj,;t are spaces of relatively large dimen-
sion, butBs, for s € Sirm have relatively small dimension and can be treated
directly by computer.

We remark that the verifications offtérent cases iBi,i; become highly in-
tertwined through the relatior). Each SCS irSrm contributes to the proof
of many diferent cases of the main estimate.

7.5.8 geometric lemmas

Lemma 7.137 [SYNQIWN] Let {wo, w1, W, W3} be a packing of cardinality
four. Assume that(gvg, wp) = 2 or d(w, wy) = 2. Assume that(@vg, w3) = 2
or d(ws, wi) = 2. Assume thatgp < w2 — ws|. Thenr/2 < dihy{wp, w1 }{wa, ws}.

8 [various inequalities]
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Proof This is acomputer calculatioh[21]. O

The following lemma does not need to be formalized. Somgthaguivalent
to this is accomplished by the computer code.

Lemma 7.138 [BJOQBJIU] Let s be a SCS. Assume théd)k> 3. If k(s) = 6,
then assume additionally thatg, < a;(s) and4hg < byj, for every diagonal
{i, j} c 1(9). Then for every € Ms, the local fan(Vy, Ew, Fw) iS generic.

Proof By the definition of SCS, £ k(s) implies that for every edg, j} c I,
we haveb;j(s) < Cstan

Letw € M. By Lemma 7.60, the local fan @f is not circular. To show that
the local fan is generic, it is enough to show that it is notlufVe assume for
a contradiction thafw;, wj} is the pole of a lunar fan.

We first treat the case 4 k(s) < 5, and afterward we will return to the case
k(s) = 6. Assuming thak(s) < 5, the indices, j differ by at most two. Also,
the definition of SCS givem < 6 — k() < 2, so there is a path frointo j
involving at most one edge with;(s) > 2ho. Then by the spherical triangle
inequality (Lemma 2.95),

arcy (0, wi, wj) < arc(2 2, 2hg) + arc(2 2, Cstap) < 7, (7.139)

showing thafw;, w;} is not parallel and not a pole.

Now consider the case(s) = 6. Here,m = 0, so thath,;1(s) < 2hy and
as+1(8) = 2 for every edge. By the definition of SCS, we hal(g) = 2.
Equation 7.139 shows that the indiéemd ] must be opposite in the hexagon:
j = i + 3. By the structure of lunar fans (Lemma 7.18), is straight for
¢ # 1, j. Without loss of generality, we may modify the soft consttaito pass
to a stricter SCS' such thatMs = Mg and? € Ig(S), for € # i, j. We then
havew € My.

Recall that is fixed at a poleWe claim that for any eddg ¢}, if |w, — w;i| >
ax(s) = 2, then|w,| = 2. Indeed, this follows directly from the preceding
deformation lemmas. The conditions of Lemma 7.137 are mexicH, the az-
imuth angle at the polieis at leastr/2, and the solid angle of the lune is at least
7. By Lemma 7.60, we havef(s',w) > 0, which contradictsv € Mg. O

Lemma 7.140 [TECOXBM] [formal proof by Hoang Le Truong]. Let
s be a SCS, and lete Bs. Letu,w € V, satisfy2 < |u—w| < Cgap Where
{u,w} ¢ E,. Thenu andw are nonparallel. Moreover, &u, w} c Wgart(x) for
allx e F.

Proof This is a repetition of Lemma 7.55. O

9 [1117202051 4559601669]
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759 Sterm
Here are a few issues that still need to be developed.

e The treatment of lunes in the code should not be done as satepase, but
included with the deformation lemmas. What terminal SCSsespond to
lunes, if any%g)?
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7.6 Appendix on deformations of local fans

This is an appendix to Section 7.2 of Dense Sphere Packirmgs.appendix
gives further details about the proof of the wedge propertgémma 7.25
(ZLZTHIC).

Lemma 7.141 [FSQKWKK] If azim(Q, v1, Vo, V3) < mthenazim(, v, v, V1) <
.

Proof azim(Q,vs, vz, Vv3) < xiff 0 < sin(azimQ, vi, V2, Vv3)) iff 0 < (v1 X V3) -
vs. The final condition is invariant under even permutationthefsubscripts.
m]

Recall that if we have azif(v4, v,, v3) < 7 and appropriate noncollinearity
constraints, then azirfi(v1, v, v3) = dihy(0, v1, V2, V3).

Lemma 7.142 [MKIFWJIT] Letv,w;, Wo, w3 € R3. Assume that none of the
sets{0, v, w;} are collinear and thatzim(Q, v, w1, w,) + azim(Q, v, w,, w3) <
2. Then

azim(Q, v, w1, Wp) + azim(Q, v, w,, w3) = azim(Q, v, wi, ws).
Proof This is (Fan.sum&zimfan). O

Lemma 7.143(deform-wedge) [XIVPHKS] [formal proof by John Harrison].
Letwo, ..., w, € R3, for some n> 1. Assume that i | implies {0, w;, wj} is
not collinear. Let r= n - 1. Set

d@i, j, k) = dihv(0, wi, wj,wy) and &, j,K) = azimQO, wi, wj, Wy).

Introduce abbreviations for wedges(W = W(0, w;, w1, Wj_1). Lete € R
satisfy0 < 2e < a(i,i+ 1,i—1),fori=1,...,r. Assume f,i+1i-1)<n
fori = 1,...,r. Assume that (b,q,q + 1) < € for all sets of three distinct
elementdp,q,q+ 1} c {0,...,r}. Assume that(@, p+ 1,q) < € for all sets
of three distinct elementp, p+ 1,9} c {0, ..., r} with g> p+ 1. Assume that
d(p+ 1, p,q) < e for all sets of three distinct elemer{{s+ 1, p,q} c {0, ...,r}
with g < p.

Then for all k we have the statement $or all j < r — k we havew; €
W(j + K) andwj. € W(j).

Proof We proveSk by induction onk. The case& = 0,1 are trivially satis-
fied. Assume thaBy, for somek > 1. We showSy, 1. Fix j <r — (k+ 1).
By induction,w; € W(j + k), giving

al(j+kj+k+L)<a(j+kj+k+1j+k-1)<nm.
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By Lemma 7.141a(j, j + k, j + k+ 1) < &, and converting to dihedrad(j, j +
kK.j+k+1)<e.
By induction,wj.k € W(j), giving

a(j,j+Lj+k<a(j,j+1,j-1)<mn,

and converting to dihedrad(j, j + 1, j + k) < e.
Since 2 < 2rr, we can add the angles (Lemma 7.142),

a(j, j+1, j+k)+a(j, j+k, j+k+1)=a(j, j+1, j+k+1) < 2e < a(j, j+1, j—1).

This says thawj .1 € W(j).
The proof thaiv; € W(j + k+ 1) is similar.
By induction,wj.x.1 € W(j + 1), giving

a(j+Lj+k+Lj)<a(j+1j+2j)<nm.

By Lemma 7.141a(j + k+ 1, j, j + 1) < &, and converting to dihedralj +
k+1,j,j+1)<e.
By induction,wj,1 € W(j + k + 1), giving

a(j+k+Lj+Lj+k<a(j+k+1j+k+2j+k) <m,

and convertingto dihedralj + k+ 1, j+ 1, j+ k) < e.
Since 2 < 2r, we can add angles,

a(j+k+1, j, j+D)+a(j+k+1, j+1, j+K) = a(j+k+1, |, j+K) < 2€ < a(j+k+1, j+k+2, j+K).
This says thatv; € W(j + k+ 1). m|

We apply this lemma to prove the wedge property in ZLZTHIC 1{Be
Sphere Packings Lemma 7.25). We return to the context aradiootof that
lemma.

Corollary 7.144 Let(yp, V, |) be a deformation of a generic local fé¥, E, F)
over an interval I. Assume that the azimuth angle;@) is at mostr for all
t € I, whenevew; is straight. Assume thdV/ (t), E(t), F(t)) is a generic fan for
all t € I. Then for all syficiently small te |, we have tha(V(t), E(t), F(t))
satisfies the wedge property of local fans. That &) \& Wyar(X(t)) for all
X(t) € F(t).

Proof As in the proof in Dense Sphere Packings, by continuity, tio@fof
the wedge property reduces to the case Wyar(U) \ Wgan(u). We may prove
the more symmetrical statement

u(t) € Waar(w(t)) andw(t) € Waar(u(t)).
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Exchangings andw as needed, we have a sequeace vy, ...,V = W, with

vi = p'v, where all of the terms; (i = 1,...,r — 1) are straight. Pick such

that 0< 2¢ < azim{;, vi;1,Vi_1) fori = 0,...,r. By continuity, there is some

€ > 0 such that 2 < azim(;(t), vi;1(t), vi—1(t)) fori = 0,...,r when[t| < e.
Whent = 0, the straight conditions give

dlh(o, Vp, Vq, Vq+1) = O,
for distinct triples{p,q,q+ 1} c {0, ..., r}, and
dlh(o, Vp, Vp+]_, Vq) = O,

for distinct triples{p, p+1,q} c {0, ..., r} with p+ 1 < g. (In fact, the dihedral
angle of a coplanar set will always be 0m@and by picking inequalities on
indices as we have, all of the indicated dihedral angles grBydcontinuity,
shrinkinge as needed, we may assume the corresponding dihedral angles a
less thare, when evaluated af (t), for |t| < e.

All of the conditions of Lemma 7.143 are satisfied for vectg(¥) for any
t| < e. Hence for all and allj such that, j < r, we have

Vi(t) € Waar(vj(t), vir1(t)) andv;(t) € Waar(Vi(t), vis1(t)).

If we takei = 0 andj = r, this is the desired wedge condition. O
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7.7 Appendix on explicit deformations

This is an appendix to Section 7.2 of Dense Sphere Packirgs.appendix
gives the explicit construction of particular deformason

The first lemma constructs a simpléx, v, V2, v3} ¢ R® on a given base
triangle{vo, v1, v2}. Our intention is to define a new constant to equal the right-
hand side of Equation 7.146. The variakdewill run over an interval to define
a continuous deformation of a local favi €, F).

Lemma 7.145 [PQCSXWG] Let {vg, V1, Vo) c R3. Assume thatvo, v1, Vo) is
not collinear. Let x, . . ., Xs € R® be given with x> 0 and

2 2 2
X1 = vi—=Vol%, X =|va—Vol°, Xe=|[vi—V2|-.

Assume thai(xg, ..., Xs) > O (thatis,deltax x1 x2 ...). Then there ex-
istsvs such that

e x3=|va-Vol?, Xs=|va-Vvi|?, X = |vz-Vz|? and
[ ] (Vl—Vo) . (V2—Vo) X(Vg—Vo) > 0.

Explicitly, the following vector works:

2 VA(V1 — Vo) X (V2 = Vo) + As(V1 — Vo) + Ag(V2 — Vo)
v(X1, X2, X6)

with subscripts or\ indicating partial derivatives and = ups_x, the upsilon

function. Moreover, fixingo, v1, v and fixing all the variablesjexcept x, the

vectorvs € R® in Equation 7.146 depends continuously @ror the domain

V3 =Vg+ , (7.146)

{xs : X5>0, A(Xg,...,%s) > 0}

Remark7.147 There is a symmetry to the data fixwig Xz, Xs, vV(X1, X2, Xg)
and swappingi < Vz, X3 &> X4, X1 © Xg, As & Ag. Under this symmetry, the
vectorvs is given by the same formula, except théA is replaced with- VA,
and the sign of the triple product is reversed.

Proof It can be shown by direct computation that the veetpworks. This
proof gives details about howg is found.

Without loss of generality, we may mowg to the origin. Explicitly, we
let w; = vi — vo. We will construct a uniquevs (for wg = 0) and then set
V3 = Vg + W3.

Note that the non-collinearity condition dwg, v1, Vo) giveswy x w, # 0.
We may writews in terms of the basig/; x wa, wy, andws:

W3 = a(W1 X Wa) + BwW; + yWo.
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We compute the norms @f3, w3 — wi andwsz — W, in this basis:

2 2 2 2
Iws] = X3 = @ w1 X W2 |* + | Bwy + ywa|
2 2 2 2
Iwz —w1|“ = X5 = a“|wy X W2 | < + [ (8 — 1)w1 + yws]|
2 2 2 2
Iwz — Wz = Xa = w1 X Wo |~ + [|Bwy + (y — D)wo|“.

We eliminaten? from the equations and write the resulting equationgfand
v as a linear system:

Iwal®  wa-wa) (B) _ (% + X = X6)/2
| )i |

wi-we  Iwal J\y) T \0e + xs - x4)/2)°

The determinant of the system is
Iwal? w2l = (W1 - W2)? = i X Wa]? > 0.

By the law of sines or cosines (Lemma 2.59), this determicantalso be
written in terms ofx;:

XXz — (X6 = X1 = %2)/2)* = v(X4, X2, X6) /4 > O.
Thus, there are unique solutiofsandy as functions of the variables. Ex-
plicitly,
b = As/v(X1, X2, X6), €= Aa/v(X1, X2, Xe),
whereA; = Ai(Xq, . . ., Xg) is theith partial derivative ofA.
With g andy in hand, we solve fotr using the equation:
X3 = [BW1 +yW2|? = @® [wy X Wa 2.

The left-hand side of this equation, expressed in terms efviriablesx; is
preciselyA/v(X1, X2, Xg) > 0. Hence

S VA, -, X6)
(X, X, Xe)
The triple product is

((V1 — Vo) X (V2 — Vo)) - (V3 — Vo) = (W1 X Wp) - W3 = alwy X Wpl*.

This is positive exactly whea is chosen to be positive. This shows the exis-
tence of a unique vectavs subject to the given conditions.

Continuity follows from the continuous dependencepB, andy on Xs. In
fact, 8 andy are polynomials inxs and« requires the extraction of a square
root of a positive polynomial irxs. O



7.7 Appendix on explicit deformations 277

We will need a second lemma for deformations that occur withplane.
Our intention is to define a new constant to equal the rigieiside of Equa-
tion 7.149. It will be used in two contexts. Sometimes, thealde x3 will run
over an interval to define a continuous deformation of a léalV, E, F). At
other times, the vectar, will vary in a continuous deformation constructed in
the previous lemma, ang will be carried continuously along in the plane of
{Vo, V1, V2(t)} by the construction of this lemma.

Lemma 7.148 [EYYPQDW] Let {vg, V1, Vo) c R3. Assume thatvg, v1, Vo) is
not collinear. Let X, Xo, X3, Xs, X6 € R3 be given with x> 0 and

2 2 2
X1 = |vi—=Vol%, X =[va—Vol°, Xe=|[vi—V2|-.

Assume that(xg, X3, xs) > 0. Leto € {+1} be a choice of sign. Then there
existsvs such that

e {Vo, V1, Vo, V3}is coplanar.
2 2
® X3=|Vs—Vol%, Xs=]vz—Vvi|“ and
e (V3 —Vp) X (V1 — Vp) is a positive scalar times(vy — Vo) X (V2 — Vp).

Explicitly, the following vector works:
X1+ X3 —

X5 o /U(Xl, X3, X5)
2—X1(V1—Vo)+x—1 m(V1—V0)X((Vl—Vo)X(Vz—Vo))-

(7.149)
Moreover, fixingvo, V1, V2 and fixing all the variables;»except ¥, the vector
v3 € R depends continuously on &n the domain

V3 = Vo+

{X3 : X3>0, v(Xq,X3,Xs) > 0}.

Moreover, fixingvp, v1 and fixing all the variables;xthe vectorvs € R® de-
pends continuously ovy on the domain

{v2 €R® : v, isnoton the line throughvy and vy}.

Remark7.150 There is a symmetry in the datp< v, X3 © X5, Xo © X
fixing v andx;. The symmetry preserves the solution

Proof Without loss of generality, we may mowg to the origin. Explicitly,
we letw; = v; — vp. We will construct a uniquevs (for wp = 0) and then set
V3 = Vo + W3.

Letn = wjy x(wyxws). By the non-collinearity assumption and the positivity
of x;, we haven # 0. In fact,w; aren are orthogonal and spaffd, wy, w,}.
The norm ofn is computed as in the previous lemma by the law of cosiines:

2 2 2
Inl= = Iwa]“Iwi X Wa < = X3v(X1, X2, X)/4 > O.
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We solve forws as a combination of/; andn:
W3 = oW1 + Sn.
The norms ofvz andws — w; are computed as

2 2 2 2
Iws® = X3 = w1 ]” +B7IN]|

2 2 2, 2
Iwz —wi]® = X5 = a” w1 ]” + 7N

Eliminateg and solve the resulting linear equation uniquelydor
@ = (X1 + X3 — Xs5)/(2%1).

The right-hand side ¢8| n 12 = X3 — Xy, expressed in terms of the variables
X IS v(Xq, X3, X5)/(4%1). Hence,

_ +i v(Xy, X3, Xs)
X1 V V(X1, X2, X6)
To compute the sign ¢f, we examine the cross-product condition.

W3 X W1 = (@Wq + n) X Wy
= B(Wq1 X (W1 X W2)) X W1
= B(w1 X W2)(Wy - W)
= Bx1(W1 X W2).

This is a positive multiple of-w1 x w, wheng has sigrno-. This establishes the

unigue existence of/3.
Continuity follows from the explicit formulas far andg. O
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7.8 Appendix on the proof of BGMIFTE

This is an appendix to Section 7.3 of Dense Sphere Packings.

This page contains some notes on the verification that ther P&, E’, F’)
is a local fan. This is an expanded version of the last papigeod the proof
of Lemma 7.34 (BGMIFTE). We check the intersection propeftfans, the
dihedral property of local fans, and the face property oéldans.

Since we are treating the last paragraph of the proof, we ssynae that all
the other parts of that lemma dealing with arcs and azimugtearhave been
established.

We place ourselves in the context of Lemma BGMIFTE, adoptiegnota-
tion from that lemma. In particulay; = p'v andw; = v; x vi,1. We take the
indices moduldk = card{), so thatvi,x = v;. By earlier parts of the proof, we
have

wj e WO(0, Wi, Wisg, Wi1), j#i-Lii+1 (7.151)

and
{0, w;, w;} is not collinear, whem # j (7.152)

and
arcy (0, {wi, Wi 1}) = 7 — £(Vis1) > 0 (7.153)

and
£'(Wiy1) = m — arcy(0, {Vis1, Vis2}) € (0, 7). (7.154)

We verify the fan intersection property of(, E’, F’). Remark GMLWKPK
gives some hints about verifying the intersection propeatyd notes that it
comes down to two cases:

1. ene = @impliesC(e) N C(¢') = @.
2. eneg = {v}impliesC(g) N C(e’) = C{v}.
If ¢ ande’ are both singletons then the intersection property folléwsn

(7.152). Without loss of generality assume thas not a singleton. By the
definition of E’, we haves = {w;, wi,1}, for somei. We may partitiorC(e) as

C(e) = C°(e) U CO(wi) U CO(Wiy2) U {0},

Since we know the intersection property for singletons, we reduced to
showing the following.

1. if ¢ = {wj,wj,1} # ¢ is also an edge, thed’(e) N CO(¢') = @.
2. for everyw; € V', we haveC%(e) N CO(w)) = 2.
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Consider the first of these two enumerated cases. Exhanwitig j if nec-
essary, we may assume tha# i,i + 1. Seta(p) = azimQ, w;, wi,1, p). For
every pointp in C%(e) we havex(p) = 0 andC%(e) c A := aff{0, wj, Wi,1}. We
separate this froi8°(e’) by showing tha€%(e’) c A2 := aff% ({0, wi, Wi, 1}, {Wi_1}),
and using the disjointness of this open half-spagdrom its bounding plane
A

If j =i- 1, then by (7.154), for eveny € C°(¢’), we have

a(q) = a(wj) = a(wi_1) € (0, 7).
The values ofr separat€(e) from C°(¢’). Note also that this gives
wig e AY (7.155)

If £ #i,i +1, then by (7.151) and (7.155), we havge A2. From this, we
obtaine’ ¢ A2 and from the conic structure of the halfspae it follows that
COe") c A°.

The second enumerated case is similaydf{i, i + 1}, then the empty inter-
section propertgZ®{w;, wi,1}NC%(w;) = @ follows from the strict inequality in
the definition ofC® and the linear independencewafandw;, ;. For example,

tow;j + tawiy1 = Swi,

has no solution in positive real numbégst;, s. Otherwise, ifj ¢ {i,i + 1}, we
separat€(e) from C°(w;) by the disjointness o2 andA, as in the first case.
This completes the proof of the intersection property okféor the polar.
Next we verify the dihedral property of local fans.
For this, we review how a hypermap is attached to the Yéng’, F’). We
have sets\{’, E’, F’) defined to be

Vi ={wi = Vi X Vigg i},
E = {{wi, Wit} 1 i,
F' = {(wi, wi1) i}
The set of darts of the hypermap consists of all orderingsigés:
D = {(wi, Wis1) : i} U{(Wir1, W) i} = F UF” say.
The setE’(w;), with overloaded notation, is defined as the set
(weV : {w,wi}eE},
which in this situation reduces to

E'(wWi) = {wi_1, Wiy}
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The permutationr(w;) of E’(w;) is defined as the azimuth cycle on this set.
Since the set has only two elements, the permutation is daicswapw;_;
andw;,;. The hypermapis a tupl®( e, n, f), where the permutations &fare
generally defined as follows.

n(v,w) = (v, o(v, w)),
f(v, w) = (W, (W) V),
e(v, w) = (w, V).
In the present context, this reduces to
N(Wi, Wix1) = (Wi, Wiz1),
f (Wi, Wiz1) = (Wis1, Wix2),
e(Wi, Wix1) = (Wix1, Wi).
To prove the dihedral property, by Lemma QQYVCFM, itis enotgprove
the following properties

1. the hypermap is connected.
2. the number of darts isk2
3. the orders of, n, earek, 2, 2, respectively.

We have
(Wi, Wis1) = (Wisj, Wix(j1))-

Note that the orbit of on (wi, wj.1) isF’ or F”” c D. (This proves in particular
the face property of local fan&’ is a face of the hypermap.) andexchanges
darts inF” andF”. Hence the hypermap is connected.

The setd’ andF” are disjoint and each contakdarts. Hence the number
of darts is X.

The smallest positivg such thatfj(wi,wiﬂ) = (wWj, Wjs1) is k. Hencef
has ordeik. The orders ofe andn are 2 by inspection. This completes the
verification of the dihedral property of local fans.

While proving the dihedral property, the face property &it as well.

This completes the verification of properties intersegtfan, and dihedral.
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Tame Hypermap

Summary. This chapter is the last of the three core chapters on thefproo
of the Kepler conjecture. If V is a finite set of vector®H let

L(V) = )" L(IvI/2)
veV
Let8B be the annulu§(0, 2hp) \ B(0, 2), Where§(0, r) is the closed ball of
radius r. By Corollary 6.100, the Kepler conjecture holdsevery packing
V contained inB satisfies

LV) <12 (8.1)

In this chapter, we assume that there exists a counterexa¥hpd this
inequality and reach a contradiction. A subset of extrentalrnterexam-
ples is selected that is particularly well-suited for fugttanalysis. Every
extremal counterexample gives rise to a fan and a corresipgrityper-
map. A detailed study of these hypermaps leads to a longflmoper-
ties that all such hypermaps must possess. A tame hyperrdafiried by
these properties. Tameness is thus an umbrella term thatgaJong list
of loosely related properties.

An earlier chapter on hypermaps gives an algorithm that gates all
restricted hypermaps with a given bound on the number of si0fe-
ery tame hypermap is restricted and has at most fifteen ndtlsce, a
list of all tame hypermaps can be obtained by generatingesdtricted
hypermaps and filtering out those that are not tame. Thisrélyo has
been implemented and executed in computer code. The eanlexplicit
list that classifies tame hypermaps up to isomorphism. Tassification
solves a major step of the packing problem.
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Each tame hypermap H gives rise to a nonlinear optimizatioblem
to maximizeL(V) subject to the constraint that the hypermap associated
with V is isomorphic to H. This nonlinear optimization prebi has a
relaxation in the form of a linear program with a maximum tisaat least
as large as the maximum of the nonlinear program. Each lingagram
has been solved by computer. In every case, after branchiogubcases,
the maximum is less thd®. Hence, Inequality 8.1 always holds, so that
the Kepler conjecture is confirmed.

8.1 Definition

This section gives the definition of a tame hypermap, whiabiject of study

in this chapter. The definition depends on a large set of petens, which have
been determined by computer experimentation. On the ond tfaaidea is to
define a class of hypermaps that is finite and small enouglassi€y without

much trouble. On the other hand, we have to prove that evanytecexample
V of (8.1) has a hypermap that is tame. The smaller the clasgafrmaps, the
more dificult it becomes to relate them to the counterexarmplén the end,

we seek a balance between these contrary demands.

Definition 8.2 (triangle, quadrilateral) [HZQSLXI] Faces of cardinality three
in a hypermap are callettiangles and those of cardinality four are called
guadrilaterals

Definition 8.3(type, (0, 0,r)) [XOOBDFI] [ «» set_of_triangles_meetingnode]

[ «» set.of_quadrilateralsmeetingnode] [ «» set_of_exceptional meeting node]
[(p,g,r) «~» type_ofnode] Thetypeof a node is defined to be a triple of

nonnegative integerg(q, r), wherep is the number of triangles meeting the

node g is the number of quadrilaterals meeting it, arid the number of other

faces meeting it, so thgt+ g+ r is the total number of faces meeting the node.

8.1.1 weight assignment

We call the constant tgt 1.541, which arises repeatedly in this chapter, the
target The constant's name comes from its function as a measumiofality.
Below, in the definition of a tame hypermap (Definition 8. My dypermap
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that overshoots the target is not tame. We define two tablesrastantsb and
d. (Thereis n@orc.) [tgt «» tgt]

Definition 8.4 (b) [0OVCYPI] [b «» b_tame] Defineb : N> — R by
b(p, q) = tgt, except for the values in the following table.

q=0 1 2 3 4

p=0 tgt tgt tgt 0618 Q97
1 tgt tgt 0656 Q618 (gt
2 tgt 0797 Q412 12851 (gt
3 tgt 0311 0817 (gt tgt
4 0347 Q366 tgt tgt tgt
5 004 1136 tgt tgt tgt
6 0686 tgt tgt tgt tgt
7 1450 tgt tgt tgt tgt

Definition 8.5(d) [BTDOPPJ] [d «v» d_tame] Defined : N — R by

0 k<3
0.206 k=4,
d(k) = {0.4819 k=5,
0.712 k=6,

tgt=1.541 otherwise

Definition 8.6 (weight assignment) [DUSOAYQ] [admissible «» admissible weight]
[total weight «» total weight] A weight assignmertf a hypermag

is a real-valued functiom on the set of faces dfi. A weight assignment is

admissibldf the following properties hold.

1. (Bounp 4) [0.63 «~» a_tame] [ «» adm_3] Let v be any node of type
(5,0,1) and letA be the set of triangles meeting that node. Then

> 1(F) 2 063
FeA
2. (Bounp B) [ «» adm_2] If a nodev has type p, g, 0), then
> (F) > b(p, ).
F:vnF+2

3. (Bounp D) [ e~ adm_1] If the faceF has cardinalitk, thent(F) > d(k).

The sumy ¢ 7(F) (over all faces) is called thetal weight
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8.1.2 hypermap property

Definition 8.7 (tame) [YOHGLNA] [tame «» tame hypermap] A hyper-
map istame(Figure 8.1) if it satisfies the following conditions.

1.
2.

H W

10.

11.

(PLaNAR) [ <~ tame_1] The hypermap is plain and planar.
(svpLE) [ «» tame_2] The hypermap is connected and simple. In partic-
ular, each intersection of a face with a node contains at orastart.

. (NONDEGENERATE) [ «» tame_3] The edge map has no fixed points.
. (Noroops) [ «» tame_4] The two darts of each edge lie infidirent nodes.
. (No pouBLE JoINs) [ «» tame_5a] At most one edge meets any two (not

necessarily distinct) nodes.

. (Face count) [ ¢~ tame_8] The hypermap has at least three faces.
. (race s1ze) [ «» tame_9a] The cardinality of each face is at least three and

at most six.

. (NopE count) [ «» tame_10] There are thirteen, fourteen, or fifteen nodes.
. (NopE size) [ <~ tame_l1a] The cardinality of every node is at least three

and at most seven.

(vobE TYPES) [ e~ tame_120] If a node hastyped, g, r) with p+g+r > 6
andr > 1, then f,q,r) = (5,0,1).

(weiGnTs) [ «» tame_13a] There exists an admissible weight assignment
of total weight less than tgt 1.541.

8.2 Contravening Hypermap

8.2.1 standard fan

LetV c B be a packing. Defin&€gy = Egg(V) andEge = Ecic(V) by [Egtg
«v» ESTD] [Ege &~ ECTC]

Esta={{v.Ww}CcV : O0< |v—-w]| < 2hg}, (8.8)
Ece = {{v.W} CV : |v—w]| =2} C Egq. (8.9)

Lemma 8.10 [UBHDEUU] [formal proof by Solovyev]. LetV c 8B
be a packing. If E= Eqq Or E = E, then(V, E) is a fan.

Definition 8.11 [SUZCOOW] The fans V, Esig) and {, E¢c) are called the
standard farand thecontact fanrespectively.

Proof (V, Egy) is a fan by Lemma 8.12. Sind€;. C Egy, it follows from
Lemma 5.3 that\{, E) is a fan. O
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BOOOY
BRBOSE
BROOLP

Figure 8.1 [HBMVLMY] Here are some of the tens of thousands of planar
graphs whose hypermaps are tame. The ones depicted hehe anees that
are the most diicult to eliminate through linear programming.

Lemma 8.12(standard fan) [CKQOWSA] [formal proof by Alexey Solovyev].
Let V c B be a packing. ThefV, Eqy) is a fan.
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Proof The properties(arpiNaLITY), (ORIGIN), and (onpARALLEL) (ON page 116)
follow by the methods of Remark 5.6.

(INTERSECTION) SOme geometrical reasoning is required to establish the in
section property. The case

Cluy nCiv} = {0}
follows from the strict triangle inequality
lul <2hg <4< |v|+ Ju-v].

The other cases of the proof are based on the following twts faom Tarski
arithmetic.

1. (ruree poiNts) Let {v1,Vo,Vv3} C B be a packing of three points. Assume
that vy — v3| < 2hg. Thenv, ¢ C{vy, vs}.

2. (rour poiNTs) Let {v1, Vo, V3, V4} C B be a packing of four points. Assume
that|vy — v3| < 2hgand|vs — V2| < 2hg. ThenC{vy, v3} NC{vy, vo} = {0}.

We give a proof of {uree points) by contradiction, assuming that some con-
figuration exists withv, € C{vy,vs}. We consider two cases, depending on
whetherv; lies in the convex hull ofvg, v1, v3}, wherevg = 0. If it does lie in
this hull, then|v, — vj| < 2hgfori = 1, 3 because every side of the triangle has
length at most By. The proof then follows from aomputer calculatioh[21]

that A(xj) > O for xij = |vi —v; I2, which contradicts Remark 2.44, assert-
ing that the polynomiah vanishes on every planar arrangement of four points
{Vo, V1, Vs, V2}.

In the second case, the segment denws} meets conwo, vo}. We drop
the constraintjv; — v3| > 2 and continuously deform the configuration to
contract the nornjvy — v3|| as much as possible. When this norm is as small
as possible, the four pointsy, . . ., v3} are the extreme points of a rhombus of
side lengthr = 2. We reach the contradiction by calculating the squarelsef t
diagonals of the rhombus:

16=4r? = |vo — V2| % + |v1 — 3|2 < (2ho)? + (2ho)? < 16.

The proof of ¢our poinTs) is also a proof by contradiction, assuming as
we may by symmetry that cofws, vz} meets conwo, v4, V2}, wherevg = 0.
Again, we drop the constrairjtv; — v3| > 2 and continuously deform the
configuration to contract the noriw; — v3| as much as possible. ByHrRee
poINTS), the continuous contraction does not pass through anygqraations in
which four of the points are coplanar. When the norm is aslsaaegdossible the

1 [TVAWGDR] A certain configuration of four points cannot be coplanar.
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lengths satisfyjv; — v;| = 2fori = 0,2,4 andj = 1, 3. Letv; be the reflection
of vo through the circumcenter ¢, v2, v4}. The four pointgvy, va, Vo, v} are
the extreme points of a rhombus of side length 2. We reach the following
contradiction by calculating the squares of the diagonitiserhombus:

16=4r? = |vo — V5 1% + [v1 — V3| ® < (27(2ho, 2ho, 2h))* + (2ho) < 16,

wheren(a, b, ¢) is the circumradius of a triangle with sidas, c. O

8.2.2 surrounded and isolated nodes

The purpose of this section is to select a special class afteoexamples to
Inequality 8.1.

Definition 8.13 (isolated, surrounded) [CWQEWTI] Let (V, E) be a fan. Say
thatv € V is isolatedin the fan if E(v) is empty. Say that € V is surrounded
in the fan if the azimuth angles of all darts at the nedare less tham. (In
particular, the cardinality oE(v) is at least three.)

The following lemma appears in Schiitte and van der Waer@én [

Lemma* 8.14 [FATUGPD] [formal proof by Quyen]. Givenany pack-
ing V c B, there exists a bijectiop : V — V’ with a packing V such that
Ivl = l|¢(v)| and such that every nodg in the contact fan of Vis either
isolated or surrounded.

Proof Consider all finite packings in bijective correspondenctawi such
that the bijection preserves distances to the origin. Antbege packings, se-
lect one,V’, with the largest number of isolated points in the contaapgr

We assume for a contradiction that there is a poiatV’ that is not isolated
and not surrounded. It has a dart in the contact fan with aatdéastr. Perturb
v away from the contacts, making it isolated, while presapitisidistance from
the origin. The perturbed packing’ has at least one more isolated point than
V’, in violation of the supposed maximality ¥f. Hence, the conclusion of the
lemma holds fol’. O

The following lemma shows that the corresponding resuli&fbr the stan-
dard fan. Beware! The set of isolated and surrounded nodesnds on a
choice of fan. The next proof makes frequent use of twtedent fansV, Eg)
and {, E¢c), which have dterent sets of isolated and surrounded nodes, even
though the se¥ is the same in both cases.
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Lemma 8.15 [FNJLBXS] Assume that there exists a counterexample to In-
equality 8.1. Then there also exists a counterexample Vetingquality with
the following properties.

1. Vc Bis apacking.

2. L(V) > 12, and no finite packing iB attains a value larger tha’(V).

3. The cardinality of V is thirteen, fourteen, or fifteen.

4. For everyv € V, the noder is surrounded or isolated in the standard fan

(V, Estd) .

Proof The cardinality of a counterexample is between thirteen féteen,
by Lemma 6.110. The space of all packingsc 8 of cardinality thirteen,
fourteen, or fifteen is a compact topological space. Thetfon¥ — L(V) is
continuous. Hence by real analysis, the maximum is achieystmew c 8.
The packing/V has the first three properties of the lemma.

LetV be given by

V={\V.¢) :
V c Bis a packing,
¢ : W — V is a bijection, and
YveW [¢(V)] = [vI.
)

The norm condition giveL(W) = L(V) for all (V,¢) € V. By fixing an
enumerationV = {vo,...,Vk 1}, we identifyV with a compact subspace of
Bk c R, Also,V is nonempty, because it contaiVe (w). If (V, ¢) € V, then
V has the first three properties of the lemma.

For any pair ¥, ¢) in ¥V andv € V, letc(V, v) be the minimum distance from
v to a pointinV \ {v}. Fori = 0, ...,k — 1 definec; = ¢;(V), by ordering the
real numbersg(V, V), v € V, in increasing order:

Ch<C <C<-+- <0

The functiong; : vV — R are continuous on the compact sp&eThere is
a nonempty compact subs#b of V on whichc attains its maximum value.
Continuing recursively, there is a nonempty compact sufdset of V; on
which ¢, attains its maximum value.

Any (V, ¢) € V, has the fourth enumerated property of the lem@ther-
wise, there exists some nosgles V that is neither isolated nor surrounded in
the standard fan. There exisind j such that

ki a(V)=c(V,v)}={k : i <k<j}
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Asv is not isolated in the standard fan, it follows tleé¥, v) < 2hg. Asv is not
surrounded in the standard fan in the cyclic order on

weV : Jw-v|=c(V,v)},

some azimuth angle is at leastThus, there is a direction in whichcan be
perturbed that fixesy, . .., Ci—1, does not decreasg, ..., c;_1, and increases
cj. This is contrary to the defining property of,¢) € V, c V; c Vi. This
establishes the claim. O

Lemma 8.16 [FCDIDOT] Assume that there exists a counterexample to In-
equality 8.1. Then there also exists a counterexample Vetingquality with
the following properties.

1. Vc 8is a packing.

2. L(V) > 12, and no finite packing i attains a value larger tha’(V).

3. The cardinality of V is thirteen, fourteen, or fifteen.

4. Every node is surrounded in the standard f4N, Etg).

5. Every nodev that is not surrounded in the contact fgN, E.) satisfies
vl =2.

Proof By Lemma 8.15, some counterexamplsatisfies the first three prop-
erties and in which every node is surrounded or isolated énstandard fan.
By Lemma 6.112, if there are any isolated nodes in the stadrfdar then it is
not a counterexample. Hence, every node is surrounded stdhéard fan.

A nodev that is not surrounded in the contact fan satisfieg = 2. Oth-
erwise, the counterexample does not maximizeln fact, the packing that
replaces with (1 — €)v for suficiently smalle > 0 does better. O

Definition 8.17(contravening) [YXISOKH] [contravening «» contravening]
A finite packingV is a contraveningpacking if it satisfies the properties of
Lemma 8.16. The hypermap hyHEsq) is also said to beontraveningvhen

V is contravening.

8.3 Contravention is Tame

This section and the next one prove that every contravenipgrimap is tame.
Let V be a contravening packing with standard fang) = (V, Egq) and let
H = hyp(V,E) = (D, e, n, f) be the hypermap attached ¥ E). The fan {, E)
is fully surrounded and a conforming fan by Lemma 5.42. Wealtesome of
the properties of conforming fans from Section 5.3.2. ThedmgnapH is plain,
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planar, connected, and simple. The set of topological corapts ofY(V, E) is
in bijection with the set of faces df. For each face ofl, the corresponding
componentg is eventually radial with solid angle

solUr) = 21 + Z(azim(x) — 7). (8.18)

xeF

Recall that
> sol(Ur) = 4r. (8.19)
F

Set
h(x) = Inodef)l/2,
where as usual, nodd~ — V is given by
X — nodef); x=(nodef,...).

[node «» FST]
Define the weight function

(V,E,F) = Z azim(x) (1 + %b(l - L(h(x)))) + (7 + sob) (2 - k(F))

xeF

= sol(Ug) + (2 - k(F)) sob —ﬂb Z azim)(L(h(x)) - 1)

T xeF

> azimE(L(h(x))), (8.20)

xeF

= s0l(Ug) (1 + 2'0) _ 5%
T T

where sqj is the solid angle of a spherical equilateral triangle witside of
arclengthr/3, andk(F) is the cardinality of~. These formulas are equivalent
by Equation 8.18. The first expression ¥, E, F) is particularly convenient
because it expressess a sum of local contributions from each dart. The main
conjecture may be expressed in the following alternativenfo

Lemma 8.21(target) [HRXEFDM] Let V be a contravening packing. Then

> (V. Exa F) < 47 - 20 50}
F

The sum runs over the faces Fhyfp(V, Esg).

Proof Use the formula (8.20). The sum of the solid andlgsis 4r, and the
sum of the azimuth angles at each nodersThus,

> 1(V.Esto F) = 4r (1 + %b) - (%b) 27 ) L(IvI/2) (8.22)
\%

F
= (4r — 20 sob) + 2 sob(12— L(V)). (8.23)
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In a contravening packing, 2 $012— £(V)) < 0. The result ensues. O

Remark8.24 The significance of the constant tgtl.541 is that it is a con-
venient rational approximation to the constant-420 sof ~ 1.54065, which
appears in Lemma 8.21.

The theorem that follows is one of the main results of thisptéia The
subsequent sections present the proof in a sequence of steps

Theorem 8.25 [MQMSMAB] Let V be a contravening packing. Then the weight
assignment F— 7(V, Estg, F) on H = hyp(V, Estg) is admissible. Moreover, the
hypermap H is tame with weight assignmef\, Eqg, *).

8.3.1 general properties

Many of the properties of tameness are trivial or have betabkshed in ear-
lier sections. The following lemma quickly disposes of maffithe properties
of tameness.

Lemma 8.26 [JGTDEBU] A contravening hypermap H satisfies properties
(PLANAR), (SIMPLE), (NONDEGENERATE), (NO LOOPS), (NO DOUBLE JOINS), (FACE COUNT),
(vopE counrt), and the first part ofnobk size) of tameness on page 285.

Proof The hypermap is plain, planar, connected, and simple by d¢nergl
results established in the chapter on fan. That chaptersaleas that the hy-
permap attached to a fan satisfies properiesEGeNERATE), (No Loops), and
(NO DOUBLE JOINS).

Properties(race count) and the first half of property~opk size) hold. In-
deed, every node is surrounded, meaning that the azimutbsaafjthe darts
at the node are less than As the angles around the node sum ig there
are at least three darts in the node. Each of the darts in ttie leads into a
different face by propertyivrLg).

Finally, property obE count) has already been established in Lemma 8.16.

m]

We list the properties that remain and the lemma that prdvant

(~vopk size) (Lemma 8.28, second part), wiicats Bounp A) (Lemma 8.30),
(vopE TyPES) (Lemma 8.30), WeiGHTs BounD B) (Lemma 8.29),
(rack size) (Lemma 8.31), WEIGHTS BoUND D) (Lemma 8.33).
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8.3.2 properties of nodes

Lemma 8.27 [CDTETAT] Let H be a contravening hypermap. For every dart
x in a triangular face of H,

0.852< azim(x) < 1.9.
For every dart x in a nontriangular face of H,
1.15< azimx) < 7.

Consequently, if a nodehas type(p, g,r), then(p, g + r) must be one of the
following pairs:

(0,3), (0,4), (0,5), (1,2), (1,3), (1,4), (2,1), (2,2), (2,3),

(3.1), (3,2), (3,3), (4,0), (4,1), (4,2), (5,0), (5,1), (6,0), (6,1), (7,0).

Proof The angle bounds are@mputer calculatioh[21]. The sum of the
azimuth angles around a node satisfies:

p(0.852)+ (g +r)(1.15) < 27 < p(1.9) + (g + )7,
and the pairs satisfying these constraints are listed. m]

Lemma 8.28 [SZIPOAS] [formal proof by Vu Thanh]. Contraven-
ing hypermaps satisfy the second part of propdriype size) of tameness.
That is, the cardinality of every node is at most seven.

Proof For every pair p,q+r) in the list of Lemma 8.27p+q+r<7. O

Lemma 8.29 [KCBLRQC] Letv be a node of typép, g,0) in a contraven-
ing hypermap. Then the propelfsounp 8) of a admissible weight assignment
holds:

> 7(VE.F) 2 b(p,q),

FeA

where the sum runs over the set A of faces that meet thewvnode

Proof A computer calculatioh[21] gives a list of nonlinear inequalities for
7(V, E, F) whenF is a triangle or quadrilateral. Each nonlinear inequaldg h
the form

7(V, E,F) > aazim(x) + b
for somea, b € R, wherex is the uniquely determined dart at the nadia the

2 [KCBLRQC]
3 [KCBLRQC]
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faceF. These nonlinear inequalities admit a linear relaxatiofollews. For
eacha, b, there is a corresponding linear inequality

t(F) > aZF)+b,

wheret(F) andz(F) are variables indexed by € A. The linear relaxation asks
for the minimum of
D H(F)

FeA

subject to these linear inequalities and the constraint

21 = Z 2(F).
FeA
We have executed the linear program asmputer calculatioh[21] for each
of the types f, g,0) of Lemma 8.27. The given constants are obtained from
the (downward rounded) solutions to these linear programs. O

Lemma 8.30 [BDJYFFB] Every contravening hypermap satisfies properties
(vopE TyPES) and (weiHt Bounp A) of tameness: If a node has typg g,r)
with p+q+r > 6andr> 1, then(p, g,r) = (5,0, 1). Furthermore, assume the
type is(5, 0, 1) and let A be the set of five triangles at the ned&hen

Y LEF)>a

FeA

where a= 0.63.

Proof We have also checked these conclusions by computer. Thessimog
nonlinear inequalities is used as in Lemma 8.29, and thadinglaxation is
constructed in the same way as the proof of that lemma. Tleaidiprogram-
ming bounds exceed the constant tgt in the cases excludée iconclusion
of the lemma. The constaatis the downward rounded solution to the linear
program for (50, 1). O

8.3.3 faces

Lemma 8.31 [CRTTXAT] Property(race size) holds. That is, every face of a
contravening hypermalpyp(V, Esig) has cardinality at least three and at most
SiX.

4 [KCBLRQC]
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Proof The lower bound holds because the hypermap has no loops bledou
joins. (See Lemma 4.55.)

LetF be a face of the hypermap of cardinaktyThe inequalities’(V) > 12,
L(h) <1, and card¥) < 15 imply that

12< L(V)
cardyV)

k
= DL+ ) L)
i=1

i=k+1

< Z L(h) + (card{) — k)

or
k
> h < —(ho - 1)(k— 3) + kho.
i=1

By Lemma 7.38 and Lemma 6.107, the perim@&aef F satisfies

k k
212 P2 ) arc(di,2h.1.2)22 ) g(h)
i=1 i=1

whereg(h) = arccosli/2) — n/6 and wherdn, € [1, hg].

A calculation of the second derivative shows that the furmogiis concave.
Letgi(h) = ah+ b ~ —-0.61h + 1.13 be the linear secant approximatiorgto
on [1, ho]:

01(1) =9(2),  g1(ho) = g(ho)-

Thena < 0 and
k
2r 22" gi(h)
i=1

k
> ZaZ h + 2kb
i=1
> 2a[~(ho — 1)(k — 3) + kho] + 2kb.

Solving fork, we getk < 7. m]
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8.4 Admissibility

The main result (Lemma 8.33) of this section is a proof thatefeery con-
travening hypermapl = hyp(V, E), the functionr(V, E, ) is an admissible
weight assignment oH.

Lemma 8.32 [GBMLQWW] LetV be a contravening packing, and let F be any
face ofhyp(V, Esig). Then

T(\/’ EStd’ F) = T(V/9 E/v F),
where(V’, E’, F) is the localization ofV, Esg) along the face F.

Proof The valuer(V, E, F) is expressed entirely in terms pf|| forve V' c
V and in terms of azimy) for x € F. By Lemma 7.8, the terms azixj(are the
same, whether calculated in terms of the hypermapydt ) or in terms of
that of (V/, E’). O

Lemma 8.33 [OLNSWLK] Let \p be a contravening packing, and let F be any
face ofhyp(Vo, Egtg) Of cardinality k. Then propertyweicaT sounp p) holds.
That is,7(Vo, Esta, F) > d(K).

Proof Let Vy be a contravening packing. By Lemma 8.3%, Esg, F) =
7(V, E, F), where ¥, E, F) is the localization of Yo, Esq) alongF.

The tuple(V, E, F) satisfies the conditions of Theorem 7.48leed, every
property can be verified in turn. The propertieg:king) and anNuLus) result
from the assumption that is contravening packing.

(NONREFLEXIVE LOCAL FAN) The localization Y, E, F) is a nonreflexive local
fan by Lemma 7.9.ifaconar) If v —w| < 2hg andv # w, then{v, w} € Egyg.
(carp) The bound 3 cardf) < 6 follows from Lemma 8.31.

By Lemma 7.44 and Theorem 7.43,

7(Vo, Este, F) = 7(V, E, F) > d(K).
This completes the proof. O

Remark8.34 It is helpful to keep in mind the origin of the constad(k).

Although the proof of Lemma 8.33 does not produce sharp Ideends on
7(V, E, F), the statement of the lemma is motivated by the configunatthat
follow. Consider a nonplanar polygon whose vertices lie aplzere of radius
2, with k sides all of lengtly; ;.1 = 2, heightsy; = 2, andk — 3 diagonals of
length 2hg: yoj = 2ho for j = 2,...,k - 2 (Figure 8.2). LeV be the set of
vertices of the polygon, leM E.) be its contact fan, and I€t be the face of
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hyp(V, Ectc) representing the “interior” of the polygon. Evaluatingn these
rigid configurations gives

020612 k=4
7(V, Ecte, F) ~ 1048356 k=5
0.760993 k = 6.

These calculations suggested the values of constifkitsThe constants(k)
are slightly smaller than these calculated vaRies.

@) @‘3) @3)

Figure 8.2 [DEJKNQK] The fans associated with these spherical polygons
attain values ofr close to the lower boundd(k). The choice of constants
d(k) was based on these examples. The points lie on a sphereus ead he
polygon is triangulated with diagonals of Euclidean lengjth

Definition 8.35(opposite) [JABXMOS] [opposite «» opposite_hypermap]
Theoppositeof a hypermaplD, e, n, f) is the hypermapi®, fn,n™%, f71).

Lemma 8.36 [PPHEUFG] [formal proof by Diep Trieu Thi]. Ahy-
permap is tame if and only if its opposite hypermap is tameedks w

Lemma 8.37 [RUNOQPQ] Every tame hypermap is a restricted hypermap.

Proof By definition, a tame hypermap is nonempty, connected, ptdémar,
and simple. The edge and node maps have no fixed points. Tthieal#y of
every face is at least three. These are also precisely thargfiroperties of
a restricted hypermap. m]

8.5 Linear Programs

This is a short section, but it represents a major part of thefpf the Ke-
pler conjecture. It is short only because the calculatioesbatter expressed

5 Noter(2.1028 2,2,2,2.52,2.52) ~ 0.275951< 0.277433~ 7(2, 2,2,2,2.52,2.52).
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as computer code than as published text. The code appebesmbiect web-
site [21].

The classification result in this section is one of the masults of this book.
All of the work to prove the classification algorithm has beempleted in the
chapter on hypermaps. A list of hypermaps appears at [214. fdllowing
theorem has been established by executing a computer prdlyea generates
tame hypermaps. The program generates restricted hypsramafilters out
those that are not tame. About,Z®0 tame hypermaps occur in the output of
the program. Several examples appear in Figure 8.1.

Theorem 8.38 [WTEMDTA] Every tame hypermap is isomorphic to a hyper-
map in the list [21] or is isomorphic to the opposite of a hypap in the list.

Because of this classification, we may attach an explic#dirprogram to
each tame hypermap. For each tame hyperh#ere is a configuration space
“Vy of all contravening packingg c 8, whose standard fan is isomorphic to
H or to the opposite ofl.

A nonlinear optimization problem asks for the maximum of

L) = Y L(IVI/2) (8.39)

veV

over allV € Vy.

Theorem 8.40 Let H be atame hypermap that appears in the explicit list[21]
LetVe Vy. Then

L(V) <12

Proof The linear program comes as a linear relaxation of this neali op-
timization problem onVy. That is, the optimal solution of the linear program
has value at least as great as the corresponding nonlinelalepr. When a
single linear program is not flicient, branch and bound methods replace the
single linear program with a finite sequence of linear progiatout 50000
linear programs arise. By showing that the value of eaclafipeogram is less
than 12, we conclude that the maximum of (8.39) is less than 12 O

Theorem 8.41 The Kepler conjecture holds: no packing of congruent balls i
three-dimensional Euclidean space has density greater tha face-centered
cubic packing (of density/V18).

Proof We take the precise meaning of the Kepler conjecture to legihan
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in Remark 6.16. We argue by contradiction. If the Kepler echjre is false,
then by Lemma 6.100, there exists a finite packihg 8 such that

LV) > 12 (8.42)

By Lemma 8.16 and Definition 8.17, we may assume Yhat a contravening
packing. Let ¥, Esyg) be the standard fan &, and letH be the fan’s hypermap.
By Theorem 8.25, the hypermapis tame. By Theorem 8.38, eithkr or its
opposite is isomorphic to a tame hypermap in the classifindist. By the
definition of ¥y, we haveV € Vy. By Theorem 8.40,

L(V) <12 (8.43)
for all V € Vy. This contradicts Inequality 8.42. m]

8.6 Strong Dodecahedral Theorem

The same methods that have been used to prove the Keplectorjean be
used to prove some other longstanding conjectures in désgeometry. This
section gives a proof of the strong dodecahedral conjecture

Earlier sections are written in a formal blueprint stylen@uete proofs are
provided, even for statements that might be viewed as gemaky obvious.
In this section, we relax our standards of proof just a bit.aive write is
still a proof by traditional mathematical standards, butasodetailed as earlier
chapters.

Bezdek has conjectured that the Voronoi cell of smalledaseris the reg-
ular dodecahedron with unit inradius. This is 8teong dodecahedral conjec-
ture[4], [5].

Theorem 8.44(strong dodecahedral conjecture)lHKISPQG]The surface area
of a Voronoi cell in a packing is at least the surface area @figular dodec-
ahedron with unit inradius.

This section gives a proof of this theorem. We begin with seim®le ob-
servations.

Remark8.45 If a packing is saturated, then the surface area of anddro
cell is finite. We may assume without loss of generality that the packing is
saturatedIndeed, consider a new facétthat is created on a Voronoi cell by
the addition of a new point to the packiig Let X be the polygonal boundary

of the new facet. The area minimizing surface that Xas a boundary is the
facetF. Thus the new facet replaces a surface of larger area withfacsuof
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smaller area. That is, by saturating a packing, the surfazeaf a Voronoi cell
can only decrease.

Remark8.46 As in the proof of the Kepler conjecture, the truncatdra
Voronoi cell is easier to study than the Voronoi cell itsétf.order to obtain
sharp bounds, the truncation must have fieat on the optimal Voronoi cell.
This constraint forces the truncation parameter to be at tba circumradius
V3tanr/5 ~ 1.258 of the regular dodecahedron. The truncation paramé&er
that we use in the proof of the Kepler conjecture satisfiesdbnstraint and is
therefore well-suited for the strong dodecahedral conject

Lemma 8.47 [JXVEXYV] Let rp > 0. The surface area of the Voronoi cell
Q(V, up) is at least that of2(V, ug) N B(rg), where Bry) is the ball of radius
centered atig.

Proof The surface element for a parameterized surfdégp) in spherical
coordinates is

r\/rj +(r2 + r3) sir’ ¢ dodg,

which is at least the surface elemeésincp dodg of a sphere of radiusy,
providedr (6, ¢) > ro. Hence, projection of a surface outside sphere onto the
sphere is area decreasing. O

Fejes Toth’s classical dodecahedral conjecture is thesponding conjec-
ture about volumes rather than surface areas, assertihthth&oronoi cell
of smallest volume is the regular dodecahedron of unit imadrhe strong
dodecahedral conjecture yields the dodecahedral congeasua corollary.

Lemma 8.48 [QRBKIJAW] If the surface area of a Voronoi cell is at least the
surface area of a regular dodecahedron with unit inradidgn its volume is
also at least that of a regular dodecahedron.

Proof LetAq,..., A, bethe areas of the facets of a Voronoicell.hgt . ., hy

be the distances from théfime hulls of the facets to the center of the Voronoi
cell. Thenh; > 1. Assume thap, Aj > Ap, whereAp is the surface area of a
regular dodecahedron. Then its volume is

vol = quhi/s > ZA-/s > Ap/3 = volp,

where vo}, is the volume of the regular dodecahedron. O
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8.6.1 D-cells

The notation follows Section 6.2. L&t be a saturated packing. L&V, up)
be a Voronoi cell with Rogers’s partition

Q(V,uo) = |_J(RW) : ueV(3), dou=[uoll.

Definition 8.49 (B, Dy-cell) Let B be the ball of radiusy2 centered ati.
We defineDy-cells fork = 1, 2, 3,4 for eachu = [uo; .. .; us] € V(3) by

Dk(u) = Q(V, ug) N cell(u, k),
where cellg, k) is the Marchak-cell of u.

A Dy-cell, which is a subset d®(V, ug) N B, is the adaptation of k-cell to
the geometry of the strong dodecahedral conjecture.

Lemma 8.50 [ZERRZRM] LetV be a saturated packing and lef € V. If the
intersection of a Pcell with a Dj-cell is not a null set, then+ j and the two
cells are equal. The union of all thecells atug is Q(V, ug) N B.

Proof This follows from the corresponding facts for cells in Lem@a&l.
Each null set is in fact a subset of a plane. m]

8.6.2 surface area and dihedral angle

Every cellDg(u) is eventually radial atip and has a solid angle salf, Dx(u)).
Every cellDy(u) has anexposedsurface area surfl(u)), the area of the in-
tersection oDy(u) and the boundary @®(V, ug) N B. It consists of the sum of
the areas of the analytic facets (linear or spherical saglathat do not meet
the pointug. The total surface area 61(V, ug) N B is the sum of the exposed
surface areas suid(u)).

We use the functions dilin (7.88) to introduce a function of six variables

y= (Y2, Y)
soly(y) = dihy(y) + dihy(y) + dihs(y) — 7.
By Girard’s formula for the solid angle of a simplex (Lemma3),

soly(y, 2, Y3, Y4, ¥s, ¥6) = SOl(Ug, CONMUg, U1, Uy, U3})

when

luj —ukll, i€{4,56} and{i-3,j k} ={1,2 3}.
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Every cellDg(u) has a seE(k, u) of distinguished edges (that is, the edges
of the cell that extend frormg to a midpoint (Ip + u;)/2) and a dihedral angle
dih(e) for e € E(k, u). Each edge has a lengite) € [1, V2].

8.6.3 local inequality

We reduce the strong dodecahedral conjecture to an estfroatean earlier
chapter (6.95) and a local inequality.

Definition 8.51 (ap, bp, Yp, vp, f) [TCOSFNQ] Define constantap, bp, yp,
and functionsrp, f as follows. Letyp ~ 2.1029 be defined by the condition

soly(2 2,2,yp,Yp, Yp) = 7/5.

For anyu; € R3, let g(uo, U1, Uo, Uz) be the volume of the intersection of the
convex hull ofS = {uy, ..., us} with set of points closer tag than to any other
pointin S. When

Jup—uil =2 and Ju; —u;| =yfori, j>1, (8.52)
this volume depends only gn Write v(y) = g(uo, . . ., Us). Set
f(y;a,b) = v(y) +asoly(22,2,y,y,y) + 3bdih(2 2,2,y,y,y).

The linear system
of
f(yp;a,b) =0, a_y(YD; ab)=0 (8.53)

has a unique solution ia b with valuesa = ap ~ —0.581,b = bp ~ 0.0232.

Note that the regular dodecahedron has volum&\2() and surface area
60v(yp). Also,

2s0ly(22,2,¥p,Yp, Yp) = dih(2 2,2,yp,Yp, Yb) = 21/5. (8.54)

Lemma 8.55(local inequality) [PWVDMPT] For any cell D (u)
surf(Dk(u)) + 3ap sol(Dk(u)) + 3bp Z L(h(e)) dih(e) = O,
ecE(ku)

where L is the function of Definition 6.88. Equality holdsgisely when the
cell is a null set or a4-cell with edge42, 2, 2, yp, Yp, Yp)-
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For a cellD4(u) with parameters of the form (8.52), the local inequality
reduces to the inequalitf(y; ap, bp) > 0. The constantap andbp are chosen
so thaty = yp is a critical point off with valuef(yp; ap, bp) = 0. In particular,
the local inequality asserts th&thas a local minimum at = yp.

Proof The dimension of the set of dll,-cells up to rigid motion |§'§) which
is at most six. This cell inequality is a nonlinear inequailit a small number
of variables and is verified by@mputer calculatioh[21]. m]

Lemma 8.56 [0IEKCEZ] The local inequality and the estim&i® 95)
>ty <12

imply the strong dodecahedral conjecture.

Proof Sum the local inequality over all they-cells in a Voronoi cell. The
solid angles sum to/dand the dihedral angles around each edge sum:to 2

surf(Q) > surf(Q N B)
= ) surf(Du()
k,Dg-cell
> ~12rap — 67 bp ) L(h)
> —12rap — 727 bp
= —60s0ly(22,2, yp, Y. yp)ap — 180dih(22, 2, yp, Yo, yo)bp
= 60((yp) — f(yp; ap, bp))
= 60v(yp).

The final term is the surface area of a regular dodecahedron. m|

The case of equality occurs only for the regular dodecahedife note that
the strong dodecahedral conjecture follows from the satimat (6.96) that
is used to prove the Kepler conjecture.

Exercise8.57 Recently, Musin and Tarasov solved the Tammes proldem f
k = 13 points on a sphere in dimensior= 2 [32]. In parting, we leave it as
a challenging problem to adapt their solution to the franmbved this book to
obtain an independent solution to the Tammes problem.

6 [TNVWUGK]
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Credits

This book is just a blueprint, which gives instructions atioow to construct
the formal proof.Flyspeckis the name of an ongoing project to construct a
formal proof of the Kepler conjecture in the HOL Light proafséstant, along
the lines described in this book. The eventual aim of thegutdg to give a
formal verification of the computer portions of the proof adhvas the standard
text portions of the proof. The project is about 80% compédetef May 2012.
The source code for the project and information about theeatiproject status
are available at [21].

Here is the fine print about the current project status. (kttbat this status
report is out of date by the time this book is printed.) Theme faur com-
ponents to the formalization project (text, hypermapssdmnprograms, and
nonlinear inequalities), at various stages of completion.

1. The English mathematical text in this book has been faltyfalized, with
the following explicit omissions.

a. The formal proof does not include the parts of the texti{sscremarks,
introductory passages, and auxiliary results in SectiéhtBat are not
strictly a part of the proof of the Kepler conjecture.

b. There are three specific sections of this book that deschb rela-
tionship between the text and the computer portions of thefpSec-
tion 4.7.4 (Hypermap Algorithm), Section 7.4 (Main Estielgand Sec-
tion 8.5 (Linear Programs). They have not yet been formdlize

c. There are still a few lemmas scattered throughout in thuk ibloat re-
main to be formalized. These lemmas are listed at [21]. Coethithese
scattered lemmas amount to fewer than 300 lines of Englisof pext.

2. Formal verification of the hypermap generation prograooiaplete [33].
3. Formal verification of linear programs is near completid4] and [41].
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The technology to verify linear programs in HOL Light has betkevel-
oped and anfécient implementation has been made, but the actual formal
verifications of the long list of linear programs remains ¢orbade.

4. The technology to make formal verifications of nonlinesgualities over
the field of real numbers has been designed and implementeseTare
slow verifications, and the software must be further optadjzefore the
verification of large collections of inequalities can be sidered practical.
This research will appear in a forthcoming doctoral thegi&\bSolovyev
at the University of Pittsburgh. Earlier work on formal pfeof nonlinear
inequalities is mentioned in [24].

The Flyspeck project has been a large teéiioreover a period of years, and
my contributions have been just a fraction of the whole. Bgpendix cites
their contributions. The principal formalizer of each cteps indicated with
an asterisk.

Text Chapter Author of formalization work
Trigonometry Nguyen Quang TruofidRute, Jason;
Harrison, John; Vu Khac Ky
Volume Harrison, Johin Nguyen Tat Thang
Hypermap Tran Nam Trurig
Fan Hoang Le TruorigHarrison, John
Packing Solovyev, Alexey Vu Khac Ky*;
Nguyen Tat Thang; Hales, Thomas
Local Fan Nguyen Quang TruofigHoang Le Truong
Tame Hypermap Solovyev, AlexgyDat Tat Dang; Trieu Thi Diep;

Vu Quang Thanh; Vuong Anh Quyen

Code-Verification Author of formalization work

Hypermap Generation Nipkow, Tobia8auer, Gertrud
Linear Programs Obua, SteptigBolovyev, Alexey
Nonlinear Inequalities  Solovyev, Alexey
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General index

adapted, 51 cardinality, 237, 241
adjacent, 216 finite, 70
adjusted, 149 carrier, 105
admissible, 237 Cauchy-Schwarz inequality, 34, 39, 41
affine, 35, 36, 133 Cayley—Menger
dimension, 133 determinant, 37, 68
hull, 35, 133 cell, 167, 169
independence, 133, 157 cell cluster, 181, 182
algorithmically planar, 108 circular cone, 62
angle, 39, 55, 125 circular fan, 197, 198
azimuth, 51, 52, 118, 241 circumcenter, 157
dihedral, 43, 48, 52, 65, 176, 254 circumradius, 157
total solid, 175 claim (italic format of small claims), xii
zenith, 54 closed, 135
annulus, 184 closed ball, 63
apex, 66 closure, 133
arc, 39, 40 clusters, 181
geodesic, 40 codimension, 152
arccosine, 32 collinear, 37
arclength, 39, 40 combinatorial component, 77, 117
arctangent, 31 complement, 88
arctan, 31 component
derivative, 31 combinatorial, 77, 87, 127
near 0, 32 topological, 126, 131, 138
Aristotle, 150 computer calculation, 251
azimuth, 51, 52, 57, 58, 118, 241 5202826650 a, 234
azimuth cycle, 51, 57, 58, 114 BIEFJHU, 191
ball, 67 KCBLRQC, 246, 247
ball, open and closed, 63 OXLZLEZ, 183
Bezdek, K., 252 TNVWUGK, 256
bisector, 147 TSKAJXY, 182
blade, 37, 113 TVAWGDR, 240
boundary UKBRPFE, 192

UPONLFY, 227
WAZLDCD, 192
notation, xii

relative, 133
canonical function, 97
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cone
right-circular, 65

conforming, 126, 128, 243

conic cap, 66, 67

connected, 77, 117, 120, 127, 138
combinatorial component, 117

topological component, 117, 118, 120, 123,

124
constraint system, 216
contact fan, 238
contour
loop, 86
Moebius, 88
path, 86
contravening, 17, 20, 243
convex, 36, 126, 133, 188
convex hull, 36, 162, 255
coordinate systems, 52, 54, 55
cylindrical coordinates, 52
polar coordinates, 51
spherical coordinates, 54
coplanar, 37, 65
corrected volume, 149
correction term, xiii
cosine, 27
derivative, 28
law of cosines, 40
roots, 29
series definition, 27
spherical law of cosines, 45, 47
cover, 222
critical edge, 181
cross product, 42
cyclic
list, 86
permutation, 55, 57, 74, 196
set, 57, 58
cylindrical coordinates, 52

D-cell, 254
dart, 74, 116, 118, 119, 123, 138
degenerate, 77
isolated, 116
nondegenerate, 77
set, 76
decomposition
Delaunay, 15, 167
Marchal, 18, 167
Rogers, 150, 253
Voronoi, 9, 146, 167, 252
deformation, 203, 224
degenerate, 77, 79

General index

Delaunayseedecomposition

determinant, 38
Cayley—Menger, 37, 68

Dhammapada, 77

diagonal, 213

diagonal cover, 222, 224

dihedral, 94

dimension, 133

disjoint sum decomposition, 119

dodecahedral conjecture, 252

dot product, 34

double join, 93, 238

ear, 217
edge, 77,133, 134
fan, 114
graph, 114
length, 38, 43, 254
map, 74
walkup, 79
equivalence relation, 76
Euclidean space, 33
Euler characteristic relation, 84
Euler’s formula for solid angle, 68
eventually,seeradial
exposed, 254
extension, 98
extremal edges, 175
extreme point, 133, 134, 175

face, 77, 133-135, 238
attribute, 128
map, 74
walkup, 79
face-centered cubiseeFCC
facet, 133, 135
fan, 112, 113, 118, 124, 137
contact, 238, 241

local, 195, 198, 203, 206, 207, 211

standard, 238

fan, 113

FCC, 7,10, 148
compatible, 149, 179
pattern, 10

Fejes Toth, L., 253

final, 108

fixed point, 77

flag, 96, 97

Flyspeck, 257

frame, 51, 57

free, 225

frustum, 65, 67

fully surrounded, 121, 243



generation, 95

generic fan, 197, 198

Girard's formula, 48, 68, 125, 188
Google Code project hosting, xii
graph record, 107

great circle, 46

group, 164

half-plane, 37, 191
half-space, 37, 65, 125, 147, 191
open, 37
Harriot, T., 48
HCP, 10, 148
pattern, 10
Heron’s formula, 41
hexagonal layer, 11
hexagonal-close packingeeHCP
HOL Light, xiii
hull
affine, 35, 133
hypermap, 72, 74, 112, 114, 118, 11
124, 127,138
algorithm, 96
connected, 127
contravening, 241
dihedral, 94
opposite, 250
plain, 83
planar, 89, 192
planar index, 84
restricted, 96
simple, 127
subquotient, 92
tame, 235, 236
hyperplane , 133

| (use of personal pronoun), xii
interior, 196

point, 138

relative, 133
interior point, 133
Isabell¢HOL, 95
isolated, 116, 241
isomorphism

hypermap, 91

proper, 105

tame hypermap classification, 251

torsor, 216

Java, 95
Jordan curve theorem, 112

Kepler conjecture, 148, 150, 251
latitude, 54

General index

lattices, x

law of cosines, 14, 40
law of sines, 42

lead into, 120

length, 152

level, 223

line, 37

linear stretch, 63
linearly independent, 158
list, 75

listing, 105

local fan, 195

local inequality, 255
localization, 194, 196
longitude, 26, 52
loop, 86, 238

lunar fan, 197, 198
lune, 64, 65

map, 105

9,123, Marchal cell, 18, 167
Marchal, C., 167
marked hypermap, 98
Mathematica, 95
measurable, 62
measure, 61, 62, 146

Lebesgue, 62

merge, 79, 81
metric space, 117

minimal counterexample, 223

ML, 95

named property
angle, 195
bijection, 126
bound a, 237
bound b, 237
bound d, 237
cardinality, 113
circular fan, 197
diagonal, 126
dihedral, 195
face, 195
face count, 238
face size, 238
fan, 195
generic fan, 197
half-space, 126
intersection, 113
linear stretch, 63
lunar fan, 197
no double joins, 238
no loops, 238
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node count, 238 pencil and pen heuristic, 96
node size, 238 perimeter, 211
node types, 238 nonreflexive local fan, 211
nondegenerate, 238 periodicity, 29
nonnegative, 62 permutation, 73, 164
nonparallel, 113 plain, 77
null difference, 62 planar, 21, 83, 112, 114, 127, 238
null set, 62 algorithmic, 108
origin, 113 graph, 21, 72
planar, 238 index, 84
primitives, 63 map, 72
simple, 238 plane, 37, 62, 77, 121
solid angle, 126 graph, 21,72, 74
surroundedness, 126 polar
translation, 63 coordinate, 120
union, 62 coordinates, 51
wedge, 195 cycle, 55, 57
weights, 238 fan, 209
natural numbers, 26, 27 triangle, 46
negligible, 148, 149, 179 polygon, 185, 188
node, 77, 134, 237 polyhedron, 134, 135, 137, 138, 189, 192
map, 74 polysemes (face, edge, node), 134
properties, 245 positive, 51
type, 236 primitive region, 62, 66
walkup, 79 proper, 133
nondegenerate, 77, 238 protracted, 213
nonreflexive, 195 quadrilateral, 236
local fan, 198 quotient dart, 92
norm, 34 .
normal family, 91, 92 radial, 64
null set, 62, 254 eventually, 63, 70
set, 61, 63
open ball, 63 real analysis, 27
open half-space, 37 real arithmetic, 27
opposite, 250 rearrangement, 164, 173
orbit, 77, 80 record, 108
order, 74 rectangle, 67
lexicographic, 55 reflex angle, 195
total, 55 regular dodecahedron, 255
orthogonal frame, 54 surface area, 255
orthogonality, 43 volume, 253, 255
overloaded, 151 relative boundary, 133, 135
packing, 112, 145, 146 relative interior, 133
finite, 241 restricted hypermap, 96
parallel, 37 right-circular cones, 65

parallelepiped, 37
partial perimeter, 211

partition, seedecomposition

path, 75, 77, 86
injective, 76
maximal, 92

path connected, 118

Rogers seedecomposition
rotation, 55

saturated, 15, 146
set (of a list), 105
simple, 77, 238
sine, 27
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law of sines, 42
series definition, 27
slice
fan, 206, 207
torsor, 221
solid angle, 63, 64
solid triangle, 65, 67
sphere, 62, 117
sphere packing problem, 150
spherical
coordinates, 54, 120
law of cosines, 45, 47
triangle, 45
triangle inequality, 59
split, 79
stable, 216
standard, 213
standard fan, 20, 238
standard main estimate, 215
steps, 75
straight fan node, 198, 226
strong dodecahedral conjecture, 252
sublist, 75, 86
subquotient, 91, 92
surface area, 253
exposed, 254
surrounded, 241
symmetric dfference, 62

tame, 17, 21, 235, 238
contravention, 243
hypermap, 21, 236

tangent, 30

target, 236

Tarski arithmetic, 27, 66

tetrahedron, 43, 65, 67

topological component, 117

torsor, 216

total solid angle, 175

transfer, 224

transform, 101

translation, 63

triality relation, 75

triangle, 236
Euler, 49
spherical, 45, 48, 59

triangle attributes, 125

triangle inequality, 35, 41

trigonometry, 25
addition formula, 28
arccos, 33
arctan, 33

circle identity, 28
identities, 28
inverse, 32

law of cosines, 40
law of sines, 42
periodicity, 30

spherical, 45
tangent, 30
type, 236
unit list, 76
vector, 33
addition, 34

cross product, 42
dot product, 34
norm, 34
projection, 43, 57
scalar multiplication, 34
subtraction, 34
zero, 33
vector space, 34
vertices, 134
visits, 76
volume, 63
primitive, 63
\oronoi, seedecomposition
walkup, 78, 79, 83
degenerate, 79
double, 81
we (use of personal pronoun), Xii
weakly saturated, 189
wedge, 64, 65, 67, 69, 118
weight, 182, 238
admissible assignment, 237
assignment, 236, 237
total, 237

zenith, 54
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Notation index

~ (equal up to positive scalar), 53, 209
~ (equivalence relation), 76

(%) (binomial codicient), 175

[Y] (topological components), 118

[u,v,w] = (uxVv)-w, 211

«[v, w] (slicing a fan), 206

£ (dart angle), 196, 206

#c (number of components), 77

#h (number of orbits), 77

- (dot product), 34

« (wildcard symbol), xii

«’ (polar local fan V', E’, F’)), 209

«¢ (complement), 88

x (cross product), 42

1,159

-->p (input-output hypermap-generating
relation), 108

A (Voronoi cell face area), 253

A (index set), 246

A (plane), 37

A (set of faces), 246

A (set of triangles), 237, 247

ABC (triangle), 46

A(u, V) (bisector), 147

A.(u,v) (half-space), 147

aff (affine hull), 133

aff ., aft?, 36, 65

a = 0.63 (tame parameter), 247

ap (dodecahedral parameter), 255

arc, 40

arccos, 32, 33

arctan, 31, 33

arctan, 31

arcy, 39

azim, 52, 58, 118

azim(H, v), 206

B(v,r) (open ball), 17, 63, 146
B(v,r) (closed ball), 63

b (tame parameter), 237

bp (dodecahedral parameter), 255
B, 184

Bs, 217

C (set), 63

C (wedge), 69

C(S) (cell-like subset oR3), 170
C., CY (blade), 113

¢ (ranking functions on a packing), 242
CAP, 66, 70

Cstab= 3.01, 216

CL (cell cluster), 182

cl (closure), 133

cluster, 182

conv, 36

cos, 27

D (dart set), 74, 92, 116

D (determinant), 38

D (spherical disk), 190

Dy (D-cell), 254

d (real parameter), 237, 250

d(s v), 220

d(u, v) (metric onR3), 59

d; (truncation of lists), 152

dih, 43, 52, 65, 70, 176, 254

dih;, 213

dihy, 43

dim af (affine dimension), 133, 151
E (edge set of a fan), 113

Ep (edge), 137

Ectc (edge set of contact fan), 238
Estq (edge set of standard fan), 238



Notation index

E’ (polar edge set), 209

E(v) (set of edges adjacent @), 114, 241
E(X), 175

EC (critical edges), 182

E (frame), 51

equi (intersection of spheres), 170
e(edge map), 74

g (orthonormal vectors), 52

F (hypermap face), 94, 125, 249
F (polygon), 246

F’ (polar face), 209

F (subquotient bijection), 92

f (function name), 57

f (face map), 74

FR (frustum), 65, 70

G (isomorphism of hypermaps), 91
G (negligible function), 149

g (function name), 183

g (graph record), 108

g (triangle area), 188

(H,7), 245

H (hypermap), 84, 96, 243, 245, 246, 251
H/L (subquotient), 92

h (circumradius), 160

h (cylindrical coordinate), 52

h (half-edge length), 176

h (permutation), 77

h, = 1.3254, 177

h_ ~ 1.23175, 181

hg = 1.26, 181, 213

hyp (hypermap), 116, 238

| (identity map), 73

| (real interval), 203

| (torsor), 216

I[p, q] slice (of a torsor), 221

J, 216
k (cardinality of a face), 128, 249, 250

L (dart path), 76

L (linear function), 181, 213, 244

£ (normal family of loops), 92

¢ (level function), 223

L(V) (estimation of a packing), 17, 235, 243,
251

£ (x) (listing of dartx), 105

M (Marchal’s quartic), 177

m (face map exponent), 99

my ~ 1.012, 177

mp ~ 0.0254, 177

map, £) (map of a function over a list), 105
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N (integer invariant of a fan), 128
N={01,...,},27

n (integer variable), 58

node :D — V (node of a dart), 119, 196
n (node map), 74

O (Landau’s big O), 180
O(h, x) (orbit of x underh), 80, 105

P (dart path), 76, 90

P (polyhedron), 135

p (Euler solid angle numerator), 49
p (face map exponent), 99

p (trigonometric expression), 47

p € R3, 62

per (perimeter), 211

(p, g,r) (node parameters), 236, 246
pv, 236

R (Rogers simplex), 154

R (field of real numbers), 27

r (polar, cylindrical, and spherical radius), 32,
51, 52, 54, 65

rcong rconé, 65

RN, 33

reg (area of regular spherical polygon), 191

ri (relative interior), 133

S (finite subset oR3), 157

S (flag, set of darts), 97

S(H, L, x) (flag set), 97

S2(r) (sphere of radius), 117, 204

s (constraint system), 216

s (real variable), 124

seeg, 108

set (of a list), 105

sin, 27

Smain (Main estimate constraint systems), 217
sob = 3arccos(13) — x, 177, 213, 244

sol (solid angle), 64, 254

soly (solid angle as a function of edges), 254
sol(V, E, F) (formal solid angle), 208

split, split;, 85

surf (surface area), 254

Sym (symmetric group), 164, 166

T (regular tetrahedron), 150
T (rotation), 56

T (transform), 101

Ty (linear stretch), 63

t (real variable), 246

tan, 30

TET (tetrahedron), 65

tgt = 1.541, 236, 244, 247
TRI (solid triangle), 65, 66
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tsol, 175

Uy (topological component), 120
Ur (topological component), 123, 125, 243

(V, E) (fan), 113, 238

V (packing), 145, 149, 238

V (subscript marking vector functions), 40, 43
V’ (packing), 241

V’ (polar node set), 209
V(X)=VnX, 175

V cR", 36

V(p,r) =V nB(p,r), 146

V (configuration space), 242

“Vy (configuration space), 251

v e R®, 37, 39, 65, 69, 237

v(t) (deformation ofv), 203, 225

vol, 62

volp (volume of dodecahedron), 253

W, WO (wedge), 64, 65

WEe (topological component of a facet), 138
W (walkup), 79, 85

W2, (wedge), 118, 120, 206

W2 (F.V), Wyar(F, V), 196

Wart (closure ofwg, ), 118

w e R, 39, 65

wt (weight), 182

X (measurable set), 62

X(V, E) c R3 (union of fan blades), 118
X (dart), 78, 79, 246

(%, y) (Cartesian point), 32

Y (measurable set), 62

Y(V, E) c R® (fan complement), 118
y (dart), 99

yp (dodecahedral parameter), 255

z (dart), 99
z (real variable), 246

a (angle), 48, 70, 188
B (angle), 48, 188

B, Bo (bump), 182

I, 182

v (angle), 40, 53, 188
y (packing inequality), 178
A, 37,38,47,51
6(V,p,r), 149

0€R, 123

6 €{0,1}, 223

e€€R, 118,123

¢ (edge of a fan), 113
n (circumradius), 241

Notation index

6 (polar, cylindrical, and spherical angle), 32,
51-54, 56, 69

¢ (planar index), 84

vp (dodecahedral function), 255

& (cell parameter), 168

p (permutation on nodes of a local fan), 196

p (permutation), 164

p (rotation of lists), 106

po (real-valued function), 213

o (azimuth and polar cycle), 55-58

o =+1,220

7 (weight assignment), 213, 237, 244-246, 250

7*, 220

Tui, 213, 227, 228, 233

70 =~ tgt, 177

v (polynomial), 38, 41, 47

¢can (canonical function), 97

¢ (path), 124

¢ (proper isomorphism between sets of lists),
105

¢ (zenith), 54

¥, 52,56

Q (Voronoi cell), 146, 253

Q(V, W) (intersection of Voronoi cells), 151

w (extreme points of Rogers simplex), 154
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